
Abstract

Temporal Logics are a popular formalism for specification of properties in
the verification of reactive systems. They can be employed to reason about
the behavior of systems with the evolution of time. For example one can
specify that an event corresponding to the request of a resource is eventually
followed by an event corresponding to its grant. Linear-time Temporal Logic
(LTL) is one such formalism which apart from its applications in verification
has strong theoretical links with other well-known logic and automata based
formalisms. Though it can be used to specify a wide range of qualitative
behaviors of systems, like the example above, it does not suffice to verify
quantitative properties which have explicit references to the times of occur-
rences of events. Such properties are common in real-time systems, which
have strict real-time constraints, like a request should be satisfied within 5
time units. Metric Temporal Logic (MTL) is an extension of LTL to verify
real-time properties.

In this thesis we study issues related to the expressiveness of MTL. There
have been two ways in which the formulas in the logic have been interpreted
in the literature, which have come to be known as the “pointwise” and “con-
tinuous” semantics. In the pointwise semantics one can assert a property at
only the action points corresponding to the occurrence of events where as in
the continuous semantics a property can be asserted at any real time point.
In this thesis we compare the expressiveness of MTL with respect to the two
semantics for its various syntactic variants. We also give a characterization
of the languages definable in MTL in terms of a necessary “counter-freeness”
property. Finally we show that MTL is expressively complete in that there
are natural logics characterizing it.

i



ii ABSTRACT



Publications based on the
Thesis Work

1. Deepak D’Souza and Pavithra Prabhakar. On the expressiveness of
MTL in the pointwise and continuous semantics. To appear in Formal
Methods Letters, Software Tools for Technology Transfer.

2. Pavithra Prabhakar and Deepak D’Souza. On the expressiveness of
MTL with past operators. To appear in FORMATS’06.

3. Fabrice Chevalier, Deepak D’Souza and Pavithra Prabhakar. On con-
tinuous timed automata with input-determined guards. Technical Re-
port IISc-CSA-TR-2006-7, Indian Institute of Science, Bangalore 560012,
India, June 2006.

iii



iv PUBLICATIONS BASED ON THE THESIS WORK



List of Figures

1.1 Microwave oven example. . . . . . . . . . . . . . . . . . . . . . 2
1.2 Relative expressiveness before the work in this thesis. . . . . . 7
1.3 Relative expressiveness after the work in this thesis. . . . . . . 8
1.4 Expressive completeness of MTLc

S . . . . . . . . . . . . . . . . 9

2.1 A timed word . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

3.1 A timed word in Lni . . . . . . . . . . . . . . . . . . . . . . . . 19
3.2 A timed word encoding halting computation . . . . . . . . . . 22

4.1 Idea of the proof of inexpressibility of L2b . . . . . . . . . . . . 34
4.2 Models for showing inexpressibility of L2b . . . . . . . . . . . . 35
4.3 Idea behind the extension of proof to infinite words. . . . . . . 37

5.1 Models for showing inexpressibility of Llast a . . . . . . . . . . . 49

6.1 Models for showing inexpressibility of L2ins . . . . . . . . . . . 56
6.2 Models for showing inexpressibility of Lem . . . . . . . . . . . . 65

7.1 Venn diagram for relative expressiveness. . . . . . . . . . . . . 68
7.2 Hasse diagram for relative expressiveness . . . . . . . . . . . . 69

8.1 Finitely varying function f1. . . . . . . . . . . . . . . . . . . . 74
8.2 CETA for Lni . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

9.1 Route for going from TMSOc to CIDA. . . . . . . . . . . . . . 87

10.1 Example of a rec-CIDA . . . . . . . . . . . . . . . . . . . . . . 91

11.1 Route taken to go from TFOc to TLTLc. . . . . . . . . . . . . 100

v



vi LIST OF FIGURES



Contents

Abstract i

Publications based on the Thesis Work iii

1 Introduction 1

1.1 Temporal logic based verification . . . . . . . . . . . . . . . . 1

1.2 Theoretical underpinnings of LTL . . . . . . . . . . . . . . . . 4

1.3 Contributions of this thesis . . . . . . . . . . . . . . . . . . . . 5

1.3.1 Counter-freeness . . . . . . . . . . . . . . . . . . . . . 5

1.3.2 Relative expressiveness . . . . . . . . . . . . . . . . . . 5

1.3.3 Expressive completeness . . . . . . . . . . . . . . . . . 8

1.4 Organization of the thesis . . . . . . . . . . . . . . . . . . . . 10

2 Metric Temporal Logic and its variants 13

2.1 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2.2 Syntax and semantics of MTL . . . . . . . . . . . . . . . . . . 14

2.3 MTL with past operators . . . . . . . . . . . . . . . . . . . . . 17

2.4 Continuous as expressive as pointwise . . . . . . . . . . . . . . 17

3 Decidability and inexpressibility 19

3.1 Sketch of the proof . . . . . . . . . . . . . . . . . . . . . . . . 20

3.2 Formal description of LM . . . . . . . . . . . . . . . . . . . . . 21

3.3 Construction of ϕM . . . . . . . . . . . . . . . . . . . . . . . . 24

3.4 Putting it all together . . . . . . . . . . . . . . . . . . . . . . 26

3.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

4 Counter-freeness of MTLpw 29

4.1 Ultimate satisfiability of MTLpw . . . . . . . . . . . . . . . . . 29

4.2 Inexpressibility of L2b by MTLpw . . . . . . . . . . . . . . . . 34

4.3 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

vii



viii CONTENTS

5 Counter-freeness of MTLc 41
5.1 Ultimate satisfiability of MTLc . . . . . . . . . . . . . . . . . 41
5.2 Llast a not expressible by MTLc . . . . . . . . . . . . . . . . . 49
5.3 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

6 Languages inexpressible with past 55
6.1 L2ins not expressible by MTLpw

SI
. . . . . . . . . . . . . . . . . 55

6.2 Lem not expressible by MTLpw
S . . . . . . . . . . . . . . . . . . 64

6.3 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

7 An overview of relative expressiveness 67
7.1 Venn diagram for relative expressiveness . . . . . . . . . . . . 67
7.2 Hasse diagram for relative expressiveness . . . . . . . . . . . . 69

8 Continuous input-determined automata 71
8.1 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . 72
8.2 Definition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74
8.3 Closure properties and determinization . . . . . . . . . . . . . 75

9 A logical characterization of CIDA’s 79
9.1 Continuous timed monadic second order logic . . . . . . . . . 79
9.2 Continuous monadic second order logic . . . . . . . . . . . . . 81
9.3 Proof of MSO characterization of CIDA’s . . . . . . . . . . . . 84

10 A logical characterization of rec-CIDA’s 89
10.1 Recursive continuous input-determined automata . . . . . . . 89
10.2 Recursive timed monadic second order logic . . . . . . . . . . 91
10.3 MSO characterization of rec-CIDA . . . . . . . . . . . . . . . 92

10.3.1 Relating floating CIDA’s and TMSOc . . . . . . . . . . 92
10.3.2 Finite variability of TMSOc . . . . . . . . . . . . . . . 94
10.3.3 rec-TMSO c characterizes rec-CIDA’s . . . . . . . . . . 94

11 Expressive completeness of MTLc
S and MTLc

SI
97

11.1 Continuous timed linear temporal logic . . . . . . . . . . . . . 97
11.2 TFOc characterizes TLTLc . . . . . . . . . . . . . . . . . . . . 98
11.3 rec-TFOc characterizes rec-TLTLc . . . . . . . . . . . . . . . . 100
11.4 Expressive completeness of MTL . . . . . . . . . . . . . . . . 101

12 Conclusion 103
12.1 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103
12.2 Future work . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104



Chapter 1

Introduction

This thesis focuses on the expressiveness of Metric Temporal Logic (MTL)
which is a well-known temporal logic for specifying and verifying timing
properties of real-time systems. In the next section we describe the main
ideas behind temporal logic based verification, which is the context in which
our work is set.

1.1 Temporal logic based verification

In this section we discuss the model-checking of temporal properties of reac-
tive systems. A reactive system is one which interacts with its environment
frequently. At any particular instant of time, it is in a certain state, which it
can change upon the occurrence of an event internal or external to the sys-
tem. A temporal property essentially reasons about the behavior of a system
with the evolution of time. Model checking is a fully automated verification
technique which, unlike testing, does an exhaustive check on all the possible
behaviors of a system for violations of a desired property.

The first step in model-checking is to produce a model of the system.
In order to verify qualitative temporal properties of a reactive system, it
often suffices to model the system as a finite-state transition system (FSTS),
which is a finite state automaton (FSA) where all states are specified as final.
For example, Figure 1.1 gives a FSTS which models a microwave oven [11].
The labels on a state indicate the properties that the oven satisfies when in
that state. For example, a state label heat specifies that the oven is getting
heated. Properties such as “is an error state reachable” or “is every start
state eventually followed by a heat state” can now be checked.

The next step is to provide a formal description of the property to be
verified. The property is usually specified as a Linear-time Temporal Logic
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Figure 1.1: Microwave oven example.

(LTL) formula as initially proposed in [21]. LTL extends propositional logic
with temporal operators, which in some sense help in reasoning about the
transitions of a system. The formulas in the logic are interpreted over (finite
or infinite) state sequences and can be used to specify that a property is
“eventually” (♦) true or “always” true (�) along a sequence. For example,
�(start⇒ ♦heat) says that along any execution of the oven if it is in a state
labelled start , then it will eventually reach a state labelled heat .

The third and final step is to check if the model meets the specification.
This problem is known as model-checking problem and can be phrased as
“Given a finite state transition system A and a temporal logic formula ϕ, does
every behavior of the system satisfy the property specified by the formula?”,
or equivalently, “Is L(A), the language accepted by A, contained in L(ϕ),
the language defined by ϕ?”. The model-checking problem is usually solved
by first constructing a FSA A¬ϕ which accepts all the undesirable behaviors
specified by ϕ, and then checking if “L(A)∩L(A¬ϕ) = ∅?”. The construction
of A¬ϕ can be done using the Vardi-Wolper construction [26]. Since the
emptiness of FSA’s can be checked algorithmically, model-checking can be
done effectively.

Now we turn to the model-checking of real-time properties of reactive
systems, which unlike the above are quantitative rather than qualitative with
respect to time, in the sense that they depend not just on the order in which
the events occur but also on the exact times at which they occur. An example
of a real-time property is the bounded response time property which states
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that every event p is followed by an event q within 5 time units.
The above property cannot be verified in the temporal framework that

we discussed. Thus we view the behavior of a system in a quantitative
way as a sequence of actions along with their time-stamps. We call these
sequences of actions and time-stamp pairs, timed words. We now need to
extend transition systems so that they model this quantitative behavior of
reactive systems. One such formalism is the Alur-Dill timed automata [1],
which extend finite automata with finite sets of clocks, and annotate the
transitions with resets of clocks and guards based on them. All clocks are
initially set to 0, they proceed at the same rate and measure the amount
of time that has elapsed since they were started or reset. A timed word
is accepted by a timed automaton if there exists a run of the automaton
over the word which essentially consists of starting off in a start state and
alternately, spending some time in a state, and taking a transition whose
guards are satisfied by the current values of the clocks. When a transition is
taken the clocks specified to be reset are set to 0.

For specifying real-time properties many extensions of LTL have been
proposed [15, 4] of which Metric Temporal Logic (MTL) is one of the popular
ones. MTL was introduced in [15] and replaces the unrestricted temporal
operators of LTL by time-constrained versions, which index the temporal
operators with intervals specifying the time within which the arguments need
to be satisfied. For example, ♦[1,2]a says that there is an a within 1 to 2 time
units from now. The above bounded response time property can be written
as �(p⇒ ♦[0,5]q).

There have been two ways in which these formulas have been interpreted
over timed words in literature, which have come to be known as the “point-
wise” and “continuous” semantics. In the pointwise semantics, the temporal
operators quantify over a countable set of points which correspond to the
times of occurrences of “actions”, whereas in the continuous semantics they
quantify over “all” real values. For example, consider the timed word which
consists of an event a at time 1 and an event b at time 3. Then the formula
♦♦[1,1]b is not true when interpreted at time 0, since there is no action point
in the future from which at time distance 1 in the future there is a b. However
the formula is satisfied in the continuous interpretation as the quantification
is over all real values, and hence we can choose the time instant 2 for the
satisfaction of the subformula ♦[1,1]b.

Model checking real-time properties is harder owing to the undecidabil-
ity of the “satisfiability” problem of several timed logics. The satisfiability
problem of a logic is to check, given a formula, if there exists a model which
satisfies it. The satisfiability problem of MTL in the continuous semantics,
and in the pointwise semantics over infinite models is undecidable [3, 20].
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However some amount of model-checking can still be done. In [3], it is shown
that MTL is decidable over timed words in which the time stamps associated
with the events are chosen from a discrete time domain, like the set of nat-
ural numbers. It is shown in [19] that the logic is decidable in the pointwise
semantics over finite models, and model-checking is possible with respect to
Alur-Dill timed automata. In case of the continuous interpretation a restric-
tion of the logic which disallows singular interval indices for its temporal
operators, called Metric Interval Temporal Logic (MITL) [2], is decidable.

1.2 Theoretical underpinnings of LTL

Till now we have discussed the practical applications of the various logic
and automata based formalisms. The practical aspects are complemented
by a rich theory which connects them, at least in the untimed setting. We
present here some theoretical results on the expressiveness of LTL and FSA’s.
Informally the expressiveness of a formalism is the set of properties that can
be specified using it.

It is observed that every property that can be expressed using LTL can
also be expressed using FSA’s [27]. In fact, the set of properties that can
be expressed using FSA’s is a strict superset of that using LTL. To be pre-
cise, there is a difference of one order in their logical characterizations, in
that, there exists a natural first-order logic which characterizes LTL, whose
extension to monadic second-order quantification characterizes the FSA’s
[14, 12, 6]. The existence of the natural logic characterizations establishes
the expressive completeness of LTL, and is a strong endorsement of the reg-
ularity of FSA’s.

There is a more direct relation between the expressiveness of FSA’s and
LTL. LTL corresponds to a subclass of FSA’s called counter-free automata,
which are the FSA’s which lack a “counter” [18]. A counter is a structure
in an automaton which corresponds to a sequence of states (where the first
and the last states are the same) such that there is a way to proceed from
one state to the next reading the same sequence of symbols. The languages
accepted by counter-free automata are termed counter-free languages and
those by FSA’s are called regular languages. Thus a counter-free language
can also be defined as a regular language such that there do not exist finite
words u, v and w, where uviw is in the language for infinitely many i’s and
is not in the language for infinitely many i’s.

The other issue about the expressiveness of LTL is its comparison with
that of the logic obtained by adding past operators. It is shown that the
extension of LTL with past temporal operators does not add any expressive
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power to the logic [14, 12].

1.3 Contributions of this thesis

In this thesis we study the expressiveness of Metric Temporal Logic (MTL).
The work in this thesis is motivated by an intension to answer the following
questions, which form the counterparts in the timed setting, of the results in
the last section for the untimed setting.

• Is there a characterization of the timed languages definable in MTL?

• What is the relative expressiveness of MTL with respect to its various
syntactic and semantic variants?

• Is MTL expressively complete?

We give an overview of the work done towards solving the above problems
and discuss some related work.

1.3.1 Counter-freeness

We prove a necessary counter-freeness property for MTL, analogous to the
classical language theoretic property for classical LTL. We show that for a
given MTL formula ϕ, there cannot exist finite timed words µ, τ and ν, such
that for infinitely many i’s, µτ iν is a model of ϕ, and for infinitely many i’s,
µτ iν is not a model of ϕ.

We first define a notion of “ultimate satisfiability” of a “periodic se-
quence” of finite timed words, where a periodic sequence consists of all words
of the form µτ iν, for some µ, τ and ν. We show that given an MTL formula
and a periodic sequence, there exists a point in the sequence after which
either every timed word satisfies the formula, or every timed word does not
satisfy the formula. Our counter-freeness result follows from this.

As an application of this result, we are able deduce that the language
Leven b which consists of timed words having even number of b’s is not ex-
pressible by MTL (it is not expressible by LTL as it is not counter-free).
These results also help us in extending some of the inexpressibility results of
[5] for the case of infinite words to that of finite models.

The above results are true for the pointwise semantics and we show similar
results for the continuous semantics which take into account the “granularity”
of the formulas.
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1.3.2 Relative expressiveness

The next part of the thesis is devoted to the comparison of the expressiveness
of the logic along two axes. Along one axis, we consider the syntactic variants
of MTL obtained by adding the past operators S (“since”) and SI (interval
constrained “since”) into the logic. These operators can refer to the past and
are symmetrical to the operators U and UI , respectively. For example, in the
pointwise semantics, the formula aS[1,2]b when interpreted at time-point 5 in
a timed word is true if there is a b in the interval [3, 4] and the only actions
between that point and the time point 5 are a’s. We will refer to MTL with S
and SI as MTLS and MTLSI

, respectively. Along another axis, we consider
the pointwise and continuous interpretations of these logics. We add the
superscripts pw and c to denote the pointwise and continuous versions of
the logics, respectively. We interpret the logics over both finite and infinite
models.

It is seen easily that for each of these variants the continuous version is
at least as expressive as the pointwise version, as one can characterize the
action points in the continuous semantics, and hence mimic the pointwise
interpretation. There have also been some strict containment results. In
[5], it is shown that the language L2b , which consists of timed words in
which there are at least two occurrences of b’s in the interval (0, 1), is not
expressible by MTL in the pointwise semantics but is expressible by MTL in
the continuous semantics, and also by MTLS in the pointwise semantics. It is
also shown that the language Llast a , which consists of timed words in which
there is an action at time 1 which is preceded by an a, is not expressible
by MTL in the continuous semantics but is expressible by MTLS in the
continuous semantics. However these results hold for the case of infinite
words and do not extend readily to the case of finite words. The proofs
exploit the fact that the models are infinite by using the property that the
futures of two distinct points in the constructed models are the same (which
is never true for any finite model).

Figure 1.2 shows the known relative expressiveness results before the work
in this thesis. The solid arrows denote “strict containment”, the dashed ar-
rows represent “containment”, the dashed line says that “relative expressive-
ness in not known”, and the absence of an arrow (or transitive arrow) or a
line indicates “incomparable”.

The first result we show is the strict containment of MTL in the pointwise
semantics in MTL in the continuous semantics over finite timed words. We do
this by showing that the language Lni (for “no insertions”) over the alphabet
{a, b}, consisting of timed words in which for every two consecutive a’s the
time period between them translated by one time unit does not contain any
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Figure 1.2: Relative expressiveness before the work in this thesis.

events, is expressible in the continuous semantics, but its expressibility in
the pointwise semantics would render the logic undecidable, contradicting
the decidability result in [19]. This is a novel technique which can be used to
show inexpressibility results in other timed settings. For example, in [8] the
technique is employed to deduce that Alur-Dill timed automata and 1-clock
alternating timed automata form orthogonal classes of timed languages.

Further we also obtain the strict containment for finite words by extending
the results in [5] using the notion of “ultimate satisfiability”. We show that
L2b and Llast a are not expressible by MTL in the pointwise and continuous
semantics, respectively, thereby making the diagrams above, the same for
both finite and infinite words.

Next we show that each of the continuous versions of the logic is strictly
more expressive than its pointwise counterpart. We do so by showing that the
language L2ins , which consists of timed words which contain two consecutive
a’s such that the time period between them when translated by one time unit
contains two a’s, is not expressible by MTLSI

(and hence not expressible by
MTLS and MTL) in the pointwise semantics, but is expressible by MTL (and
hence by MTLS and MTLSI

) in the continuous semantics.

Finally we show that the language Lem (for “exact match”), which con-
sists of timed words such that for every a in the interval (0, 1) there is an
a in the interval (1, 2) at distance 1 from it, and vice versa, is expressible
by MTLSI

in the pointwise semantics but not by MTLS in the pointwise
semantics. This result holds for both finite and infinite words.

Figure 1.3 summarizes the relative expressiveness of the various versions
of MTL after the work in this thesis. We note that it is still open whether
MTLc

SI
is strictly more expressive than MTLc

S and whether MTLpw
SI

is con-
tained in or incomparable with MTLc

S.
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1.3.3 Expressive completeness

The last part of the thesis deals with showing the expressive completeness of
MTL in the continuous semantics. Towards this we define a class of continu-
ous timed automata based on “input-determined” operators, and show that
MTL is expressively complete with respect to these automata for a suitably
chosen set of operators.

In the literature, several variants of Alur-Dill automata based on “input-
determined” guards have been proposed [2, 25, 10, 7]. Unlike the explicit
clock based guards of timed automata, an input-determined guard is based
on a distance operator whose value is completely determined by the input
timed word and a time point in it. This property leads to robust logical
properties including closure under complementation which timed automata
lack. A good example of an input-determined operator is the event-recording
operator ⊳a of [2] which measures the distance to the last time an event a
occurred. The “eventual” operator ♦a [9, 7] inspired by MTL is an input-
determined operator which measures the time to “some” future occurrence
of an a event.

Once again these operators can be employed in automata and logical
formalisms in a pointwise or continuous manner. In the pointwise semantics,
the work in [9] provides a general framework for showing determinizability,
closure properties, and monadic second-order (MSO) logic characterizations,
for classes of timed automata based on input-determined operators, called
input-determined automata (IDA’s). It also identifies natural timed temporal
logics based on these operators which are expressively complete with respect
to the corresponding automata classes.

In this thesis we show a similar general framework for the continuous
semantics. Thus we first define an appropriate “continuous” version of these
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automata called continuous input-determined automata (CIDA’s) which are
parameterized by a set of input-determined operators. These CIDA’s extend
IDA’s by allowing epsilon-transitions and state invariants.

For example the diagram below gives a CIDA based on the operator ♦

which recognizes the language Lni .

(a,⊤
)

(a
,⊤
)

(b,⊤
)

(a,⊤)
⊤

⊤

(ǫ,⊤), (b,⊤) (a,⊤)

¬(♦[1,1]a ∨ ♦[1,1]b)

We show that CIDA’s are determinizable and are closed under boolean
operations. They also admit logical characterizations via natural MSO logics
based on the input-determined operators, and interpreted over continuous
time. Further, the continuous version of the natural timed temporal logics
based on these operators are shown to be expressively complete, in that
they correspond to the first-order fragments of the associated MSO logics.
These results generalize to the corresponding recursive formalisms where the
input-determined operators take as arguments logical formulas or “floating”
automata, as originally used in the work of [13].

As a corollary, we obtain an expressive completeness result for MTL in the
continuous semantics. MTLS can be viewed as the recursive timed temporal
logic based on the operator ♦ and MTLSI

that based on the operators ♦

and ♦-, and hence correspond to the first-order fragment of recursive CIDA’s
and the MSO based on the corresponding operators. We summarize the
expressive completeness of MTLc

S in Figure 1.4.

rec-CIDA

MTLc
S

rec-TMSOc

rec-TFOc

Figure 1.4: Expressive completeness of MTLc
S
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Moreover, this framework can be used as a general technique for showing
such results for any class of automata and logics based on input-determined
operators. In particular, the results of [13] for the class of recursive event
clock automata (ECA’s), (which correspond in our framework to the class of
recursive CIDA’s based on the operators ⊲ and ⊳), pertaining to the MSO
characterization via the logic MinMaxML and the expressive completeness of
recursive Event Clock Temporal Logic (ECTL), can be deduced in a straight
forward manner from our results.

The techniques used to prove our results are similar to [9] in that we
also make use of the notion of proper alphabets. These alphabets help in
determinizing CIDA’s and showing closure properties. For the MSO charac-
terization we use proper alphabets to translate formulas into a continuous
version of Büchi’s MSO logic, which preserves, in a sense, the original models
of the formula. Now we need to make use of the fact that the “untiming”
of continuous MSO formulas is regular in order to obtain a CIDA for the
original MSO formula. We give an automata-theoretic proof of this result
which was independently proved by Rabinovich in [22] using a translation to
classical MSO. For the expressive completeness result concerning our timed
temporal logics we factor through the well-known result of Kamp for classical
LTL [14].

The technique used in [13, 24] for event clock automata is similar in that
they factor through Kamp’s theorem to prove their expressive completeness
result. However the MSO characterization is obtained differently by showing
that quantified ECTL is expressively equivalent to recursive ECA’s.

1.4 Organization of the thesis

This thesis is organized as follows. In chapter 2 we start by defining the
notations and preliminaries. We give the syntax of MTL, and define its
pointwise and continuous interpretations. We then introduce the syntactic
variants of MTL which include the past operators, and show the containment
of the pointwise version in the continuous version.

In chapter 3 we show the strict containment of MTLpw in MTLc using a
technique which exploits the decidability of a logic to extract an inexpressible
language. We show that the language Lni is not expressible by MTLpw .

Chapters 4 and 5 give a necessary property of the timed languages de-
finable by MTL in the pointwise and continuous semantics, respectively. In
chapter 4 we prove a necessary “counter-freeness” property of MTL in the
pointwise semantics, and give an application of the result in extending the
proof of inexpressibility of L2b by MTLpw for infinite words to that of finite
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words. Chapter 5 is more or less similarly organized. We first show the
“counter-freeness” of MTLc and then an application of it in extending the
proof of inexpressibility of Llast a to finite words.

In chapter 6 we elicit languages not expressible by MTL with past oper-
ators. We show that L2ins is not expressible by MTLpw

SI
over both finite and

infinite words. We also sketch the proof of inexpressibility of Lem by MTLpw
S

which is along the lines of that for L2ins .
We summarize the relative expressiveness results in chapter 7. We give a

Venn diagram and a Hasse diagram which depict the results of the previous
chapters.

Chapters 8 to 11 are devoted to the proof of expressive completeness of
MTL with past operators in the continuous semantics. In chapter 8 we in-
troduce the continuous input-determined automata (CIDA’s) and show that
they are closed under boolean operations and are determinizable.

In chapter 9 we give a logical characterization for CIDA’s. Thus we define
the continuous timed monadic second order logic (TMSOc) based on a set of
input-determined operators and show that they characterize CIDA’s. As an
auxiliary result we obtain that the untimings of function languages definable
in a continuous version of Büchi’s MSO logic are regular.

In chapter 10 we define the recursive versions of CIDA’s and TMSOc,
called rec-CIDA’s and rec-TMSO c, respectively and show that rec-CIDA’s
are characterized by rec-TMSO c.

In chapter 11 we show the expressive completeness of MTLc
S and MTLc

SI
.

We first define the timed temporal logics based on input-determined opera-
tors, and their recursive versions. We show their equivalence to first-order
fragments of TMSOc and rec-TMSO c, respectively. We then infer the expres-
sive completeness of MTLc

S and MTLc
SI

by showing that they are equivalent
to the recursive timed temporal logics based on ♦ and ♦- operators.

In chapter 12, we conclude by summarizing the results, and put forward
some open problems.
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Chapter 2

Metric Temporal Logic and its
variants

In this chapter we formally define Metric Temporal Logic (MTL) and its two
interpretations over timed words, namely, pointwise and continuous. We then
explain the variants of the logic obtained by adding past operators. Finally
we show that for each of these variants the pointwise version is contained in
the continuous version.

2.1 Preliminaries

We begin with some preliminary definitions. As usual, A∗ and Aω will denote
the set of finite words and infinite words over an alphabet A, respectively.
For a finite word w = a1 · · · an we use |w| to denote the length of w (in this
case n). We make use of the standard notations for regular expressions with
‘·’ for concatenation and ‘∗’ for Kleene closure. Given finite words u and
v, we denote the concatenation of u followed by v as u · v, or just uv. We
use ui to denote the concatenation of u with itself i times, and uω to denote
the infinite word obtained by repeated concatenation of u. We extend these
notations to subsets of A∗ in the standard way.

We denote the set of non-negative and positive real numbers by R≥0 and
R>0 respectively, the set of positive rational numbers by Q>0, and the set of
non-negative integers by N. We use IR≥0

to denote the set of intervals, where
an interval is defined as a convex subset of R≥0. We use IQ to denote the
set of intervals whose end-points are either rationals or ∞. We say that two
intervals I and J are adjacent if I ∩ J = ∅ and I ∪ J is an interval.

We now define finite and infinite timed words which are sequences of
action and time pairs. An infinite timed word α over an alphabet Σ is an

13
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element of (Σ× R≥0)
ω of the form (a1, t1)(a2, t2) · · · satisfying:

• (Strict-monotonicity) t1 < t2 < · · · .

• (Progressiveness) For every t ∈ R≥0, there exists i ∈ N such that ti > t.

Wherever convenient we will also denote the timed word α above as a se-
quence of delay and action pairs, (d1, a1)(d2, a2) · · · , where for each i, di =
ti− ti−1. Here and elsewhere, we use the convention that t0 denotes the time
point 0.

A finite timed word over Σ is an element of (Σ×R≥0)
∗ which satisfies the

strict monotonicity condition above. Given σ = (a1, t1)(a2, t2) · · · (an, tn), we
use length(σ) to denote the time of the last action, namely tn. The delay
representation for the above finite timed word σ is (d1, a1) · · · (dn, an) where
for each i, di = ti − ti−1. Given finite timed words σ and ρ, the delay
representation for the concatenation of σ followed by ρ is the concatenation
of the delay representation of σ followed by the delay representation of ρ.
We will use TΣ∗ for the set of all finite timed words over Σ, and TΣω for
the set of all infinite timed words over Σ.

2.2 Syntax and semantics of MTL

We start by defining the syntax of MTL. The formulas of MTL over an
alphabet Σ are built up from symbols in Σ by boolean connectives and a
time-constrained version of the until operator U . The formulas of MTL over
an alphabet Σ are inductively defined as follows:

ϕ ::= a | ¬ϕ | (ϕ ∨ ϕ) | (ϕUIϕ),

where a ∈ Σ and I ∈ IQ. We also use other derived boolean connectives like
∧ and ⇒, where ϕ1 ∧ ϕ2 is ¬(¬ϕ1 ∨ ¬ϕ2) and ϕ1 ⇒ ϕ2 is ¬ϕ1 ∨ ϕ2. We use
⊤ for ϕ ∨ ¬ϕ and ⊥ for ¬⊤.

We first define the pointwise semantics for MTL over finite words. Given
an MTL formula ϕ, a finite timed word σ = (a1, t1)(a2, t2) · · · (an, tn) and
a position i ∈ {0, . . . , n} denoting the leftmost time point 0 or one of the
action points t1, t2, · · · , tn, the satisfaction relation σ, i |=pw ϕ (read “σ at
position i satisfies ϕ in the pointwise semantics”) is inductively defined as:

σ, i |=pw a iff ai = a.
σ, i |=pw ¬ϕ iff σ, i 6|=pw ϕ.
σ, i |=pw ϕ1 ∨ ϕ2 iff σ, i |=pw ϕ1 or σ, i |=pw ϕ2.
σ, i |=pw ϕ1UIϕ2 iff ∃j such that i ≤ j ≤ |σ|, tj − ti ∈ I andσ, j |=pw ϕ2,

and ∀k such that i < k < j, σ, k |=pw ϕ1.
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The language of finite timed words defined by an MTL formula ϕ in the
pointwise semantics is given by Lpw (ϕ) = { σ ∈ TΣ∗ | σ, 0 |=pw ϕ}. We will
use MTLpw to denote the pointwise interpretation of this logic.

We define the derived operators ♦I , �I , U , ♦ and � (defined in the
expected manner), as follows. ♦Iϕ, �Iϕ, ϕ1Uϕ2, ♦ϕ and �ϕ are syntactic
abbreviations for ⊤UIϕ, ¬♦I¬ϕ, ϕ1U(0,∞)ϕ2, ⊤Uϕ and ¬♦¬ϕ, respectively.

The strict until U is the standard operator used in the continuous seman-
tics. But the usual operators used for the pointwise version are the “next”
operator O and a non-strict “until” Un, similar to classical LTL, with the
semantics:

σ, i |=pw Oϕ iff i < |σ| andσ, i+ 1 |=pw ϕ.
σ, i |=pw ϕ1U

n
I ϕ2 iff ∃j such that i ≤ j ≤ |σ|, tj − ti ∈ I, and σ, j |=pw ϕ2,

and ∀k such that i ≤ k < j, σ, k |=pw ϕ1.

We use the strict until to have a common syntax for both the interpreta-
tions. However it can be seen that this change in syntax does not affect the
expressiveness of the logic in the pointwise semantics. In one direction the
operators O and Un can be expressed using the U operator as below:

Oϕ ≡ ⊥U(0,∞)ϕ.

ϕ1U
n
I ϕ2 ≡

{

ϕ1 ∧ (ϕ1UIϕ2) if 0 6∈ I.
ϕ2 ∨ (ϕ1 ∧ (ϕ1UIϕ2)) if 0 ∈ I.

Let ♦nIϕ denote ⊤Un
I ϕ, and �n

Iϕ denote ¬♦nI¬ϕ. We can then express
the operator UI in terms of the O and Un

I operators, as follows:

ϕ1UIϕ2 ≡



















♦nIϕ2 ∧�n
(0,a)(ϕ1U

n
[0,∞)(ϕ1 ∧Oϕ2)) if I = [a, b), a > 0.

♦nIϕ2 ∧�n
(0,a](ϕ1U

n
[0,∞)(ϕ1 ∧Oϕ2)) if I = (a, b), a > 0.

♦nIϕ2 ∧ (ϕ2 ∨O(ϕ1U
n
[0,∞)ϕ2)) if I = [0, b).

♦nIϕ2 ∧O(ϕ1U
n
[0,∞)ϕ2) if I = (0, b).

We now give below a couple of examples of MTL formulas along with their
pointwise interpretations. Consider the timed word σ = (a, 1.3)(a, 2.5)(a, 3.7)
(b, 5.4)(c, 6.5)(b, 7.7)(b, 9) depicted below. We interpret the formulas at 0.

a a a b bc b

0 1 2 3 4 5 6 7 8 9

Figure 2.1: A timed word
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1. aU[5,6]b: The timed word in the above figure satisfies this formula, since
b is true at some time in the interval [5, 6] and a is true at all the action
points before that.

2. aU[6,7](a ∨ b): This formula is not satisfied by the above timed word,
since there is neither an occurrence of a nor that of b anywhere in the
interval [6, 7].

3. ♦(0,1)♦[1,1,]a: This formula is not satisfied by the timed word since there
is no action point in the interval (0, 1), and hence no action point in
the interval (0, 1) where the subformula ♦[1,1]a can be satisfied.

We now turn to the continuous semantics. Given an MTL formula ϕ,
a finite timed word σ = (a1, t1)(a2, t2) · · · (an, tn) and a time t ∈ R≥0, such
that 0 ≤ t ≤ length(σ), the satisfaction relation σ, t |=c ϕ (read “σ at time t
satisfies ϕ in the continuous semantics”) is inductively defined as follows:

σ, t |=c a iff ∃i such that ti = t and ai = a.
σ, t |=c ¬ϕ iff σ, t 6|=c ϕ.
σ, t |=c ϕ1 ∨ ϕ2 iff σ, t |=c ϕ1 or σ, t |=c ϕ2.
σ, t |=c ϕ1UIϕ2 iff ∃t′ such that t ≤ t′≤ length(σ), t′ − t ∈ I andσ, t′ |=c ϕ2,

and ∀t′′ such that t < t′′ < t′, σ, t′′ |=c ϕ1.

The language of finite timed words defined by an MTL formula ϕ in the
continuous semantics is given by Lc(ϕ) = { σ ∈ TΣ∗ | σ, 0 |=c ϕ}. We will
use MTLc to denote this continuous interpretation of the MTL formulas.

Below are some examples of MTL formulas and their interpretations in
the continuous semantics. As before we interpret the formulas at time 0.

1. aU[5,6]b: The timed word in Figure 2.1 does not satisfy this formula.
In fact there is no model which satisfies this formula, since it requires
that b is true at some point in the interval [5, 6] and a is true at all the
previous points (not just the action points).

However the formula (¬(
∨

d∈Σ d)∨a)U[5,6]b, which defines in the contin-
uous semantics the language defined by aU[5,6]b in the pointwise seman-
tics, is satisfied by the above timed word as it asks for the satisfaction
of b at some point in [5, 6] and the satisfaction of a at only all the
previous action points.

2. ♦(0,1)♦[1,1]b: The timed word in Figure 2.1 satisfies this formula in con-
tinuous semantics, since there is the point 0.3 in the interval (0, 1) such
that there is a b at distance one from this point in future. Recall that
this timed word does not satisfy the formula in the pointwise semantics.
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2.3 MTL with past operators

In this section we introduce some syntactic extensions of MTL. We denote by
MTLSI

the logic which contains in addition to UI , a past operator SI which
is a time-constrained version of the “since” operator of LTL. Its semantics is
symmetric to that of UI and refers to the past instead of the future. We give
below its semantics under both the pointwise and continuous interpretations:

σ, i |=pw ϕ1SIϕ2 iff ∃j such that 0 ≤ j ≤ i, ti − tj ∈ I andσ, j |=pw ϕ2,
and ∀k such that j < k < i, σ, k |=pw ϕ1.

σ, t |=c ϕ1SIϕ2 iff ∃t′ such that 0 ≤ t′ ≤ t, t− t′ ∈ I and σ, t′ |=c ϕ2,
and ∀t′′ such that t′ < t′′ < t, σ, t′′ |=c ϕ1.

As before, we denote the pointwise and continuous interpretations of
MTLSI

as MTLpw
SI

and MTLc
SI
, respectively. For ϕ in MTLSI

, we use Lpw (ϕ)
and Lc(ϕ) to denote the timed languages defined by ϕ in the pointwise and
continuous semantics, respectively.

We define the derived operators ♦-I , �-I , S, ♦- and �- as follows. ♦-Iϕ, �-Iϕ,
ϕ1Sϕ2, ♦ϕ and �ϕ are syntactic abbreviations for ⊤SIϕ, ¬♦-I¬ϕ, ϕ1S(0,∞)ϕ2,
⊤Sϕ and ¬♦¬ϕ, respectively.

Some examples of MTLSI
formulas are given below:

• �(1,2)(a⇒ ♦-[1,1]a) : The formula in the pointwise semantics defines the
language which consists of timed words in which for every a in the
interval (1, 2), there is an a at distance 1 in the past.

• ♦[2,2]((¬b)Sa) : Over the alphabet {a, b}, this formula in the continuous
semantics accepts the timed language which consists of timed words
whose last symbol in the interval (0, 2) is an a.

Another extension of the logic MTL, denoted by MTLS, is obtained by
adding the derived operator S to MTL. Since this logic allows a restricted
use of the SI operator, every MTLS formula is an MTLSI

formula. We denote
by MTLpw

S and MTLc
S, its pointwise and continuous interpretations.

2.4 Continuous as expressive as pointwise

In this section we show that MTLpw is at least as expressive as MTLc , MTLpw
S

at least as MTLc
S and MTLpw

SI
at least as MTLc

SI
. As usual by the expres-

siveness of a logic we mean the class of languages definable by the formulas
of the logic.
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We give a mapping pw-c, which maps an MTLSI
formula ϕ to a formula

ϕ′ in MTLSI
such that ϕ′ in the continuous semantics defines the language

defined by ϕ in the pointwise semantics. The formula ϕaction is a shorthand
for

∨

a∈Σ a and captures the notion of an action point in a timed word.

pw-c(a) = a where a ∈ Σ.
pw-c(¬ϕ1) = ¬pw-c(ϕ1).
pw-c(ϕ1 ∨ ϕ2) = pw-c(ϕ1) ∨ pw-c(ϕ2).
pw-c(ϕ1UIϕ2) = (¬ϕaction ∨ pw-c(ϕ1))UI(ϕaction ∧ pw-c(ϕ2)).
pw-c(ϕ1SIϕ2) = (¬ϕaction ∨ pw-c(ϕ1))SI(ϕaction ∧ pw-c(ϕ2)).

Lemma 2.1 Let ϕ be an MTLSI
formula over an alphabet Σ. Then Lpw (ϕ) =

 Lc(pw-c(ϕ)).

Proof Proof follows easily by induction on the structure of ϕ. �

The containment of MTLpw in MTLc and MTLpw
S in MTLc

S, follows from
the fact that pw-c maps an MTL formula to an MTL formula, and an MTLS
formula to an MTLS formula.

Theorem 2.1 MTLpw is contained in MTLc, MTLpw
S in MTLc

S, and MTLpw
SI

in MTLc
SI

. �

We can similarly define the semantics of the above logics for infinite words.
The only change would be to replace length(σ) and |σ| by∞. It is not difficult
to see that the above result holds for infinite words also.



Chapter 3

Decidability and
inexpressibility

In the last chapter, we saw that MTL in the continuous semantics is at least
as expressive as MTL in the pointwise semantics, as we can characterize the
action points in the continuous semantics and mimic the pointwise interpre-
tation. Intuitively, one would also expect the continuous version to be strictly
more expressive given its ability to quantify over arbitrary time points. In
this chapter we confirm this intuition for the case of finite models by ex-
hibiting a language of finite timed words which is definable in the continuous
semantics but not in the pointwise semantics.

The language we consider is Lni (for “no insertions”) over the alphabet
{a, b}, which consists of finite timed words in which for any two consecutive
a’s the time period between them translated by one time unit contains no
events. Below is a timed word in Lni . This language can easily be seen to

��
��
��

��
��
��

��
��
��

��
��
��

a a ab

0 1 2

a

3

Figure 3.1: A timed word in Lni .

be expressible in the continuous semantics. However we argue that it is not
expressible in the pointwise semantics, since it would essentially lead to the
undecidability of the pointwise version of the logic, which would contradict
the result of [19]. Our aim is to prove the following theorem:

Theorem 3.1 The timed language Lni is not expressible by MTLpw over fi-
nite timed words. �

19
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In the rest of the chapter we will prove this claim. We begin with a sketch
of the proof in the next section.

3.1 Sketch of the proof

We will prove the inexpressibility of the language Lni by a contradiction.
Suppose that there exists an MTL formula ϕni which describes the language
Lni in the pointwise semantics. We argue that the assumption that the MTL
formula ϕni exists, leads to the undecidability of the satisfiability problem
for MTLpw . We do so by giving a reduction from the halting problem of a
2-counter machine on an empty tape to the satisfiability problem of MTLpw .
The halting problem of a 2-counter machine is: “Given a deterministic 2-
counter machine, does it have a halting computation?” and the satisfiability
problem of MTLpw is: “Given an MTL formula, does there exist a finite
model which satisfies the formula in the pointwise semantics?”. Since the
halting problem of a 2-counter machine is undecidable, the reduction implies
that the satisfiability problem of MTLpw is also undecidable. This would
contradict the result of [19], where it is shown that the satisfiability problem
of MTLpw is decidable. It therefore follows that Lni in not expressible by
MTL in the pointwise semantics.

We now informally describe the reduction of the halting problem to the
satisfiability problem. The reduction is along the lines of [3, 1, 2], though
the encoding is adapted to enable us to isolate the language above as being
inexpressible.

Recall that a 2-counter machineM has 2 counters C andD and a sequence
of n instructions, the last of which is a halt instruction. The rest of the
instructions are increment (or decrement) of a counter together with a jump
to another location, or a jump conditional on the value of a counter being 0. A
configuration of M is represented by a triple 〈i, c, d〉, where i ∈ {1, · · · , n} is
the location counter, and c and d are the values of the two counters C and D,
respectively. A computation ofM is a finite sequence of configurations where
successive configurations respect preceding instructions. A computation is
halting if its last configuration points to the halt instruction.

The reduction is done in two steps. Let M be a 2-counter machine as
above.

1. We encode the computations ofM as finite timed words over a suitable
alphabet. The encoding is such that we can associate a non-empty set
of timed words with every computation. Let us denote by LM the
language of timed words which correspond to halting computations.
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2. We then give a formula ϕM which defines the language LM (assuming
ϕni exists).

So M has a halting computation if and only if LM is not empty, which in
turn is true if and only if ϕM is satisfiable.

In the next section we describe the language LM in detail, and in the
following section we give the construction of the formula ϕM .

3.2 Formal description of LM

In this section we describe the language LM consisting of timed words en-
coding halting computations of a 2-counter machine M .

Let M be a 2-counter machine with n instructions. We first explain how
the computations ofM are encoded as timed words. The computations ofM
are encoded using timed words over the alphabet ΣM = {b1, b2, · · · , bn, a1, a2}.
We encode a configuration 〈i, c, d〉 as a sequence bia

c
1a
d
2 and a computation

as a concatenation of such sequences. Moreover, we associate a unit time
interval with each configuration with the j-th configuration being encoded
in the interval [j, j + 1). In any such interval, the corresponding b occurs at
time j, all the a1’s occur in the interval [j+0.25, j+0.5) with the first a1 (if
any) occurring at j+0.25 and all the a2’s occur in the interval [j+0.5, j+1)
with the first a2 (if any) occurring at j + 0.5. We further require that the
corresponding a1’s in two such consecutive intervals are a distance one apart,
and we have a similar requirement for a2. The second last requirement is
a deviation from the reductions in the literature. It is used to ensure that,
along with the property Lni , we have no “illegal” insertions of a1’s and a2’s
in succeeding configurations.

For example, consider a 2-counter machine whose instruction set is given
below:

1. Increment C and jump to 3.

2. Increment D and jump to 4.

3. Increment D and jump to 2.

4. Halt.

The timed word in Figure 3.2 encodes the only halting computation of the
counter machine, which is 〈b1, 0, 0〉〈b3, 1, 0〉〈b2, 1, 1〉〈b4, 1, 2〉. Note that there
are other timed words which encode the same computation, since the last a2
could be placed anywhere in the interval (4.5, 5).
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0 0.5 1 1.5 2 2.5 3 3.5 4 4.5

b1 b3 a1 b2 a1 a2 a2a2a1b4

Figure 3.2: A timed word encoding halting computation

Before we move on to a detailed description of LM we formally define the
language Lni . To give a language-theoretic definition of Lni , let us first define
the language LΣ,c

ni which is parameterised by an alphabet Σ and an action
c ∈ Σ. The language LΣ,c

ni consists of timed words σ ∈ TΣ∗ of the form
(a1, t1) · · · (an, tn), satisfying the condition that whenever ai = ai+1 = c for
some i, for no j does tj belong to the interval (ti+1, ti+1+1). The language

Lni can now be defined as L
{a,b},a
ni .

We now define the language LM over ΣM as the intersection of the lan-
guages, L1, L2, · · · , L7, described below. Let σ = (a1, t1) · · · (al, tl) be a timed
word over ΣM and let w = a1 · · · al. Let B = {b1, · · · , bn}.

1. L1: σ is a timed word in L1 if w = bi1a
c1
1 a

d1
2 bi2a

c2
1 a

d2
2 · · · bika

ck
1 a

dk
2 , where

1 ≤ ij ≤ n, cj ≥ 0 and dj ≥ 0, for all j ∈ {1, · · · , k}, and i1 = 1, c1 = 0
and d1 = 0. This is to ensure that the untiming of the timed word is
a concatenation of valid encodings of configurations, starting with the
encoding of the initial configuration 〈1, 0, 0〉.

2. L2: It consists of timed words in which the j-th element from B occurs
at integer time j.

3. L3: It consists of timed words in which for every bi which occurs at time
j, all a1’s in the interval (j, j+1) occur in the interval [j+0.25, j+0.5)
and all a2’s in the interval (j, j+1) occur in the interval [j+0.5, j+1).
The first a1 in the interval (if any) occurs at time j+0.25 and the first
a2 in the interval (if any) occurs at time j + 0.5.

4. L4: It is the intersection of the two languages LΣM ,a1
ni and LΣM ,a2

ni . It
consists of timed words in which the time period between any two
consecutive a1’s or any two consecutive a2’s when translated by 1 time
unit does not contain any actions.

5. L5: It consists of timed words in which for every bi at time j which is
eventually followed by some bi′ , there is an a1 at time t+1 correspond-
ing to every a1 at time t in the interval (j, j + 1) which is immediately
followed by an a1. There is a similar condition on the times of occur-
rences of a2.
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6. L6: We define L6 as the intersection of the languages, L1
6, · · · , L

n
6 , where

the conditions on the timed words in Li6 partially help to ensure that
the i-th instruction is executed correctly. However the conditions on
the timed words in Li6 depend on the type of the i-th instruction. Hence
we consider the following cases:

(a) Suppose that the i-th instruction is “If C = 0, then jump to p,
else jump to q”. A timed word is in Li6 if for every bi at time j in
the timed word,

• if there is no a1 in the interval (j, j + 1), then there is no a1
in the interval (j + 1, j + 2), and

• if there is an a1 in the interval (j, j + 1), then there is an
a1 at time t + 1 which is not immediately followed by an a1,
for every a1 at time t in the interval (j, j + 1) which is not
immediately followed by an a1.

The above condition helps to ensure that the number of a1’s in
the intervals, (j, j + 1) and (j + 1, j + 2), is the same. We have a
similar condition on a2. Further, if there is no a1 in the interval
(j, j + 1), then there is a bp at j + 1, otherwise there is a bq at
j + 1.

(b) Suppose that the i-th instruction is “Increment C and jump to p”.
A timed word is in Li6 if for every bi at time j in the timed word,

• if there is no a1 in the interval (j, j + 1), then there is an a1
at time j + 1.25 which is not immediately followed by an a1,
and

• if there is an a1 in the interval (j, j + 1), then for every a1
at time t in the interval (j, j + 1) which is not immediately
followed by an a1, there is an a1 at time t+ 1 which is imme-
diately followed by an a1, which in turn is not immediately
followed by an a1.

Along with this, we need to ensure that the number of a2’s in the
intervals, (j, j + 1) and (j + 1, j + 2), is the same. This can be
done as in the previous case. We also require that there is a bp at
time j + 1.

(c) Suppose that the i-th instruction is “Decrement C and jump to
p”. A timed word is in Li6 if for every bi at time j in the timed
word,

• if there is no a1 in the interval (j, j + 1), then there is no a1
in the interval (j + 1, j + 2),
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• if every a1 in the interval (j, j + 1) is not followed by an a1
immediately, then there is no a1 in the interval (j + 1, j + 2),
and

• if there is an a1 in the interval (j, j+1) which is immediately
followed by an a1, then for every a1 at time t in (j, j + 1)
which is not immediately followed by an a1, there is no a1 in
the interval [t+ 1, t+ 1.5).

Along with this, we need to ensure that the number of a2’s in the
intervals, (j, j + 1) and (j + 1, j + 2), is the same. This can be
done as in the previous case. We also require that there is a bp at
time j + 1.

We get the corresponding languages for the operations on counter
D by exchanging the roles of a1 and a2 in the above languages.

(d) Suppose that the i-th instruction is a halt instruction. Then Li6
consists of timed words in which for every bi at time j there are
no symbols in the interval [j + 1,∞).

7. L7: It consists of timed words in which there is an occurrence of bn.
This ensures that every computation has a configuration which points
to the halt instruction.

It is easy to see that the timed language LM consists of exactly those
timed words which correspond to the encodings of halting computations.
Therefore we have the following lemma:

Lemma 3.1 The timed language LM is non-empty if and only if M has a
halting computation. �

3.3 Construction of ϕM

In this section we give the formula ϕM which defines the language LM as-
suming that there exists a formula which defines Lni .

Let ϕni be an MTL formula over {a, b} which describes the language Lni in
the pointwise semantics. Then the formula ϕni [c/a, (

∨

d∈Σ−{c} d)/b] obtained

from ϕni by replacing every occurrence of a by c, and b by
∨

d∈Σ−{c} d, can

be seen to define the language LΣ,c
ni . Let us call this formula ϕΣ,c

ni .
We now proceed to give the formula ϕM over ΣM which describes the

language LM . We use B as a shorthand for
∨

i∈{1,··· ,n} bi. As usual, ϕaction is
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a shorthand for
∨

a∈Σ a. The formula ϕM is the conjunction of the formulas,
ϕ1, · · · , ϕ7, where each ϕi corresponds to the language Li.

• ϕ1:

�(a2 ⇒ ¬Oa1) ∧O(b1 ∧ ¬Oa1 ∧ ¬Oa2).

• ϕ2:

♦[1,1]B ∧�(0,1)¬B ∧�((B ∧ ♦(0,∞)B) ⇒ (♦[1,1]B ∧�(0,1)¬B)).

• ϕ3:

�(B ⇒ (�[0,0.25)¬(a1 ∨ a2) ∧�[0.25,0.5)¬a2 ∧�[0.5,1)¬a1
∧(♦(0,1)a1 ⇒ ♦[0.25,0.25]a1) ∧ (♦(0,1)a2 ⇒ ♦[0.5,0.5]a2))).

• ϕ4:

ϕΣM ,a1
ni ∧ ϕΣM ,a2

ni .

• ϕ5:
�((B ∧ ♦(0,∞)B) ⇒ (�(0,1)((a1 ∧Oa1) ⇒ (♦[1,1]a1))∧

�(0,1)((a2 ∧ Oa2) ⇒ (♦[1,1]a2)))).

• ϕ6:

ϕ6 =
∧

i∈{1,··· ,n}

ϕi6,

where ϕi6 defines the language Li6.

Let ψa1 = (�(0,1)¬a1 ⇒ �(1,2)¬a1) ∧�(0,1)((a1 ∧¬Oa1) ⇒ (♦[1,1](a1 ∧
¬Oa1))) and ψa2 = (�(0,1)¬a2 ⇒ �(1,2)¬a2) ∧ �(0,1)((a2 ∧ ¬Oa2) ⇒
(♦[1,1](a2 ∧ ¬Oa2))).

ψa1 along with ϕ5 verifies that the number of a1’s in two consecutive
encodings of configurations is the same. ψa2 along with ϕ5 verifies the
number of a2’s in two consecutive encodings of configurations is the
same.

The construction of the formula ϕi6 depends on the i-th instruction:

– Suppose that the i-th instruction is: “If C = 0, then jump to p,
otherwise jump to q”. Then ϕi6 is given by:

�(bi ⇒ (ψa1 ∧ψa2 ∧ (�(0,1)¬a1 ⇒ ♦[1,1]bp)∧ (♦(0,1)a1 ⇒ ♦[1,1]bq))).
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– Suppose that the i-th instruction is: “Increment C and jump to
p”. Then ϕi6 is given by:

�(bi ⇒ ((�(0,1)¬a1 ⇒ ♦[1.25,1.25](a1 ∧ ¬Oa1))∧
�(0,1)((a1 ∧ ¬Oa1) ⇒ ♦[1,1](a1 ∧Oa1 ∧ ¬OOa1)) ∧ ψa2 ∧ ♦[1,1]bp)).

– Suppose that the i-th instruction is: “Decrement C and jump to
p”. Then ϕi6 is given by:

�(bi ⇒ ((�(0,1)¬a1 ⇒ �(1,2)¬a1)
∧(�(0,1)(a1 ⇒ ¬Oa1) ⇒ �(1,2)¬a1)

∧(♦(0,1)(a1 ∧Oa1) ⇒ �(0,1)((a1 ∧ ¬Oa1) ⇒ �[1,1.5)¬a1))
∧ψa2 ∧ ♦[1,1]bp).

Similarly, we can write formulas for the above operations on counter
D by exchanging a1’s and a2’s in the above formulas.

– Suppose that the i-th instruction is a halt instruction.

�(bi ⇒ �[1,∞)¬ϕaction).

• ϕ7 : ♦bn.

It is not difficult to verify that each formula ϕi defines exactly the lan-
guage Li. Therefore Lpw (ϕM) = LM . Hence we have the following lemma:

Lemma 3.2 Lpw (ϕM) is empty if and only if LM is empty. �

3.4 Putting it all together

Now we can give a turing machine which maps an instance of the halting
problem to that of the satisfiability problem. It takes as input a 2-counter
machine M , guesses the formula ϕni , and outputs ϕM using the construction
of the last section. From Lemma 3.1 and Lemma 3.2 it follows that M
has a halting computation exactly when ϕM is satisfiable. This implies the
undecidability of the satisfiability problem of MTLpw which contradicts the
result of [19]. Hence our assumption that ϕni exists is incorrect. This proves
Theorem 3.1.

But Lni is expressible by the following formula in the continuous seman-
tics.

¬♦(a ∧ ¬ϕactionU(¬ϕaction ∧ ♦[1,1](a ∨ b) ∧ (¬ϕactionUa))),

Therefore we have the following strict containment result.
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Theorem 3.2 MTLpw is strictly less expressive than MTLc over finite timed
words. �

We note that we can use the above construction to give a proof of the
undecidability of the satisfiability problem of MTLc. We can give MTLc

formulas defining L1, L2, L3, L5, L6 and L7 by applying the function pw-c
on ϕ1, ϕ2, ϕ3, ϕ5, ϕ6 and ϕ7, respectively. Also we can give MTLc formula
for LΣ,c

ni by replacing the a’s in the above formula for Lni by c’s, and b by
∨

Σ−{c} c. Thus we can give a formula which defines L4. Therefore we have
the following theorem.

Theorem 3.3 The satisfiability problem of MTLc is undecidable over finite
timed words. �

3.5 Discussion

In this chapter we have addressed the problem of comparing the expressive-
ness of MTL in the pointwise and continuous semantics. We show that the
continuous version is strictly more expressive than the pointwise one. This
result holds for the case when models are finite timed words.

It is appropriate to point out here that the fact that one version of the
logic is decidable while the other isn’t, does not necessarily mean that one is
less expressive than the other. It is crucial to be able to identify a property
which is in a sense independent of the problem instance being translated. In
fact, such a property may not exist in general. This is borne out by the fact
that there are logics [17] with two equally expressive versions, one of which
is decidable and the other isn’t.

Apart from the above result, our technique of using decidability to show
inexpressibility can be used in other timed settings. For instance, in the tech-
nical report [8], we use a similar argument to show that Lni is not expressible
by 1-clock alternating timed automata (1-clock ATA’s). We argue that the
expressibility would contradict the decidability of their emptiness problem
[19, 16]. Here the technique is used to show the orthogonality of the class of
timed languages accepted by 1-clock ATA’s and Alur-Dill timed automata.

However the technique used in this chapter is not applicable to differenti-
ate the two semantics when we look at infinite words, since both versions of
the logic are undecidable over infinite words [3, 20]. Moreover it would be in-
teresting to have an expressiveness result that arises out of a characterization
of the languages definable in the two semantics.



28 CHAPTER 3. DECIDABILITY AND INEXPRESSIBILITY



Chapter 4

Counter-freeness of MTL
pw

In this chapter, we elicit a necessary counter-freeness property of the timed
languages over finite words expressible in MTLpw . We define a notion of
satisfiability on a sequence of finite timed words, which we call “ultimate
satisfiability”, and then show that every MTLpw formula either “ultimately
satisfies” or “ultimately does not satisfy” a “periodic sequence”. Also, we
give an application of the above satisfiability result in carrying over an inex-
pressibility result for infinite models to the case of finite models.

In section 4.1, we prove the result on ultimate satisfiability. In section
4.2, we use this result to show that the timed language L2b consisting of
timed words which contain two b’s in the interval (0, 1) is not expressible by
MTLpw over finite timed words.

4.1 Ultimate satisfiability of MTL
pw

In this section we show that an MTL formula in the pointwise semantics is
either ultimately satisfied or ultimately not satisfied over a periodic sequence
of timed words, leading to a “counter-freeness” property of MTL.

We first define the notion of when a formula is ultimately satisfied or
ultimately not satisfied over a sequence of finite timed words. Let 〈σi〉 be a
sequence of finite timed words σ0, σ1, · · · . Given a j ∈ N and ϕ ∈ MTL, we
say that 〈σi〉 at j ultimately satisfies ϕ, denoted 〈σi〉, j |=us ϕ, iff ∃k ∈ N :
∀k′ ≥ k, σk′, j |=pw ϕ. We say that 〈σi〉 at j ultimately does not satisfy ϕ,
denoted 〈σi〉, j |=un ϕ, iff ∃k ∈ N : ∀k′ ≥ k, σk′, j |=pw ¬ϕ. We refer to the
least such k in either case above as the stability point of ϕ at j in 〈σi〉. The
following proposition follows from the above definitions.

Proposition 4.1 Let 〈σi〉 be a sequence of finite timed words. Let ϕ be an
MTL formula and let j ∈ N. If 〈σi〉, j |=us ϕ, then it is not the case that

29
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〈σi〉, j |=un ϕ, and if 〈σi〉, j |=un ϕ, then it is not the case that 〈σi〉, j |=us ϕ.
�

However the other directions of the above implications are not true, as
seen in the following example. Consider the sequence 〈σi〉 given by σ0 =
(1, a), σ1 = (1, a)(1, b), σ2 = (1, a)(1, b)(1, a), etc. Then the formula ♦(a ∧
�⊥), which says that the last action of the timed word is an a, is neither
ultimately satisfied nor ultimately not satisfied in 〈σi〉 at 0. But the following
theorem says that a “periodic” sequence of timed words at a position j either
ultimately satisfies a given MTL formula or ultimately does not satisfy it. A
sequence 〈σi〉 of finite timed words is said to be periodic if there exist finite
timed words µ, τ and ν, where |τ | > 0, such that σi = µτ iν for all i ∈ N.

Theorem 4.1 Let 〈σi〉 be a periodic sequence of finite timed words. Let ϕ be
an MTL formula and let j ∈ N. Then either 〈σi〉, j |=us ϕ or 〈σi〉, j |=un ϕ.

Proof Sketch The proof uses an induction on the structure of the formula.
Though the boolean cases are handled in a straightforward way, the case of UI
requires careful argument, since ηUIψ is ultimately satisfied at a point does
not imply that ψ is ultimately satisfied at some point in the interval I and η
is ultimately satisfied at all the intermediate points (as expected). This was
exactly the problem with the sequence we gave as a counter-example for this
theorem to hold for general sequences. Here we make use of the periodicity of
the words and argue that though ψ is not ultimately satisfied at some point
in the future, ηUIψ is either ultimately satisfied or ultimately not satisfied
at the current point. And the idea behind the argument is depicted in the
diagram below. Let the sequence be 〈σi〉 where σi = µτ iν.

ντ τ

ψη

If ψ is not ultimately satisfied at some point in the future then there is a
leftmost point in the above diagram where it is satisfied. If all points to the
left of this satisfy η, then it can be seen that ηUIψ is ultimately satisfied in
the sequence µτ iν. Otherwise it is seen that ηUIψ is ultimately not satisfied
in the sequence.

Detailed Proof

Since 〈σi〉 is a periodic sequence, there exist timed words µ = (d1, a1) · · · (dl, al),



4.1. ULTIMATE SATISFIABILITY OF MTLPW 31

τ = (e1, b1) · · · (em, bm) and ν = (f1, c1) · · · (fn, cn), such that σi = µτ iν. Let
µτω = (a′1, t1)(a

′
2, t2) · · · . We use induction on the structure of ϕ to prove

the theorem.
Case ϕ = a:

If a′j = a, then clearly 〈σi〉, j |=us ϕ, otherwise 〈σi〉, j |=un ϕ.
Case ϕ = ¬ψ:

If 〈σi〉, j |=us ψ, then 〈σi〉, j |=un ϕ. Otherwise, by induction hypothesis,
〈σi〉, j |=un ψ and hence 〈σi〉, j |=us ϕ.
Case ϕ = η ∨ ψ:

Suppose 〈σi〉, j |=us η or 〈σi〉, j |=us ψ. Let k be the maximum of the
stability points of η and ψ at j in 〈σi〉. For all k

′ ≥ k, σk′, j |=pw η or for all
k′ ≥ k, σk′, j |=pw ψ, and hence for all k′ ≥ k, σk′, j |=pw η ∨ ψ. Therefore,
〈σi〉, j |=us η ∨ ψ.

Otherwise, it is not the case that 〈σi〉, j |=us η and it is not the case that
〈σi〉, j |=us ψ. By induction hypothesis, 〈σi〉, j |=un η and 〈σi〉, j |=un ψ. So,
〈σi〉, j |=us ¬η and 〈σi〉, j |=us ¬ψ. Let k be the maximum of the stability
points of ¬η and ¬ψ at j in 〈σi〉. Then for all k′ ≥ k, σk′, j |=pw ¬η and for all
k′ ≥ k, σk′, j |=pw ¬ψ, and hence for all k′ ≥ k, σk′, j |=pw ¬η∧¬ψ. Therefore,
〈σi〉, j |=us ¬η ∧ ¬ψ and hence 〈σi〉, j |=us ¬(η ∨ ψ). So, 〈σi〉, j |=un η ∨ ψ.
Case ϕ = ηUIψ:

We consider two cases, one in which there exists j′ ≥ j such that tj′−tj ∈
I and 〈σi〉, j

′ |=us ψ, and the other in which the above condition does not
hold.

• Suppose there exists j′ ≥ j such that tj′ − tj ∈ I and 〈σi〉, j
′ |=us ψ.

Let js be the smallest such j′.

– Now suppose for all k such that j < k < js, 〈σi〉, k |=us η. Let nk
be the stability point of η at k for each of the k’s above, and njs
that of ψ at js. Let n

′ be the maximum of all nk’s and njs. It can
be seen that for all n′′ ≥ n′, σn′′ , j |=pw ηUIψ. Hence 〈σi〉, j |=us ϕ.

– Otherwise there exists k such that j < k < js and 〈σi〉, k |=un η.
Let mk be the stability point of η at k. For each k′ such that
j < k′ < js and tk′ − tj ∈ I, 〈σi〉, k

′ |=un ψ (because we chose js to
be the smallest). Let nk′ be the stability point of each k′ above.
Take n′ to be the maximum of mk and the nk′ ’s. It can now be
seen that for all n′′ ≥ n′, σn′′ , j 6|=pw ηUIψ. Hence 〈σi〉, j |=un ϕ.

• Now turning to the second case, suppose that for all j′ ≥ j such that
tj′ − tj ∈ I, it is not the case that 〈σi〉, j

′ |=us ψ. Then by induction
hypothesis, we have 〈σi〉, j

′ |=un ψ, for all j
′ : j′ ≥ j and tj′ − tj ∈ I.
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– Suppose I is bounded. If there is no j′ such that tj′ − tj ∈ I,
then it is easy to see that 〈σi〉, j |=un ηUIψ. Otherwise, since I is
bounded, there exist a finite number of j′’s which satisfy tj′−tj ∈ I
and 〈σi〉, j

′ |=un ψ. Let nj′ be the stability point of ψ at each of
these j′’s. Take n′ to be the maximum of all the nj′’s. It can then
be seen that for all n′′ ≥ n′, σn′′ , j 6|=pw ηUIψ. Hence 〈σi〉, j |=un ϕ.

– Suppose I is unbounded. Let S = {s1, s2, · · · , sm} be the suffixes
of τ in the order of decreasing length. Thus si = (ei, bi) · · · (em, bm).
Let W = {w1, w2, · · · , wn} be the suffixes of ν in the order of de-
creasing length. Let X = W ∪ (S · τ ∗ · ν). (We note that we can
arrange the timed words inX in the increasing order of length such
that the difference in lengths of the adjacent words in this sequence
is one and that the succeeding string in the sequence is a prefix of
the present. The sequence is wn, wn−1, · · · , w1, smν, sm−1ν, · · · , s1ν,
smτν, · · · , s1τν, smτ

2ν, · · · , s1τ
2ν, and so on.)

We now claim that ψ is satisfied at 1 for only finitely many timed
words from X . Otherwise ψ is satisfied at 1 by all timed words
in W ∪ S · τ ∗ · ν whose length is greater than, say l′ and hence
by all timed words whose length is greater than l′ in si · τ

∗ · ν for
some i. It is now easy to see that 〈σi〉, l + i |=us ψ (recall that l
is the length of µ), and therefore 〈σi〉, l + i+ cm |=us ψ, for every
c ∈ N (recall that m is the length of τ). Since I is unbounded
there exists j′ ≥ j such that tj′ − tj ∈ I and 〈σi〉, j

′ |=us ψ. This
is a contradiction to our assumption that 〈σi〉, j

′ |=un ψ, for all
j′ : j′ ≥ j and tj′ − tj ∈ I.

Further, for every j′′ > j such that tj′′ − ti ∈ I and j′′ < |µ|,
〈σi〉, j

′′ |=un ψ (by the assumption of the present case). Let nj′′
be the stability point of the j′′’s (which are finite in number). Let
nm be the maximum of nj′′’s.

Suppose there is no timed word in X which satisfies ψ at 1. It
can be seen that for all n′′ ≥ nm, σn′′ , j 6|=pw ηUIψ as we will
not be able to find a point in I for the satisfaction of ψ. Hence
〈σi〉, j |=un ηUIψ.

We now consider the case where there exists a timed word in X
which satisfies ψ at 1. Since we proved that such timed words are
finite in number, let l′ be the length of the largest of them.

Suppose that there exists a timed word in X whose length is
greater than l′ and which does not satisfy η at 1. Let the length
of one such timed word be l′′. Let n′ be a number which is greater
than or equal to the nm, and which satisfies |σn′ | > max(j, |µ|)+l′′.
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Now for all n′′ ≥ n′, σn′′ , j 6|=pw ηUIψ since the smallest j′ ≥ j
where ψ is satisfied is |σn′′| − l′ but before that there is the point
|σn′′| − l′′ where η is not satisfied. Hence 〈σi〉, j |=un ϕ.

Suppose that all timed words in X whose length is greater than l′

satisfy η at 1. Now if there exists j < k ≤ |µ| such that 〈σi〉, k |=un

η, then let n′ be such that it is larger than nm and the stability
point of η at k. It can be seen that for all n′′ ≥ n′, σn′′ , j 6|=pw

ηUIψ. Hence, 〈σi〉, j |=un ϕ. Otherwise for every j < k ≤ |µ|,
〈σi〉, k |=us η. Take n′ to be greater than the maximum of the
stability point of η at k’s and such that |σn′| > j + nI + l′, where
nI is such that tj+nI

− tj ∈ I. We can now see that for all n′′ ≥ n′,
σn′′ , j |=pw ηUIψ and hence 〈σi〉, j |=us ϕ.

�

It is well known that linear-time temporal logic (LTL) and counter-free
languages [14, 18] are expressively equivalent. We recall that a counter in a
deterministic finite automaton is a finite sequence of states q0q1 · · · qn such
that n > 1, q0 = qn and there exists a non-empty finite word v such that every
qi on reading v reaches qi+1 for i = 0, · · · , n − 1. A counter-free language
is a regular language whose minimal DFA does not contain any counters. It
is not difficult to see that the following is an equivalent characterization of
counter-free languages. A regular language L is a counter-free language iff
there do not exist finite words u, v and w, where |v| > 0, such that uviw ∈ L
for infinitely many i’s and uviw 6∈ L for infinitely many i’s.

We show a similar necessary property for timed languages defined by
MTLpw formulas. Let us call a timed language L counter-free if there do
not exist finite timed words µ, τ and ν, where |τ | > 0, such that µτ iν ∈ L
for infinitely many i’s and µτ iν 6∈ L for infinitely many i’s. The following
theorem follows from the ultimate satisfiability result for MTLpw .

Theorem 4.2 Every timed language of finite words definable in MTLpw is
counter-free.

Proof Suppose that a timed language L is definable in MTLpw by a formula
ϕ, but is not counter-free. Then there exist finite timed words µ, τ and
ν, where |τ | > 0, such that µτ iν ∈ L for infinitely many i’s and µτ iν 6∈
L for infinitely many i’s. The periodic sequence 〈σi〉 where σi = µτ iν, is
neither ultimately satisfied by ϕ nor ultimately not satisfied by it which is a
contradiction to Theorem 4.1. �



34 CHAPTER 4. COUNTER-FREENESS OF MTLPW

The above theorem, for example, implies that the language Leven b , which
consists of timed words in which the number of b’s is even, is not expressible
in MTLpw . Taking µ = ν = ǫ and τ = (1, b) implies that Leven b is not
counter-free. By Theorem 4.2, Leven b is not definable in MTLpw .

4.2 Inexpressibility of L2b by MTL
pw

In this section we show that the language L2b , consisting of timed words
over the alphabet Σ = {b} which contain two b’s in the interval (0, 1), is not
definable in MTLpw over finite models. We extend a proof of the same over
infinite words by using the ideas and results from the previous section.

We first present a simplified version of the proof in [5] which shows that a
language similar to L2b is not in MTLpw over infinite timed words. We define
L2b formally for infinite words as, L2b = {α ∈ TΣω |α = (a1, t1)(a2, t2) · · ·
such that∃i, j ∈ N : 0 < ti < tj < 1, ai = aj = b}.

We briefly explain the idea of the proof. Suppose that we want to show
that a language L is not expressible by MTLpw . We enumerate two families of
models parameterized by a rational number p, such that one is contained in L
where as the other is disjoint from it, as seen in Figure 4.1. We then show that

αp1

αp2

αp3

βp1

βp2

βp3

L

Figure 4.1: Idea of the proof of inexpressibility of L2b .

no MTL formula with “granularity” p distinguishes between the two models
corresponding to p in either of the families, implying the inexpressibility.

Let p ∈ Q>0 such that p = 1/k for some k ∈ N. The two models
αp and βp are constructed as follows and are depicted in Figure 4.2. αp =
(1−3p/4, b)(p/2, b)(p/2, b) · · · and βp = (1−p/4, b)(p/2, b)(p/2, b) · · · in their
delay representations. Clearly, αp ∈ L2b and βp 6∈ L2b .

We say that an MTL formula ϕ has a granularity q if all the end-points
of the intervals occurring in the formula are either integral multiples of q, or
∞. We denote by MTL(q) the set of MTL formulas having granularity q.
Note that a formula in MTL(q) is also in MTL(q/2).
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11− p 1 + p 1 + 2p 1 + 3p

αp

11− p 1 + p 1 + 2p 1 + 3p

βp

Figure 4.2: Models for showing inexpressibility of L2b .

We show below that no MTL(p) formula can distinguish between αp and
βp. The following proposition will be helpful in the proof.

Proposition 4.2 Let ϕ ∈ MTL and let i, j ∈ N. Then for every i > 0 and
j > 0,

1. αp, i |=pw ϕ iff αp, j |=pw ϕ,

2. βp, i |=pw ϕ iff βp, j |=pw ϕ and

3. αp, i |=pw ϕ iff βp, j |=pw ϕ.

Proof The proof follows from the fact that the satisfiability of an MTL
formula at any point in a timed word depends only on the future of the
timed word with respect to that point. �

Lemma 4.1 Let ϕ ∈ MTL(p). Then αp, 0 |=pw ϕ iff βp, 0 |=pw ϕ.

Proof Sketch We intend to argue that no MTL formula with granularity
p distinguishes the two models at time 0. The only formulas which seem to
be able to distinguish them are of the form ηUIψ. If ηUIψ is satisfied at 0
in the first model, then ψ is satisfied at some point in the future and η is
satisfied at all points between the two. If the point is not the first point then
we can choose a point in the second model such that the times associated
with the two points are the same, for satisfying ψ as shown in the diagram
below by the arrows labelled x. Note that the futures of the models at these
two points are the same. If it is the first point then the corresponding point
in the second model would be the first point as shown by the arrows labelled
y.

11 − p 1 + p 1 + 2p 1 + 3p

αp

11 − p 1 + p 1 + 2p 1 + 3p

βp

y x

y x
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Then it is easy to see that ηUIψ is true at 0 in the second model.

Detailed Proof

Let αp = (b, t1)(b, t2) · · · , where t1 = 1 − 3p/4 and ti = t1 + (i − 1)p/2 for
i > 1, and βp = (b, t′1)(b, t

′
2) · · · , where t

′
1 = 1− p/4 and t′i = t′1 + (i− 1)p/2

for i > 1. We note that ti+1 = t′i for i > 0.
Proof is by an induction on the structure of ϕ. The lemma is trivially true

for the atomic case and boolean combinations of formulas. Let us consider
the case when ϕ = ηUIψ. We can assume that 0 6∈ I.
(⇒)

αp, 0 |=pw ηUIψ ⇒ ∃i ≥ 0 : ti ∈ I, αp, i |=pw ψ and ∀j : 0 < j <
i, αp, j |=pw η.
Case i > 1:

∃i − 1 ≥ 0 : t′i−1 ∈ I(since ti = t′i−1), β
p, i − 1 |=pw ψ (from Proposition

4.2), and ∀j : 0 < j < i−1, βp, j |=pw η (from Proposition 4.2 using αp, 1 |=pw

η). Hence βp, 0 |=pw ηUIψ.
Case i = 1:

∃i ≥ 0 : t′i ∈ I (since t1 ∈ I ⇒ (1 − p, 1) ⊆ I), βp, i |=pw ψ (from
Proposition 4.2), and ∀j : 0 < j < i, βp, j |=pw η (in fact there is no such j).
Hence βp, 0 |=pw ηUIψ.
(⇐)

βp, 0 |=pw ηUIψ ⇒ ∃i ≥ 0 : t′i ∈ I, βp, i |=pw ψ and ∀j : 0 < j <
i, βp, j |=pw η.
Case i > 1:

∃i+1 ≥ 0 : ti+1 ∈ I(since t′i = ti+1), α
p, i+1 |=pw ψ (from Proposition 4.2)

and ∀j : 0 < j < i+ 1, αp, j |=pw η (from Proposition 4.2 using βp, 1 |=pw η).
Hence αp, 0 |=pw ηUIψ.
Case i = 1:

∃i ≥ 0 : ti ∈ I (since t′1 ∈ I ⇒ (1 − p, 1) ⊆ I), αp, i |=pw ψ (from
Proposition 4.2) and ∀j : 0 < j < i, αp, j |=pw η (in fact there is no such j).
Hence αp, 0 |=pw ηUIψ. �

Theorem 4.3 ([5]) The timed language L2b is expressible by MTLpw
S and

MTLc, but not by MTLpw over infinite timed words.

Proof Suppose that L2b is definable in MTLpw by a formula ϕ. Let p = 1/k,
where k′/k is the product of the rational interval end-points in ϕ. Clearly
ϕ is in MTL(p). But from Lemma 4.1 it follows that either both αp and βp

are satisfied by ϕ or both are not satisfied by it. This is a contradiction to
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the fact that αp is in L2b whereas βp is not. Hence L2b is not expressible in
MTLpw over infinite timed words.

However the disjunction of the following formulas expresses L2b in the
continuous semantics:

1. ♦(0,0.5]b∧♦(0.5,1)b: Includes all timed words in which there is a b in the
interval (0, 0.5] and one in the interval (0.5, 1).

2. ♦(0,0.5](b∧♦(0,0.5)b): Includes all timed words in which there are two b’s
in the interval (0, 0.5] (and some more which are in L2b).

3. ♦(0,0.5)(♦[0.5,0.5]b∧♦(0,0.5)b): Includes all timed words in which there are
two b’s in the interval (0.5, 1) (and some more which are in L2b).

Also, the MTLS formula ♦(0,1)(b∧♦-b) defines L2b in the pointwise semantics.
�

We now intend to extend the proof for finite words. A natural approach
might be to replace every infinite model in the two families by a finite timed
word and emulate the above proof. We see that even Proposition 4.2 fails
to hold, since the futures at two distinct points cannot be the same for any
finite timed word. Instead, we tackle the above problem by replacing every
infinite timed word by an infinite sequence of finite timed words, and then
using the notion of ultimate satisfiability, which behaves over these sequences
of finite words, the way satisfiability behaved for infinite words.

L

〈σp1

i 〉

〈σp2

i 〉

〈σp3

i 〉

〈ρp1

i 〉

〈ρp2

i 〉

〈ρp3

i 〉

Figure 4.3: Idea behind the extension of proof to infinite words.

Let p ∈ Q>0 such that p = 1/k for some k ∈ N. We define two sequences
of finite timed words, 〈σpi 〉 and 〈ρpi 〉, as σ

p
i = µ1τ

i and ρpi = µ2τ
i, where

µ1 = (1 − 3p/4, b)(p/2, b), µ2 = (1 − p/4, b) and τ = (p/2, b). One can see
that 〈σpi 〉 is contained in L2b whereas 〈ρpi 〉 is disjoint from it.

We now show that a formula ϕ in MTL(p) is ultimately satisfied at 0 by
〈σpi 〉 iff it is ultimately satisfied at 0 by 〈ρpi 〉. We see that the claims which
were true for the infinite case continue to hold for finite case with the notion
of ultimate satisfiability.
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Proposition 4.3 Let ϕ ∈ MTL(p) and let i, j ∈ N. Then for every i > 0
and j > 0,

1. 〈σpi 〉, i |=us ϕ iff 〈σpi 〉, j |=us ϕ,

2. 〈ρpi 〉, i |=us ϕ iff 〈ρpi 〉, j |=us ϕ and

3. 〈σpi 〉, i |=us ϕ iff 〈ρpi 〉, j |=us ϕ.

Proof The proof is based on the following fact. Suppose i < j. Let k be
the satisfiability point of ϕ at i in 〈σpi 〉. Then k + j − i is the satisfiability
point of ϕ at j in 〈σpi 〉. �

Lemma 4.2 Let ϕ ∈ MTL(p). Then 〈σpi 〉, 0 |=us ϕ iff 〈ρpi 〉, 0 |=us ϕ.

Proof Sketch We essentially follow the proof for the infinite case. Suppose
that ηUIψ is ultimately satisfied at 0 in one model. If it is the case that ψ is
ultimately satisfied at some point in the future in interval I and η is satisfied
at all the intermediate points, then we choose the corresponding points in the
other model for satisfying ψ as done for the infinite case. And Proposition
4.3 is the counterpart of the fact that the futures at these two points were
the same. In case where ψ is not ultimately satisfied at any point in interval
I we make use of the periodicity as in the proof of Theorem 4.1 to argue that
ηUIψ is satisfied in the other model.

Detailed Proof

Note that 〈σpi 〉 and 〈ρpi 〉 are periodic, since σpi = µ1τ
i and ρpi = µ2τ

i,
where µ1 = (1 − 3p/4, b)(p/2, b), µ2 = (1 − p/4, b) and τ = (p/2, b). Let
µ1τ

ω = (a1, t1)(a2, t2) · · · and µ2τ
ω = (a1, t

′
1)(a2, t

′
2) · · · . We use induction

on the structure of ϕ for the proof.
Case ϕ is atomic:

Clearly 〈σpi 〉, 0 |=us ϕ iff 〈ρpi 〉, 0 |=us ϕ.
Case ϕ = ¬ψ:

If 〈σpi 〉, 0 |=us ¬ψ, then 〈σpi 〉, 0 |=un ψ. Now it is not the case that
〈ρpi 〉, 0 |=us ψ, since otherwise it would imply that 〈σpi 〉, 0 |=us ψ (by induction
hypothesis). Hence 〈ρpi 〉, 0 |=un ψ (from Theorem 4.1), implying 〈ρpi 〉, 0 |=us

¬ψ. The other direction is similar.
Case ϕ = η ∨ ψ:
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Suppose 〈σpi 〉, 0 |=us η∨ψ. Then it can not be the case that 〈σpi 〉, 0 |=un η
and 〈σpi 〉, 0 |=un ψ, since it would imply that 〈σpi 〉, 0 |=un η ∨ ψ. Hence from
Theorem 4.1, 〈σpi 〉, 0 |=us η or 〈σpi 〉, 0 |=us ψ. From the induction hypothesis,
it follows that 〈ρpi 〉, 0 |=us η or 〈ρpi 〉, 0 |=us ψ. Hence 〈ρpi 〉, 0 |=us η ∨ ψ.
Similarly, 〈ρpi 〉, 0 |=us η ∨ ψ implies 〈σpi 〉, 0 |=us η ∨ ψ.
Case ϕ = ηUIψ: Suppose that 〈σpi 〉, 0 |=us ηUIψ. Then there are two cases
- there exists j > 0 such that tj ∈ I and 〈σpi 〉, j |=us ψ, or there is no such j.

• Suppose there exists j such that j > 0, tj ∈ I and 〈σpi 〉, j |=us ψ.
Let js be the smallest such j. Then it can not be the case that there
exists k such that 0 < k < js and 〈σpi 〉, k |=un η, since otherwise
〈σpi 〉, 0 |=un ηUIψ. Hence for all k such that 0 < k < js, 〈σ

p
i 〉, k |=us η.

Case js > 1: There exists js − 1 > 0 such that t′js−1 ∈ I (since
t′js−1 = tjs), 〈ρ

p
i 〉, js − 1 |=us ψ (from Proposition 4.3) and for all k :

0 < k < js − 1, 〈ρpi 〉, k |=us η (since 〈σpi 〉, 1 |=us η and from Proposition
4.3). Hence 〈ρpi 〉, 0 |=us ηUIψ.

Case js = 1: There exists js > 0 such that t′js ∈ I (since tjs ∈
I ⇒ (1 − p, 1) ⊆ I), 〈ρpi 〉, js |=us ψ (from Proposition 4.3) and for
all k : 0 < k < js (in fact no such k exists), 〈ρpi 〉, k |=us η. Hence
〈ρpi 〉, 0 |=us ηUIψ.

• Now turning to the other case, suppose that there does not exist a
j > 0 such that tj ∈ I and 〈σpi 〉, j |=us ψ. Then I is not bounded, since
otherwise 〈σpi 〉, 0 |=un ηUIψ. Further, it can not be the case that ψ is
satisfied at 0 for infinitely many words from S, where S = (0, b)(p/2, b)∗.
Because if it were, then 〈σpi 〉, 1 |=us ψ and hence 〈σpi 〉, k |=us ψ for every
k > 0, which would contradict the non-existence of a j such that tj ∈ I
and 〈σpi 〉, j |=us ψ. Hence ψ is satisfied at 0 for finitely many timed
words from S. Let (0, b)(p/2, b)l be the largest word which satisfies ϕ
at 0. Every word in S which is longer than this, should satisfy η at 0,
since otherwise 〈σpi 〉, 0 |=un ϕ. But then there exists an m such that
for all m′ > m, ρm′ , 0 |=pw ϕ. Hence 〈ρpi 〉, 0 |=us ϕ.

Note that in the case where ψ is ultimately satisfied at some point in the
interval, we mimic the proof for the infinite models and in the case where ψ
is not ultimately satisfied at any point in the interval, we follow the proof
of Theorem 4.1. Now the proof for the other direction can be written down
similarly. �

Theorem 4.4 The timed language L2b is expressible by MTLc and MTLpw
S

but not by MTLpw over finite timed words.
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Proof Suppose there exists a formula ϕ which defines L2b in the pointwise
semantics. Then ϕ ∈ MTL(p) for some p. Since ϕ defines L2b it is satisfied
by all timed words in 〈σpi 〉. So ϕ is ultimately satisfied at 0 in 〈σpi 〉 and hence
by Lemma 4.2 is ultimately satisfied at 0 in 〈ρpi 〉. This is a contradiction to
the fact that none of the timed words in 〈ρpi 〉 are in L2b . Therefore no MTL
formula defines L2b in the pointwise semantics over finite timed words.

However the formulas given in the proof of Theorem 4.3 for defining L2b

define the same over finite timed words in the continuous semantics. �

4.3 Conclusion

In this chapter we showed that a periodic sequence of finite timed words either
ultimately satisfies an MTL formula or ultimately does not satisfy it. This
implies that one cannot expect a formula to be satisfied by alternate timed
words of a periodic sequence. Further, the above result gives us a necessary
counter-freeness property of the timed languages definable by MTL formulas
in the pointwise semantics.

We also made use of this property in showing the inexpressibility of L2b

by MTLpw . But since it is expressible by MTLc, this gives us an alternate
proof of the strict containment of MTLpw in MTLc for finite words. However
it is a totally different technique, and unlike the earlier proof is independent
of the decidability of the logic.

Our results in this chapter are for the pointwise semantics. In the next
chapter we address the problem of a necessary property of timed languages
definable in MTLc .



Chapter 5

Counter-freeness of MTL
c

In this chapter, we show a necessary “counter-freeness” property of timed
languages definable in MTLc. Our approach is similar to that of the pre-
vious chapter in the sense that we show the ultimate satisfiability of MTLc

and deduce the counter-freeness property from it. As before we show an
application of the result in extending an inexpressibility result for the case
of infinite words to that of finite words.

In section 5.1, we prove the continuous counterpart of the ultimate satis-
fiability for MTL. In section 5.2, we show that the language Llast a consisting
of finite timed words containing an action at time 1 which is immediately
preceded by an action a, is not expressible in MTLc.

5.1 Ultimate satisfiability of MTL
c

In this section, we show that an MTLc formula with granularity p is either
ultimately satisfied or ultimately not satisfied by a “p-periodic” sequence of
finite timed words.

A periodic sequence of finite timed words 〈σi〉 has period p if there exist
finite timed words µ, τ and ν, such that for each i, σi = µτ iν and length(τ) =
p. Note that every periodic sequence has a unique period.

We now proceed to define the notion of ultimate satisfiability for the
continuous semantics. Given a sequence 〈σi〉 of finite timed words, t ∈ R≥0

and ϕ ∈ MTL, we say that 〈σi〉 at t ultimately satisfies ϕ in the continuous
semantics, denoted 〈σi〉, t |=

c
us ϕ, iff ∃j : ∀k ≥ j, σk, t |=c ϕ. And we say that

〈σi〉 at t ultimately does not satisfy ϕ in the continuous semantics, denoted
〈σi〉, t |=

c
un ϕ, iff ∃j : ∀k ≥ j, σk, t |=c ¬ϕ.

As in the pointwise case, the following proposition follows from the above
definitions.

41
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Proposition 5.1 Let 〈σi〉 be a sequence of finite timed words. Let ϕ be an
MTL formula and let j ∈ N. If 〈σi〉, j |=c

us ϕ, then it is not the case that
〈σi〉, j |=

c
un ϕ, and if 〈σi〉, j |=

c
un ϕ, then it is not the case that 〈σi〉, j |=

c
us ϕ.

�

In the proof of the ultimate satisfiability result for the pointwise case, we
extensively use the argument that if a formula is ultimately satisfied at all
points in a bounded interval then there exists a point in the periodic sequence,
corresponding to the maximum of the stability points of the formula at these
finite number of points, after which all timed words in the sequence satisfy
the formula at all points in the interval. However the argument fails to
hold for the continuous semantics since there are infinitely many time points
even in a bounded interval. Towards tackling this problem, we define a
canonical set of time points in a timed word such that the satisfiability of
a formula is invariant between two consecutive points in the set. So given
a finite timed word σ = (a1, t1) · · · (an, tn) and a p ∈ Q>0, we define the set
of canonical points in σ with respect to p to be the set containing 0 and
{t | ∃i, c ∈ N : t = ti − cp}. Since this set is finite, we can arrange the
time points in it in increasing order to get the sequence r0r1 · · · rm which we
call the canonical sequence of σ with respect to p. We mention some of the
immediate properties of a canonical sequence which we will use later.

Proposition 5.2 Let σ be a finite timed word and p ∈ Q>0. Let r0r1 · · · rm
be the canonical sequence of σ with respect to p. Then

1. For each i ∈ {0, · · · , m − 1} σ does not contain any action in the
interval (ri, ri+1).

2. Let t, t′ ∈ [0, length(σ)] with t < t′, such that (t, t′) does not contain
any ri. Then for every c ∈ N, the interval (t+ cp, t′+ cp) also does not
contain any ri.

Lemma 5.1 Let σ be a finite timed word and p ∈ Q>0. Let r0r1 · · · rm be the
canonical sequence of σ with respect to p. Let ϕ ∈ MTL(p). Then for each
i ∈ {0, · · · , m− 1} and for all t, t′ ∈ (ri, ri+1), σ, t |=c ϕ iff σ, t′ |=c ϕ.

Proof Proof is by an induction on the structure of ϕ. For the cases when ϕ
is atomic or boolean combinations of formulas, the proof is straightforward.
Let us consider the case when ϕ = ηUIψ. Without loss of generality, we can
us assume t < t′.

Suppose I is an open interval, i.e I = (l, r), where l = cp and r = c′p or
∞, for some c, c′ ∈ N.
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(⇒) Suppose σ, t |=c ϕ. Then there exists a point ts such that ts ∈ t+ I and
ψ is satisfied at ts, and η is satisfied at all points in the interval (t, ts).
We consider the following cases which depend on the interval in which ts lies.
Case ts ∈ ((t+ I) ∩ (t′ + I)):

We can choose ts itself to satisfy ψ, and clearly σ, t′ |=c ηUIψ.

t t′ t + l t′ + l t + r t′ + r

ri ri+1 r′1 r′′1 r′2 r′′2

Case ts ∈ ((t+ I)− (t′ + I)):
It is in the interval (t+ l, t′+ l] as seen in the figure above. We can deduce

from Proposition 5.2 and the fact that ts < length(σ), that there exist r′1 and
r′′1 which are adjacent elements in the canonical sequence such that [t+l, t′+l]
is contained in (r′1, r

′′
1). From the fact that ts is in the interval (t + l, t′ + l]

and was the point chosen for the satisfaction of ψ, it follows that there also
exists a point in the same interval before ts which satisfies η. Now we obtain
from the induction hypothesis that every point in (r′1, r

′′
1) satisfy both η and

ψ. Therefore there exists a point in the interval t′+I before r′′1 which satisfies
ψ. Now we can use this point for the satisfaction of ψ and deduce that ηUIψ
is true at t′.
(⇐) In the other direction, let σ, t′ |=c ϕ. Then there exists ts which is in
the interval t′ + I such that it satisfies ψ and all points in the interval (t′, ts)
satisfy η. Now there exists a point in the interval (ri, ri+1) which satisfies η
(recall that the points t and t′ are in the interval (ri, ri+1)). By induction
hypothesis we have that every point in the interval satisfies η (*). Again we
consider the following cases depending on where ts lies:
Case ts ∈ ((t+ I) ∩ (t′ + I)):

As before we can choose ts to satisfy ψ and using (*) we can infer that
ηUIψ is satisfied at t′.
Case ts ∈ ((t′ + I)− (t+ I)):

Then clearly I is bounded. By an argument similar to the earlier one,
we can deduce that there exist adjacent elements r′2 and r′′2 in the canonical
sequence such that both t and t′ lie between them. The rest of the argument
is similar to that in the other direction.

The proof for the case when I is singular is also similar. �

With each finite word σ we associate a sequence of delays which spec-
ifies the delays between the consecutive canonical points in the canonical
sequence. So given a canonical sequence r0r1 · · · rm of σ with respect to p,
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we call the sequence of delays D = e1e2 · · · em an invariant delay sequence
of σ with respect to p if each ei = ri − ri−1. Given any subword of σ,
(di, ai) · · · (dj, aj), we can associate a delay sequence with it in a natural way

which is given by ei′ · · · ej′, where i
′ and j′ are such that

∑i−1
k=1 dk =

∑i′−1
k=1 ek

and
∑j

k=i dk =
∑j′

k=i′ ek.

Proposition 5.3 Let σ = µτν be a finite timed word such that length(τ) = p
and p ∈ Q>0. Let D = D1D2D3 be the invariant delay sequence of σ with
respect to p where D1, D2 and D3 are the delay sequences corresponding to
the subwords µ, τ and ν. Then for any j, the invariant delay sequence of
µτ jν with respect to p is D1(D2)

jD3.

Proof Let r = r1r2r3 be the canonical sequence of σ w.r.t p such that
r1, r2 and r3 correspond to D1, D2 and D3. Let r1 = r0r1 · · · rn1 , r

2 =
rn1+1rn1+2 · · · rn1+n2 and r3 = rn1+n2+1rn1+n2+2 · · · rn1+n2+n3. One can see
that the canonical sequence of µτ jν w.r.t p is:

r0 r1 · · · rn1

rn1+1 rn1+2 · · · rn1+n2

rn1+1 + p rn1+2 + p · · · rn1+n2 + p
rn1+1 + 2p rn1+2 + 2p · · · rn1+n2 + 2p

...
rn1+1 + (j − 1)p rn1+2 + (j − 1)p · · · rn1+n2 + (j − 1)p
rn1+n2+1 + (j − 1)p rn1+n2+2 + (j − 1)p · · · rn1+n2+n3 + (j − 1)p

Hence the invariant delay sequence associated with µτ jν is D1(D2)
jD3. �

To mimic the proof of the pointwise case we define intervals in a timed
word in which the satisfaction of formulas is invariant. Moreover we require
this breaking up of the timed word into intervals to be consistent in some
sense over the timed words in a periodic sequence. Hence we introduce the
following definitions.

Given a canonical sequence r0r1 · · · rm of σ with respect to p, we define
the invariant interval sequence of σ with respect to p to be J = J0J1 · · ·J2m
where J2i = [ri, ri] and J2i+1 = (ri, ri+1). It follows from Lemma 5.1 that the
satisfiability of an MTL(p) formula is invariant in σ over each interval Ji.

Given a delay sequence D = d1 · · · dm, we can associate an interval se-
quence J = J0J1 · · ·J2m with it such that J0 = [0, 0], J2i = [t, t], where
t =

∑i
j=1 dj and J2i+1 = (t1, t2), where t1 =

∑i
j=1 dj and t2 =

∑i+1
j=1 dj. Note

that the interval sequence associated with an invariant delay sequence is the
invariant interval sequence.
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Lemma 5.2 Let σ = µτν be a finite timed word such that length(τ) = p,
where p ∈ Q>0. Let D = D1D2D3 be the invariant delay sequence of σ
with respect to p, where D1, D2 and D3 are the delay sequences correspond-
ing to the subwords µ, τ and ν. Let 〈σi〉 be the periodic sequence of fi-
nite timed words given by σi = µτ iν. Let J = J0J1 · · · be the interval se-
quence corresponding to the delay sequence D1(D2)

ω. Then for all t ∈ Jj and
ϕ ∈ MTL(p),

1. if 〈σi〉, t |=
c
us ϕ then there exists nj such that for all n ≥ nj and t′ ∈ Jj,

σn, t
′ |=c ϕ and

2. if 〈σi〉, t |=
c
un ϕ then there exists nj such that for all n ≥ nj and t′ ∈ Jj,

σn, t
′ 6|=c ϕ.

Proof It follows from Proposition 5.3 that the invariant delay sequence
associated with µτ iν is D1(D2)

iD3. Hence the invariant interval sequences
associated with µτν, µττν, µτττν,· · · are of the formK1K2K3

′, K1K2K3K4
′,

K1K2K3K4K5
′,· · · where Ki’s are themselves interval sequences. So given

any Jj it belongs to some Kk and hence there exists k − 1 such that for all
k′ ≥ k − 1, the satisfiability of ϕ ∈ MTL(p) is invariant over the interval
Jj in σ′

k. If 〈σi〉, t |=c
us ϕ, then there exists m such that for all m′ ≥ m,

σm′ , t |=c ϕ. Taking n = max(k,m), we have that for all n′ ≥ n, for all
t′ ∈ Jj , σn′ , t′ |=c ϕ. We can similarly prove the other claim. �

We call the nj above, the stability point of ϕ at Jj in 〈σi〉.

Proposition 5.4 Let 〈σi〉 be the periodic sequence given by σi = µτ iν and
length(τ) = p, where p ∈ Q>0. Let t ∈ R≥0 such that t > length(µ). Let
c ∈ N and let ϕ ∈ MTL. Then 〈σi〉, t |=

c
us ϕ iff 〈σi〉, t+ cp |=c

us ϕ.

Proof If σk satisfies ϕ at t, then σk+c satisfies ϕ at t+cp because the futures
of the two timed words from the corresponding points are the same. Hence
if 〈σi〉, t |=

c
us ϕ then 〈σi〉, t + cp |=c

us ϕ. The proof of the other direction is
similar. �

Theorem 5.1 Let 〈σi〉 be a periodic sequence with period p, where p ∈ Q>0.
Let ϕ be an MTL(p) formula and let t ∈ R≥0. Then either 〈σi〉, t |=

c
us ϕ or

〈σi〉, t |=
c
un ϕ.

Proof Sketch The proof follows that for the pointwise case. Since the
ultimate satisfiability of a formula is invariant within the intervals of an in-
variant interval sequence, and there exists an nj for each interval Jj as given
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by Lemma 5.2, we consider each of these intervals as one entity (comparable
to a point in the pointwise case). For example if ψ is not ultimately sat-
isfied at all time t in a bounded interval I, then we can assume that there
exists a point in the sequence after which ψ is not satisfied at any point in I.

Detailed Proof

Since 〈σi〉 is periodic with period p, there exist finite timed words µ, τ
and ν such that for each i, σi = µτ iν and length(τ) = p. Let ρ = µτω =
(a0, t0)(a1, t1) · · · .

We now use induction on the structure of ϕ. For the atomic case and
boolean combinations of formulas, the proof is similar to that for the point-
wise case. Hence we consider the following case.
Case ϕ = ηUIψ:

We assume 0 6∈ I. Let D = D1D2D3 be the invariant delay sequence
of µτν, where D1, D2 and D3 correspond to µ, τ and ν respectively. Let
〈Ji〉 = J0J1J2 · · · be the interval sequence associated with D1(D2)

ω. We
define between(i, j) to be the indices of intervals between the i-th and j-th
intervals. Hence between(i, j) = {i+ 1, · · · , j − 1} ∪ S1 ∪ S2 where S1 = {i}
if i is odd, ∅ otherwise and S2 = {j} if j is odd, ∅ otherwise.

We consider two cases, one in which there exists t′ ≥ t such that t′− t ∈ I
and 〈σi〉, t

′ |=c
us ψ, and the other in which the above condition does not hold.

• Let t ∈ Jj . In the first case, there exists j′ such that t′ ∈ Jj′, t
′ ≥ t,

t′ − t ∈ I and 〈σi〉, t
′ |=c

us ψ. Let js be the smallest such j′.

– Now suppose for all k ∈ between(j, js), 〈σi〉, t
′′ |=c

us η for some
t′′ ∈ Jk. Let nk be the stability point of η at Jk. Let m be the
stability point of ψ at Jjs. Let n

′ be the maximum of all nk’s and
m. It can be seen that for all n′′ ≥ n′, σn′′ , t |=c ηUIψ. Hence
〈σi〉, t |=

c
us ϕ.

– Otherwise there exists k ∈ between(j, js) such that for all t′′ ∈ Jk
it is not the case that 〈σi〉, t

′′ |=c
us η. By induction hypothesis,

then for all t′′ ∈ Jk, 〈σi〉, t
′′ |=c

un η. Let mk be the stability point
of η at Jk. Let m be the stability point of ψ at Jjs. For every j′′

such that j′′ ≤ js and Jj′′ ∩ t+ I 6= ∅, let nj′′ be the stability point
of ψ at Jj′′. Let n

′ be the maximum of m, nj′′’s and mk. Then for
all n′′ ≥ n′, σn′′ , t 6|=c ηUIψ. Hence 〈σi〉, t |=

c
un ϕ.

• Now turning to the second case, suppose that for all t′ ≥ t such that
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t′ − t ∈ I, it is not the case that 〈σi〉, t
′ |=c

us ψ. Then, by induction
hypothesis, for all t′ ≥ t such that t′ − t ∈ I, 〈σi〉, t

′ |=c
un ψ.

– Suppose I is bounded. If there is no t′ such that t′− t ∈ I, then it
is easy to see that 〈σi〉, t |=

c
un ηUIψ. Otherwise there exist finite

(non-zero) number of j′’s such that Jj′ ∩ t+ I 6= ∅. For each such
j′, let nj′ be the stability point of ψ at Jj′. Let n

′ be the maximum
of nj′’s. For all n

′′ ≥ n′, σn′′ , t 6|=c ηUIψ. Hence 〈σi〉, t |=
c
un ϕ.

– Suppose I is unbounded. Let D1 = d1 · · · dl, D2 = e1 · · · em and
D3 = f1 · · · fn, where D = D1D2D3 is the invariant delay se-
quence of µτν with respect to p, and D1, D2 and D3 correspond
to µ, τ and ν, respectively. Let τ = (d′1, a

′
1) · · · (d

′
m′ , a′m′) and

ν = (d′′1, a
′′
1) · · · (d

′′
n′′ , an′′). Given any suffix Ds = ei · · · em of D2,

we can associate with it a suffix τs = (d′, a′i′)(d
′
i′+1, a

′
i′+1) · · ·

(d′m′, a′m′) of τ such that
∑m

k=i ek = d′ +
∑m′

k=i′+1 d
′
k. Similarly we

can associate suffixes of the timed word ν with suffixes of the delay
sequence D3.

Let S = {s1, s2, · · · , sm} be the suffixes of τ , where si corresponds
to ei · · · em. Similarly let W = {w1, w2, · · · , wn} be the suffixes of
ν. Let X = W ∪ (S · τ ∗ · ν). It can be seen that for any timed
word τ1 = (g0, b0)(g1, b1) · · · (gl′, bl′) in X , the satisfiability of an
MTL(p) formula is invariant in the interval (0, g0). We call g0 the
first delay of τ1. Hence we say that a timed word τ1 in X satisfies
at point, an MTL(p) formula ϕ1, if τ1, 0 |=c ϕ1 and τ1 satisfies in
interval, an MTL(p) formula ϕ1, if τ1, t

′ |=c ϕ1 for all t′ ∈ (0, g0)
(or equivalently some t′ ∈ (0, g0)).

We now claim that only finitely many timed words from X satisfy
ψ at point or in interval. Otherwise infinitely many timed words
from W ∪ (S · τ ∗ · ν) would satisfy ψ at point or in interval and
hence infinitely many from ({si}·τ

∗ ·ν) would satisfy ψ at point or
in interval, for some i. It they satisfy at point then 〈σi〉, t

′ |=c
us ψ

where t′ = length(µ)+
∑i−1

k=1 d
′
k. Otherwise they satisfy in interval

and hence 〈σi〉, t
′ |=c

us ψ for all t′ ∈ length(µ) +
∑i−1

k=1 d
′
k + (0, d′i).

Hence by Proposition 5.4, 〈σi〉, t
′ + cp |=c

us ψ for all c ∈ N, where
p = length(τ). Therefore there exists t′ ∈ t + I (since I is un-
bounded) such that t′ − t ∈ I and 〈σi〉, t

′ |=c
us ψ. This is a contra-

diction. So, only finitely many timed words from X satisfy ψ at
point or in interval.

ψ is ultimately not satisfied at every t′ ∈ t + I ∩ (t, length(µ)).
Since this interval is bounded there are only finitely many j′′’s
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such that Jj′′ has a non-empty intersection with this interval. Let
nj′′ be the stability point of ψ at Jj′′.

Suppose there exists no timed word in X which satisfies ψ at point
or in interval. Then let n′ be the maximum of all nj′′ ’s. For all
n′′ ≥ n′, σn′′ , t 6|=c ηUIψ. Hence 〈σi〉, t |=

c
un ϕ.

Suppose there exists a timed word in X which satisfies ψ at point
or in interval. Since we proved that such timed words are finite in
number, let l′ = length(τ1) where τ1 ∈ X is such that it satisfies ψ
at point or in interval, and for all τ2 ∈ X such that length(τ2) >
length(τ1), τ2 does not satisfy ψ at point and τ2 does not satisfy
ψ in interval.

Suppose τ1 satisfies ψ at point. Suppose there exists τ3 ∈ X
such that length(τ3) > length(τ1), and τ3 does not satisfy η at
point or τ3 does not satisfy η in interval. Then let n′ be such
that length(σn′) > max(length(µ), t) + length(τ3). It can now be
argued that for all n′′ ≥ n, σn′′ , t 6|=c ηUIψ. Hence 〈σi〉, t |=

c
un ϕ.

Suppose τ1 does not satisfy ψ at point. Then τ1 satisfies ψ in
interval. Now, suppose there exists τ3 ∈ X such that length(τ3) ≥
length(τ1), and τ3 does not satisfy η at point or τ3 does not satisfy
η in interval. We can then use an argument similar to the previous
case.

Suppose that the above two conditions do not hold. Then if there
is a point t′′ in the interval (t, length(µ)) such that 〈σi〉, t

′′ |=c
un η,

then 〈σi〉, t |=
c
us ηUIψ. Otherwise 〈σi〉, t |=

c
us ηUIψ.

�

The above theorem gives us a counter-freeness result for the continuous
case. Given a p ∈ R>0, we call a timed language L, p-counter-free, if there
do not exist finite timed words µ, τ and ν such that length(τ) = p and there
exist infinitely many i’s for which µτ iν ∈ L and infinitely many of them for
which µτ iν 6∈ L. Below is the result for the continuous semantics.

Theorem 5.2 Let p ∈ Q>0. Then every timed language of finite words de-
finable by an MTL(p) formula in the continuous semantics is p-counter-free.
�
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5.2 Llast a not expressible by MTL
c

In this section we show that the language Llast a is not expressible by any
MTL formula in the continuous semantics. Llast a consists of timed words
over {a, b} that contain an action at time 1, which is immediately preceded
by an action a. We sketch a proof of the above claim for the case of infinite
words, which is along the lines of [5], and then show how it can be extended
for finite words.

The idea of the proof is to enumerate two families of timed words param-
eterized by a rational number p and a natural number n, such that one is
contained in the language while the other is completely outside the language.
Then we show that no MTL formula with granularity p and level n can dis-
tinguish between the models in the two families corresponding to p and n,
which would lead to its inexpressibility.

Let p = 1/q, where q ∈ N and q > 0, and let n ∈ N. We give the two
infinite timed words αp,n and βp,n, depicted below. Let d = p/(n+ 4). Then

0 p 2p

a a
αp,n

0 p 2p

a a
βp,n

Figure 5.1: Models for showing inexpressibility of Llast a .

αp,n is given by (c1, d)(c2, 2d) · · · where ck = a if k mod (n + 4) = n + 3,
ck = b otherwise. And βp,n is given by (c1, d)(c2, 2d) · · · where ck = a if
k mod (n + 4) = n + 2, ck = b otherwise. It can be seen that αp,n is in
Llast a , whereas β

p,n is not in Llast a . Let us denote by MTL(p, n), the set
of MTL formulas with granularity p, and with an U nesting depth of less
than or equal to n. We now show that no MTL(p, n) formula can distinguish
between αp,n and βp,n in the continuous semantics.

Let us consider the following infinite model γp,n which is given as (c1, d)
(c2, 2d) · · · where ck = a if k mod (n+ 4) = 0, ck = b otherwise.

0 p 2p

a a

γp,n

Proposition 5.5 Let ϕ ∈ MTL(p, n), c ∈ N and t ∈ R≥0. Then

1. αp,n, t |=c ϕ iff αp,n, t+ cp |=c ϕ,
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2. βp,n, t |=c ϕ iff βp,n, t+ cp |=c ϕ, and

3. γp,n, t |=c ϕ iff γp,n, t+ cp |=c ϕ.

Proof The suffixes of the infinite timed words with respect to t and t + cp
are the same. �

Lemma 5.3 Let k ∈ N and 0 ≤ k ≤ n, and let ϕ ∈ MTL(p, k). Let
i, j ∈ {1, · · · , n+ 3− k} and let m ≥ 0. Then

1. γp,n, (m(n+ 4) + i)d |=c ϕ iff γp,n, (m(n+ 4) + j)d |=c ϕ and

2. for all t1, t2 ∈ (0, d), γp,n, (m(n+4)+ i)d− t1 |=c ϕ iff γp,n, (m(n+4)+
j)d− t2 |=c ϕ.

Proof Sketch We prove inductively that a formula of U nesting depth
k cannot distinguish between the first k action points or the time points
between them, in each p interval. The intuition behind this is that, to dis-
tinguish between the points, a formula will have to count the number of b’s
before the next a, and this requires a formula with a nesting depth equal to
that of the number of b’s.

Detailed Proof

0 p 2p

a a

γp,n

Xk,0 Yk,0 Xk,1 Yk,1

rk,1rk,0

We note that the action points in γp,n are the only canonical points with
respect to p. So, the satisfiability of an MTL(p) formula is invariant in
the corresponding interval. Hence we will use γp,n, pt(i) |=c ϕ to denote
γp,n, id |=c ϕ and γp,n, int(i) |=c ϕ to denote γp,n, id− t |=c ϕ for all t ∈ (0, d).

We define Xk,m = {m(n+4)+1, · · · , m(n+4)+ (n+3− k)} and Yk,m =
{m(n+4)+(n+3−k+1), · · · , m(n+4)+(n+4)}. Let γp,n = (a1, t1)(a2, t2) · · · .
We first use induction on k and then on the structure of ϕ. When k = 0, ϕ is
a boolean combination of atomic formulas and hence the lemma is trivially
true. Let us assume that that the lemma holds for k. We now use induction
on the structure of ϕ. The atomic case and boolean combinations of formulas



5.2. LLAST A NOT EXPRESSIBLE BY MTLC 51

are straightforward. Let ϕ = ηUIψ. We assume I = [cp, cp] or I = (cp, r),
where r = c′p or ∞ and c, c′ ∈ N.

Case I = [cp, cp]: Let i, j ∈ Xk+1,m. If γp,n, pt(i) |=c ηUIψ, then
γp,n, pt(i+c(n+4)) |=c ψ, and γ

p,n, pt(i′) |=c η for all i < i′ < i+c(n+4) and
γp,n, int(i′) |=c η for all i < i′ ≤ i+c(n+4). Let rk,m = m(n+4)+n+3−k be
the rightmost point in Xk,m. Since i < rk,m < i+ c(n+4), γp,n, pt(rk,m) |=c η
and γp,n, int(rk,m) |=c η. By induction hypothesis, γp,n, pt(j′) |=c η and
γp,n, int(j′) |=c η for all j′ ∈ Xk,m and hence for all j′ ∈ Xk,m′ (by Proposi-
tion 5.5) for all m′ ∈ N. γp,n, pt(j+c(n+4)) |=c ψ (by induction hypothesis),
γp,n, pt(j′) |=c η and γp,n, int(j′) |=c η for all j < j′ ≤ rk,m, and for all j′ such
that j′ ∈ Xk,m+c and j

′ < j + c(n + 4) (from what we showed above), and
γp,n, pt(j′) |=c η and γp,n, int(j′) |=c η for all j′ ∈ {rk,m+1, · · · , m+c(n+4)}
(because i′ ranged over these points). Hence γp,n, pt(j) |=c ηUIψ. Similar,
we can argue for the case when γp,n, int(i) |=c ηUIψ.

Case I = (cp, r): Let i, j ∈ Xk+1,m. Suppose γp,n, pt(i) |=c ηUIψ. Sup-
pose γp,n, pt(i′′) |=c ψ for some ti′′ − ti ∈ I such that γp,n, pt(i′) |=c η for all
i < i′ < i′′ and γp,n, int(i) |=c η for all i < i′ ≤ i′′.

If i′′ ∈ Yk,m′ for some m′ ∈ N, then ti′′ − tj ∈ I. By an argument similar
to the previous case we can argue that γp,n, pt(j′) |=c η for all j < j′ < i′′

and γp,n, int(j′) |=c η for all j < j′ ≤ i′′. Hence γp,n, pt(j) |=c ηUIψ.
Suppose i′′ ∈ Xk,m′ and i′′ > i+ (m′ −m)(n+ 4). Let r be the rightmost

point in Xk,m′. γp,n, pt(r) |=c ψ by induction hypothesis and tr − tj ∈ I. η
is true at all the intermediate points by an argument similar to the previous
case. Hence γp,n, pt(j) |=c ηUIψ.

Suppose i′′ ∈ Xk,m′ and i′′ < i + (m′ −m)(n + 4). Let l be the leftmost
point in Xk,m′. If j is not the leftmost point in Xk,m, then tl − tj ∈ I and
by induction hypothesis, γp,n, pt(l) |=c ψ. Otherwise, let l′ = l − (n + 3).
tl′ − tj ∈ I and γp,n, pt(l) |=c ψ by induction hypothesis and Proposition 5.5.
And η is true at all the intermediate points. Hence γp,n, pt(j) |=c ηUIψ.

If we take ψ to be satisfied is at some int(i′′) or assert ηUIψ at some
int(i), then the argument is similar. �

Corollary 5.1 Let p = 1/q, where q ∈ N and q > 0, and let n ∈ N. Let
ϕ ∈ MTL(p, n) and let m ≥ 0. Then

1. γp,n, (m(n+4)+1)d |=c ϕ iff γp,n, (m(n+4)+2)d |=c ϕ iff γp,n, (m(n+
4) + 3)d |=c ϕ and

2. for all t1, t2, t3 ∈ (0, d), γp,n, (m(n+ 4) + 1)d− t1 |=c ϕ iff γp,n, (m(n+
4) + 2)d− t2 |=c ϕ iff γp,n, (m(n+ 4) + 3)d− t3 |=c ϕ. �
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Lemma 5.4 Let ϕ ∈ MTL(p, n). Then αp,n, 0 |=c ϕ iff βp,n, 0 |=c ϕ.

Proof Sketch We prove by induction on the structure of ϕ that no MTL
formula with granularity p distinguishes the two models. Below is the di-
agram which show the points which we choose for the satisfaction of the
formula ψ in one model corresponding to the one in the other model, for the
case of ηUIψ.

a

a

It can be seen that these points can be chosen because they lie in the same
interval, and ψ is true at the corresponding points either because the futures
of the two points are the same or because of Lemma 5.3.

Detailed Proof

Let αp,n = (a1, t1)(a2, t2) · · · and βp,n = (b1, t
′
1)(b2, t

′
2) · · · . Proof is by in-

duction on the structure of ϕ. The atomic case and boolean combinations of
formulas are straightforward. Let ϕ = ηUIψ.
⇒ Suppose αp,n, 0 |=c ηUIψ. Consider the case when there exists j such that
αp,n, jd |=c ψ, where tj ∈ I, and for all 0 < t < jd, αp,n, t |=c η.

If j mod (n + 4) is 0, then let i = j, if j mod (n + 4) > 1, then let
i = j − 1 and if j mod (n + 4) = 1, then let i = j. It can be seen that
t′i ∈ I. Now βp,n, i |=c ψ from Proposition 5.5 and corollary 5.1. Since we
have chosen i to be less than or equal to j, η is true at all points between 0
and id in βp,n from Proposition 5.5. Hence βp,n, 0 |=c ηUIψ.
⇐ Suppose βp,n, 0 |=c ηUIψ. Suppose there exists j such that βp,n, jd |=c ψ,
where t′j ∈ I, and for all 0 < t < jd, βp,n, t |=c η.

If j mod (n + 4) is 0, then let i = j, if j mod (n + 4) < (n + 3) and
j 6= 1, then let i = j+1, if j = 1, then i = 1 and if j mod (n+4) = (n+3),
then let i = j − (n + 2). It is not difficult to see that ti ∈ I. αp,n, i |=c ψ
from Proposition 5.5 and corollary 5.1. η is true at all points in (d, id) from
Proposition 5.5. If j 6= 1, then β, t |=c η for all t ∈ (0, d]. Hence from
Proposition 5.5 and corollary 5.1, α, t |=c η for all t ∈ (0, d]. However if
j = 1, then i = 1 and α, t |=c η for all t ∈ (0, d) by a similar argument.

If ψ is satisfied at some jd+t, where t ∈ (0, d), then we choose id+t as the
point in the other model where ψ is satisfied, and the rest of the argument
is the same. �
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Theorem 5.3 ([5]) The timed language Llast a is expressible by MTLpw
S but

not by MTLc over infinite timed words.

Proof Given an MTLc formula, it belongs to MTL(p, n) for some p and n.
However it cannot then distinguish between αp,n and βp,n. Hence no MTLc

formula can express Llast a . But the following MTLS formula defines the
same in the pointwise semantics: ♦[1,1](¬ϕactionSa).

�

Theorem 5.4 The timed language Llast a is expressible by MTLc but not by
MTLpw

S over finite timed words.

Proof We use the notion of ultimate satisfiability to extend the above proofs
for the case of finite words. We replace the infinite word αp,n, βp,n and γp,n

by the sequences of finite timed words, 〈σp,ni 〉, 〈ρp,ni 〉 and 〈κp,ni 〉. For each i,
σp,ni = µ1τ

i, ρp,ni = µ2τ
i and κp,ni = τ i+1 where µ1 = (b, d)(b, 2d) · · · (b, (n +

2)d)(a, (n + 3)d), µ2 = (b, d)(b, 2d) · · · (b, (n + 1)d)(a, (n + 2)d) and τ =
(b, d)(b, 2d) · · · (b, (n+ 3)d)(a, (n+ 4)d).

We note that with the replacement of the infinite models by the above
sequences of finite timed words, and |=c by |=c

us , the above propositions,
lemmas and theorems continue to hold. The proofs of Lemma 5.3 and Lemma
5.4 follow that of Theorem 5.1 for the atomic and boolean combinations of
formulas. For the case where ϕ = ηUIψ, they mimic the proofs for infinite
case, if ψ is ultimately satisfied at some point in the interval I, otherwise
they follow that of Theorem 5.1 for the same case. �

5.3 Conclusion

In this chapter we showed that an MTL formula with granularity p is either
ultimately satisfied or ultimately not satisfied by a periodic sequence with
period p. We deduce from it that the languages over finite timed words
definable by MTLc formulas with granularity p are p-counter-free. We note
here that the results we have regarding counter-freeness for the continuous
case is weaker than that for the pointwise case. Finally we show how these
results can be used to extend to the case of finite words the proof of the
inexpressibility of Llast a by MTLc over infinite timed words [5].
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Chapter 6

Languages inexpressible with
past

In the previous chapters we exhibited certain languages which were not ex-
pressible by MTL in pointwise and continuous semantics. In this chapter we
will elicit languages not expressible by MTL with S and SI in the pointwise
semantics.

In section 6.1, we show that the language L2ins is not expressible by
MTLpw

SI
over both finite and infinite words. In section 6.2, we show that the

language Lem is not expressible by MTLpw
S .

6.1 L2ins not expressible by MTL
pw
SI

In this section we show that the language L2ins (for “two insertions”) is not
expressible by MTLpw

SI
which would imply its inexpressibility by MTLpw

S and
MTLpw . However this language is seen to be expressible by MTLc and hence
by MTLc

S and MTLc
SI
. This leads to the strict containment of the pointwise

versions of the logics in their corresponding continuous versions.
We first show the result for finite words and then sketch how it can be

extended for infinite words. L2ins is the timed language over Σ = {a, b} in
which every timed word in the language contains two consecutive a’s such
that there exist two distinct time points between their times of occurrences,
at distance one in the future from each of which there is an a. Formally,
L2ins = {σ ∈ TΣ∗ | σ = (a1, t1) · · · (an, tn), ∃i, j, k ∈ N : ai = ai+1 = a, tj , tk ∈
(ti + 1, ti+1 + 1), j 6= k and aj = ak = a}.

Let p = 1/q, where q ∈ N and q > 0, and let n ∈ N. Let d = p/(2n+ 3).
We give the two models σp,n and ρp,n which are as defined below. σp,n is
given by (a, 1− p+ d/2)(a, 1− p+3d/2) · · · (a, 1− p/2− d)(a, 1− p/2)(a, 1−

55
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1− p 1 2− p 2

σ
p,n

1− p 1 2− p 2

ρ
p,n

Figure 6.1: Models for showing inexpressibility of L2ins .

p/2 + d) · · · (a, 1− d/2)(a, 2− p+ d)(a, 2− p+ 2d) · · · (a, 2− d).
And ρp,n is given by (a, 1−p+ d/2)(a, 1−p+3d/2) · · · (a, 1−p/2−d)(a, 1−
p/2 + d) · · · (a, 1− d/2)(a, 2− p+ d)(a, 2− p+ 2d) · · · (a, 2− d).
Clearly σp,n 6∈ L2ins and ρp,n ∈ L2ins . We use the following lemmas to show
that no MTLSI

formula can define L2ins in the pointwise semantics. We use
MTLSI

(p, n) to denote the MTLSI
formulas with granularity p, and nesting

depth of U and S, n.

Lemma 6.1 Let k ∈ N and 0 ≤ k ≤ n. Let X2
k = {k + 1, · · · , 2n + 3 − k}

and Y 2
k = {2n+3+(k+1), · · · , 2n+3+(2n+2−k)}. Let ϕ ∈ MTLSI

(p, k).
Then for all i, j ∈ X2

k , σp,n, i |=pw ϕ iff σp,n, j |=pw ϕ and for all i, j ∈ Y 2
k ,

σp,n, i |=pw ϕ iff σp,n, j |=pw ϕ.

Proof

X1
k X2

k X3
k

Y 3
kY 1

k Y 2
k Y 2

k+1

X2
k+1

1− p 1

2− p 2

Let X1
k = {1, · · · , k} and X3

k = {2n + 3 − k + 1, · · · , 2n + 3}. Let
Y 1
k = {2n + 3 + 1, · · · , 2n + 3 + k} and Y 3

k = {2n + 3 + (2n + 2 − k +
1), · · · , 2n+ 3 + (2n+ 2)}.

Let σp,n = (a1, t1) · · · (a4n+5, t4n+5). Proof is by induction on k and then
on the structure of ϕ. If k = 0 then ϕ is a boolean combination of atomic
formulas and the lemma is trivially true.

Let us assume that the lemma is true for k. We will prove by induction
on the structure of ϕ that the lemma holds for k + 1. The case when ϕ is
atomic or of the form ¬ψ or η ∨ ψ is straightforward.

Case ϕ = ηUIψ: Assume 0 6∈ I. Suppose i, j ∈ X2
k+1. σ

p,n, i |=pw ηUIψ ⇒
∃i′ > i : ti′ − ti ∈ I, σp,n, i′ |=pw ψ, ∀i

′′ : i < i′′ < i′, σp,n, i′′ |=pw η.
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1. i′ ∈ X3
k :

(a) (0, p) ⊆ I. ti′ − tj ∈ (0, p), hence ti′ − tj ∈ I.

(b) Since i is in X2
k+1 and i′ is greater than every number in X2

k , the
rightmost position in X2

k , r satisfies η. Hence every position in
X2
k satisfies η (by induction hypothesis). For all j′′, j < j′′ ≤ r,

σp,n, j′′ |=pw η.

(c) For j′′, r < j′′ < i′, σp,n, j′′ |=pw η (since i < r, r < i′ and for all
i′′, i < i′′ < i′, σp,n, i′′ |=pw η).

Therefore ∃i′ : i′ > j, ti′ − tj ∈ I, σp,n, i′ |=pw ψ, ∀j′′ : j < j′′ <
i′, σp,n, j′′ |=pw η, and hence σp,n, j |=pw ϕ.

2. i′ ∈ Y 3
k : The argument is similar to the above except that 1(a) needs

to be replaced by: (1, 1+ p) ⊆ I. ti′ − tj ∈ (1, 1+ p), hence ti′ − tj ∈ I.

3. i′ ∈ Y 1
k : The argument is similar to 1 except that 1(a) needs to be

replaced by: (1− p, 1) ⊆ I. ti′ − tj ∈ (1− p, 1), hence ti′ − tj ∈ I.

4. i′ ∈ Y 2
k : Suppose ti′ − ti ∈ (1− p, 1).

(a) (1− p, 1) ⊆ I. Let l′ be the leftmost point in Y 2
k . Since tl′ − tj ∈

(1− p, 1), tl′ − tj ∈ I.

(b) i′ ∈ Y 2
k and σp,n, i′ |=pw ψ. By induction hypothesis σp,n, l′ |=pw ψ

since l′ ∈ Y 2
k .

(c) Since i is in X2
k+1 and i′ in Y 2

k , the rightmost position in X2
k , r

satisfies η. Hence every position in X2
k satisfies η. For all j′′,

j < j′′ ≤ r, σp,n, j′′ |=pw η.

(d) For j′′, r < j′′ < l′, σp,n, j′′ |=pw η (since i < r, r < l′ and l′ < i′,
and for all i′′, i < i′′ < i′, σp,n, i′′ |=pw η).

Therefore ∃l′ : l′ > j, tl′ − tj ∈ I, σp,n, l′ |=pw ψ, ∀j′′ : j < j′′ <
l′, σp,n, j′′ |=pw η, and hence σp,n, j |=pw ϕ.

Suppose ti′ − ti ∈ (1, 1 + p).

(a) (1, 1+p) ⊆ I. Let r′ be the rightmost point in Y 2
k . Since tr′ − tj ∈

(1, 1 + p), tr′ − tj ∈ I.

(b) i′ ∈ Y 2
k and σp,n, i′ |=pw ψ. By induction hypothesis σp,n, r′ |=pw ψ

since r′ ∈ Y 2
k .
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(c) Since i is in X2
k+1 and i′ in Y 2

k , the rightmost position in X2
k , r

satisfies η. Hence every position in X2
k satisfies η. For all j′′,

j < j′′ ≤ r, σp,n, j′′ |=pw η.

(d) For j′′, r < j′′ < l′, σp,n, j′′ |=pw η (since i < r, r < l′ and l′ ≤ i′,
and for all i′′, i < i′′ < i′, σp,n, i′′ |=pw η).

(e) l′ < i′ since ti′ − ti ∈ (1, 1+p) and hence ti′ − ti > 1. σp,n, l′ |=pw η
since i < r, r < l′ and l′ < i′, and for all i′′, i < i′′ < i′, σp,n, i′′ |=pw

η. Hence η is satisfied at every position in Y 2
k . So, for l

′ ≤ j′′ < r′,
σp,n, j′′ |=pw η.

Therefore ∃r′ : r′ > j, tr′ − tj ∈ I, σp,n, r′ |=pw ψ, ∀j′′ : j < j′′ <
r′, σp,n, j′′ |=pw η, and hence σp,n, j |=pw ϕ.

5. i′ ∈ X2
k : (0, p) ⊆ I. Since tj+1 − tj ∈ (0, p), tj+1 − tj ∈ I. Since

σp,n, i′ |=pw ψ, every position in X2
k satisfies ψ. Since j + 1 is in X2

k ,
σp,n, j +1 |=pw ψ. So, ∃j + 1 : tj+1 − tj ∈ I, σp,n, j +1 |=pw ψ, ∀j

′′ : j <
j′′ < j+1 (in fact no such i′′ exists) σp,n, j′′ |=pw η. Hence σ

p,n, j |=pw ϕ.

Suppose i, j ∈ Y 2
k+1. σ

p,n, i |=pw ηUIψ ⇒ ∃i′ > i : ti′ − ti ∈ I, σp,n, i′ |=pw

ψ, ∀j′′ : i < j′′ < i′, σp,n, j′′ |=pw η.

1. i′ ∈ Y 3
k :

(a) (0, p) ⊆ I. ti′ − tj ∈ (0, p), hence ti′ − tj ∈ I.

(b) Since i is in Y 2
k+1 and i′ is greater than every number in Y 2

k , the
rightmost position in Y 2

k , r
′ satisfies η. Hence every position in

Y 2
k satisfies η (by induction hypothesis). For all j′′, j < j′′ ≤ r′,
σp,n, j′′ |=pw η.

(c) For j′′, r′ < j′′ < i′, σp,n, j′′ |=pw η (since i < r′, r′ < i′ and for all
i′′, i < i′′ < i′, σp,n, i′′ |=pw η).

Therefore ∃i′ : i′ > j, ti′ − tj ∈ I, σp,n, i′ |=pw ψ, ∀j′′ : j < j′′ <
i′, σp,n, j′′ |=pw η, and hence σp,n, j |=pw ϕ.

2. i′ ∈ Y 2
k : (0, p) ⊆ I. Since tj+1 − tj ∈ (0, p), tj+1 − tj ∈ I. Since

σp,n, i′ |=pw ψ, every position in Y 2
k satisfies ψ. Since j + 1 is in Y 2

k ,
σp,n, j + 1 |=pw ψ. So, ∃j + 1 : tj+1 − tj ∈ I, σp,n, j + 1 |=pw ψ, ∀j′′ :
j < j′′ < j + 1 (in fact no such j′′ exists) σp,n, j′′ |=pw η. Hence
σp,n, j |=pw ϕ.

Case ϕ = ηSIψ: Assume that 0 6∈ I. Suppose i, j ∈ X2
k+1. σ

p,n, i |=pw

ηSIψ ⇒ ∃0 ≤ i′ < i : ti − ti′ ∈ I, σp,n, i′ |=pw ψ, ∀i′′ : i′ < i′′ < i, σp,n, i′′ |=pw

η.
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1. i′ ∈ X1
k :

(a) (0, p) ⊆ I. tj − ti′ ∈ (0, p), hence tj − ti′ ∈ I.

(b) Since i is in X2
k+1 and i′ in X1

k , the leftmost position in X2
k , l

satisfies η. Hence every position in X2
k satisfies η (by induction

hypothesis). For all j′′, l ≤ j′′ < j, σp,n, j′′ |=pw η.

(c) For j′′, i′ < j′′ < l, σp,n, j′′ |=pw η (since i′ < l, l < i and for all i′′,
i′ < i′′ < i, σp,n, i′′ |=pw η).

Therefore ∃i′ : 0 ≤ i′ < j, tj − ti′ ∈ I, σp,n, i′ |=pw ψ, ∀j′′ : i′ < j′′ <
j, σp,n, j′′ |=pw η, and hence σp,n, j |=pw ϕ.

2. i′ ∈ X2
k : (0, p) ⊆ I. Since tj − tj−1 ∈ (0, p), tj − tj−1 ∈ I. Since

σp,n, i′ |=pw ψ, every position in X2
k satisfies ψ. Since j − 1 is in X2

k ,
σp,n, j−1 |=pw ψ. So, ∃j−1 : tj−tj−1 ∈ I, σp,n, j−1 |=pw ψ, ∀j

′′ : j−1 <
j′′ < j (in fact no such j′′ exists) σp,n, j′′ |=pw η. Hence σ

p,n, j |=pw ϕ.

3. i′ = 0.

(a) (1− p, 1) ⊆ I. tj − t0 ∈ (1− p, 1), hence tj − t0 ∈ I.

(b) Since i is in X2
k+1 and i

′ = 0, the leftmost position in X2
k , l satisfies

η. Hence every position inX2
k satisfies η (by induction hypothesis).

For all j′′, l ≤ j′′ < j, σp,n, j′′ |=pw η.

(c) For j′′, 0 < j′′ < l, σp,n, j′′ |=pw η (since i′ = 0, 0 < l, l < i and
for all i′′, i′ < i′′ < i, σp,n, i′′ |=pw η).

Therefore ∃i′ : 0 ≤ i′ < j, tj − ti′ ∈ I, σp,n, i′ |=pw ψ, ∀j′′ : i′ < j′′ <
j, σp,n, j′′ |=pw η, and hence σp,n, j |=pw ϕ.

Suppose i, j ∈ Y 2
k+1. σp,n, i |=pw ηSIψ ⇒ ∃0 ≤ i′ < i : ti − ti′ ∈

I, σp,n, i′ |=pw ψ, ∀i
′′ : i′ < i′′ < i, σp,n, i′′ |=pw η.

1. i′ ∈ Y 1
k :

(a) (0, p) ⊆ I. tj − ti′ ∈ (0, p), hence tj − ti′ ∈ I.

(b) Since i is in Y 2
k+1 and i′ is smaller than every number in Y 2

k , the
leftmost position in Y 2

k , l
′ satisfies η. Hence every position in Y 2

k

satisfies η (by induction hypothesis). For all j′′, l′ ≤ j′′ < j,
σp,n, j′′ |=pw η.

(c) For j′′, i′ < j′′ < l′, σp,n, j′′ |=pw η (since i′ < l′, l′ < i and for all
i′′, i′ < i′′ < i, σp,n, i′′ |=pw η).
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Therefore ∃i′ : 0 < i′ < j, tj − ti′ ∈ I, σp,n, i′ |=pw ψ, ∀j′′ : i′ < j′′ <
j, σp,n, j′′ |=pw η, and hence σp,n, j |=pw ϕ.

2. i′ ∈ X1
k : The argument is similar to the above except that 1(a) needs

to be replaced by: (1, 1+ p) ⊆ I. tj − ti′ ∈ (1, 1+ p), hence tj − ti′ ∈ I.

3. i′ ∈ X3
k : The argument is similar to 1 except that 1(a) needs to be

replaced by: (1− p, 1) ⊆ I. tj − ti′ ∈ (1− p, 1), hence tj − ti′ ∈ I.

4. i′ ∈ X2
k : Suppose ti − ti′ ∈ (1− p, 1).

(a) (1− p, 1) ⊆ I. Let r be the rightmost point in X2
k . Since tj − tr ∈

(1− p, 1), tj − tr ∈ I.

(b) i′ ∈ X2
k and σp,n, i′ |=pw ψ. By induction hypothesis σp,n, r |=pw ψ

since r ∈ X2
k .

(c) Since i is in Y 2
k+1 and i′ in X2

k , the leftmost position in Y 2
k , l

′

satisfies η. Hence every position in Y 2
k satisfies η. For all j′′,

l′ ≤ j′′ < j, σp,n, j′′ |=pw η.

(d) For j′′, r < j′′ < l′, σp,n, j′′ |=pw η (since i′ ≤ r, r < l′, l′ < i and
for all i′′, i′ < i′′ < i, σp,n, i′′ |=pw η).

Therefore ∃r : 0 < r < j, tj − tr ∈ I, σp,n, r |=pw ψ, ∀j′′ : r < j′′ <
j, σp,n, j′′ |=pw η, and hence σp,n, j |=pw ϕ.

Suppose ti − ti′ ∈ (1, 1 + p).

(a) (1, 1 + p) ⊆ I. Let l be the leftmost point in X2
k . Since tj − tl ∈

(1, 1 + p), tj − tl ∈ I.

(b) i′ ∈ X2
k and σp,n, i′ |=pw ψ. By induction hypothesis σp,n, l |=pw ψ

since l ∈ X2
k .

(c) Since i is in Y 2
k+1 and i′ in X2

k , the leftmost position in Y 2
k , l

′

satisfies η. Hence every position in Y 2
k satisfies η. For all j′′,

l′ ≤ j′′ < j, σp,n, j′′ |=pw η.

(d) For j′′, r < j′′ < l′, σp,n, j′′ |=pw η (since i′ < r, r < l′ and l′ < i
and for all i′′, i′ < i′′ < i, σp,n, i′′ |=pw η).

(e) i′ < r since ti− ti′ ∈ (1, 1+ p) and hence ti− ti′ > 1. σp,n, r |=pw η
since i′ < r, r < l′ and l′ < i and for all i′′, i′ < i′′ < i, σp,n, i′′ |=pw

η. Hence η is satisfied at every position in X2
k . So, for l < j′′ ≤ r,

σp,n, j′′ |=pw η.

Therefore ∃l : 0 < l < j, tj − tl ∈ I, σp,n, l |=pw ψ, ∀j′′ : l < j′′ <
j, σp,n, j′′ |=pw η, and hence σp,n, j |=pw ϕ.
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5. i′ ∈ Y 2
k : (0, p) ⊆ I. Since tj − tj−1 ∈ (0, p), tj − tj−1 ∈ I. Since

σp,n, i′ |=pw ψ, every position in Y 2
k satisfies ψ. Since j − 1 is in Y 2

k ,
σp,n, j − 1 |=pw ψ. So, ∃j − 1 : tj − tj−1 ∈ I, σp,n, j − 1 |=pw ψ, ∀j′′ :
0 < j − 1 < j′′ < j (in fact no such j′′ exists) σp,n, j′′ |=pw η. Hence
σp,n, j |=pw ϕ.

6. i′ = 0.

(a) (2− p, 2) ⊆ I. tj − ti′ ∈ (2− p, 2), hence tj − ti′ ∈ I.

(b) Since i is in Y 2
k+1 and i

′ = 0 the leftmost position in Y 2
k , l

′ satisfies
η. Hence every position in Y 2

k satisfies η (by induction hypothesis).
For all j′′, l′ ≤ j′′ < j, σp,n, j′′ |=pw η.

(c) For j′′, i′ < j′′ < l′, σp,n, j′′ |=pw η (since i′ < l′, l′ < i and for all
i′′, i′ < i′′ < i, σp,n, i′′ |=pw η).

Therefore ∃i′ : 0 < i′ < j, tj − ti′ ∈ I, σp,n, i′ |=pw ψ, ∀j′′ : i′ < j′′ <
j, σp,n, j′′ |=pw η, and hence σp,n, j |=pw ϕ.

This completes the proof of Lemma 6.1. �

We define a partial function h : N → N which is defined for all i ∈ N

except for n + 2. h(i) = i if i < n + 2 and h(i) = i − 1 if i > n + 2. h(i) is
the position in ρp,n corresponding to the position i in σp,n in the sense that
the time of the h(i)-th action in ρp,n is the same as that of the i-th action in
σp,n (hence it is not defined for n+ 2).

Lemma 6.2 Let k ∈ N, 0 ≤ k ≤ n and let ϕ ∈ MTLSI
(p, k). For all

i, j ∈ X2
k −{n+2}, ρp,n, h(i) |=pw ϕ iff ρp,n, h(j) |=pw ϕ and for all i, j ∈ Y 2

k ,
ρp,n, h(i) |=pw ϕ iff ρp,n, h(j) |=pw ϕ.

Proof Proof is similar to that of the previous lemma. �

Corollary 6.1 Let ϕ ∈ MTLSI
(p, n). Then

1. σp,n, n+ 1 |=pw ϕ iff σp,n, n+ 2 |=pw ϕ iff σp,n, n+ 3 |=pw ϕ, and

2. ρp,n, h(n+ 1) |=pw ϕ iff ρp,n, h(n+ 3) |=pw ϕ. �

Lemma 6.3 For any ϕ ∈ MTLSI
(p, n) and i ∈ N, where i 6= n + 2,

σp,n, i |=pw ϕ iff ρp,n, h(i) |=pw ϕ.
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Proof Let σp,n = (a1, t1) · · · (a4n+5, t4n+5) and ρ
p,n = (a′1, t

′
1) · · · (a

′
4n+4, t

′
4n+4).

Proof is by induction on the structure of ϕ. If ϕ is atomic or of the form ¬ψ
or η ∨ ψ, then it is straight forward. Let us look at the case when ϕ = ηUIψ
(assume 0 6∈ I).

σp,n, i |=pw ηUIψ iff ∃j ≥ i : tj − ti ∈ I, σp,n, j |=pw ψ, ∀j′ : i < j′ <
j, σp,n, j′ |=pw η.

Suppose j 6= n + 2. h(j) ≥ h(i) (definition of h, i, j 6= n + 2 and
j ≥ i). For all j′′: h(i) < j′′ < h(j), ρp,n, j′′ |=pw η (since j′′ = h(j′)
for some i < j′ < j and from induction hypothesis). ρp,n, h(j) |=pw ψ (by
induction hypothesis). t′h(j) − t′h(i) ∈ I since t′h(j) = tj and t

′
h(i) = ti. Hence

∃h(j) : h(j) ≥ h(i), t′h(j) − t′h(i) ∈ I, ρp,n, h(j) |=pw ψ, ∀j′′ : h(i) < j′′ <

h(j), ρp,n, j′′ |=pw η. ρ
p,n, h(i) |=pw ϕ.

Suppose j = n + 2 and 0 < i < n + 2. Then 0 < tj − ti < p and
(0, p) ⊆ I. tj+1 − ti ∈ (0, p) and hence tj+1 − ti ∈ I. σp,n, j + 1 |=pw ψ (by
corollary 6.1) ∃t′h(j+1) : t

′
h(j+1) − t′h(i) ∈ I, ρp,n, h(j + 1) |=pw ψ, ∀j′ : h(i) <

j′ < h(j + 1), ρp,n, j′ |=pw η (since every j′ is h(j′′) for some i < j′′ < j).
Hence ρp,n, h(i) |=pw ϕ.

If j = n + 2 and i = 0, then the argument is the same as above except
that now tj − ti ∈ (1− p, 1).

In the other direction, ρp,n, h(i) |=pw ηUIψ iff ∃h(j) ≥ h(i) : t′h(j) − t′h(i) ∈

I, ρp,n, h(j) |=pw ψ, ∀h(i) < j′ < h(j) : ρp,n, j′ |=pw η.

Suppose j 6= n + 3. Then ∀i < j′′ < j, σp,n, j′ |=pw η since either n + 2 6∈
{i+1, · · · , j−1} or n+3 ∈ {i+1, · · · , j−1} (in which case σp,n, n+3 |=pw η
and hence by corollary 6.1 σp,n, n + 2 |=pw η). Hence ∃j ≥ i : tj − ti ∈
I, σp,n, j |=pw ψ, ∀i < j′′ < j′′σp,n, j′′ |=pw η. Hence σ

p,n, i |=pw η.

If j = n + 3 and 0 < i < n + 2, then tn+3 − ti ∈ (0, p) and (0, p) ⊆ I.
tn+2 − ti ∈ (0, p) and hence tn+2 − ti ∈ I. So, ∃n+ 2 : tn+2 − ti ∈ I, σp,n, n+
2 |=pw ψ (by corollary 6.1), ∀i < j′′ < n + 2, σp,n, j′′ |=pw η (by induction
hypothesis). Hence σp,n, i |=pw ϕ.

If j = n+3 and i = 0, then the argument is similar except that tn+3−ti ∈
(1− p, 1).

Let us now look at ϕ = ηSIψ (where 0 6∈ I). In one direction if σp,n, i |=pw

ηSIψ, then there is some j < i such that ti − tj ∈ I and all j′ : j < j′ < i
satisfy η.

If j 6= n+ 2, then there exists h(j) such that ρp,n, h(j) |=pw ψ and for all
j′′ : h(j) < j′′ < h(i) ρp,n, j′′ |=pw η. Hence ρ

p,n, i |=pw ϕ.

Suppose j = n + 2. I is not singular since there is no i′ > j such that
t′i− tj = cp where c ∈ N. Hence either j′ = n+1 or n+3 satisfies ti− tj′ ∈ I.
So, ∃h(j′) : t′h(i)−t

′
h(j′) ∈ I, ρp,n, h(j′) |=pw ψ, ∀j

′′ : j′ < j′′ < i, ρp,n, h(j′′) |=pw

η. Hence ρp,n, h(i) |=pw ϕ.
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In the other direction, ρp,n, h(i) |=pw ηSIψ iff ∃h(j) : j < i, t′h(i) − t′h(j) ∈

I, ρp,n, h(j) |=pw ψ, ∀j
′ : h(j) < j′ < h(i), ρp,n, j′ |=pw η.

Suppose j 6= n + 1. Then either n + 2 6∈ {j + 1, · · · , i − 1} or n + 1 ∈
{j + 1, · · · , i − 1} (in which case σp,n, n + 2 |=pw η and hence by corollary
6.1 σp,n, n + 1 |=pw η). ∃j : j < i, ti − tj ∈ I, σp,n, j |=pw ψ, ∀j′′ : j < j′′ <
i, σp,n, j′′ |=pw η. Hence σ

p,n, i |=pw ϕ.
Suppose j = n+ 1 and i 6= n+ 3. Then n+ 2, n+ 3 ∈ {j + 1, · · · , i− 1}.

σp,n, n+3 |=pw η. Hence by corollary 6.1, σp,n, n+2 |=pw η. ∃j : j < i, ti−tj ∈
I, σp,n, j |=pw ψ, ∀j

′′ : j < j′′ < i, σp,n, j′′ |=pw η. Hence σ
p,n, i |=pw ϕ.

Suppose j = n + 1 and i = n + 3. ti − tj ∈ (0, p) and hence (0, p) ⊆ I.
∃j+1 : ti− tj+1 ∈ I, σp,n, j+1 |=pw ψ (by corollary 6.1), ∀j′′ : j+1 < j′′ < i
(in fact there exists no such j′′), σp,n, j′′ |=pw η. Hence σ

p,n, i |=pw ϕ. �

Corollary 6.2 For any ϕ ∈ MTLSI
(p, n), σp,n, 0 |=pw ϕ iff ρp,n, 0 |=pw ϕ. �

Theorem 6.1 The timed language L2ins is expressible by MTLc but not by
MTLpw

SI
over finite timed words.

Proof Suppose that there exists an MTLSI
formula ϕ which defines L2ins

in the pointwise semantics. ϕ ∈ MTLSI
(p, n) for some p and n. Hence it

would not distinguish between σp,n and ρp,n, whereas exactly one of them is
in L2ins , which is a contradiction. However the following MTL formula in
the continuous semantics defines L2ins :
♦(a∧¬ϕactionU(¬ϕaction∧♦[1,1]a∧¬ϕactionU(0,∞)(¬ϕaction∧♦[1,1]a∧¬ϕactionUa))).
�

Corollary 6.3 MTLpw is strictly contained in MTLc, MTLpw
S is strictly con-

tained in MTLc
S and MTLpw

SI
is strictly contained in MTLc

SI
over finite timed

words. �

Theorem 6.2 The timed language L2ins is expressible by MTLc but not by
MTLpw

SI
over infinite timed words.

Proof We extend the above results for the case of infinite words by replacing
the finite models above, by infinite models which are similar to their counter-
parts in the interval [0, 2] but contain a b at every integer time greater than
2. We replace σp,n and ρp,n by the infinite words αp,n and βp,n, respectively.
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αp,n = (a, 1− p+ d/2)(a, 1− p+ 3d/2) · · · (a, 1− p/2− d)(a, 1− p/2)(a, 1−
p/2+ d) · · · (a, 1− d/2)(a, 2− p+ d)(a, 2− p+2d) · · · (a, 2− d)(b, 3)(b, 4) · · · .
βp,n = (a, 1−p+d/2)(a, 1−p+3d/2) · · · (a, 1−p/2−d)(a, 1−p/2+d) · · · (a, 1−
d/2)(a, 2− p+ d)(a, 2− p+ 2d) · · · (a, 2− d)(b, 3)(b, 4) · · · .

In the proof of Lemma 6.1 we need to consider some extra cases corre-
sponding to the satisfaction of ψ at one of these newly introduced points.
The argument for the case where ϕ = ηSIψ is similar because no new action
points are introduced in the interval [0, 2]. In the case of ϕ = ηUIψ and
i ∈ X2

k+1, if i
′ is such that ti′ = m, m > 2 and m ∈ N (at some position

corresponding to a b), then the argument is similar to 1 except that we need
to replace 1(a) by: (m − 1 − p,m − 1) ⊆ I, ti′ − tj ∈ (m − 1 − p,m − 1),
hence ti′ − tj ∈ I.

In the case when ϕ = ηUIψ and i ∈ Y 2
k+1, if i

′ is such that ti′ = m, m > 2
and m ∈ N), then the argument is similar to 1, except that 1(a) needs to be
replaced by: (m − 2 − p,m − 2) ⊆ I, ti′ − tj ∈ (m − 2 − p,m − 2), hence
ti′ − tj ∈ I.

For Theorem 6.3, the same proof goes through. Hence L2ins can not
be expressed by any MTLSI

formula in the pointwise semantics over infinite
words. But the formula which expressed L2ins over finite words also expresses
the same over finite words. �

Corollary 6.4 MTLpw is strictly contained in MTLc, MTLpw
S is strictly con-

tained in MTLc
S and MTLpw

SI
is strictly contained in MTLc

SI
over infinite

timed words. �

6.2 Lem not expressible by MTL
pw
S

In this section, we show that the language Lem is not expressible by MTLS in
the pointwise semantics over finite and infinite timed words. Lem (for “exact
match”) is the timed language over {a, b} which consists of timed words in
which, for every b in the interval (0, 1), there is a b in the future which is at
time distance 1 from it, and for every b in the interval (1, 2), there is a b in
the past which is at time distance 1 from it. The proof is similar to the one
for inexpressibility of L2ins by MTLpw

SI
and we sketch it below.

Let p = 1/q, where q ∈ N and q > 0, and let n ∈ N. We give two finite
models σp,n and ρp,n such that σp,n is in Lem and ρp,n is not in Lem . Further
we prove that no MTLS(p, n) formula can distinguish between σp,n and ρp,n

in the pointwise semantics, where MTLS(p, n) formula is an MTLS formula
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with granularity p and an U and S nesting depth of n. Let x = 1 − p,

d
1 − p 2 − p0 1 2

1 2 2n+32n+2n+3n+2n+1

σp,n

ρp,n

Figure 6.2: Models for showing inexpressibility of Lem .

y = 2− p and d = p/(2n+ 4).
Then σp,n = (b, x+d)(b, x+2d) · · · (b, x+(n+1)d)(b, x+(n+2)d)(b, x+(n+
3)d) · · · (b, x+ (2n+ 2)d)(b, x+ (2n+ 3)d)(b, y + d)(b, y + 2d) · · · (b, y + (n+
1)d)(b, y + (n+ 2)d)(b, y + (n+ 3)d) · · · (b, y + (2n+ 2)d)(b, y + (2n+ 3)d).
And ρp,n = (b, x+ d)(b, x+ 2d) · · · (b, x+ (n+ 1)d)(b, x+ (n+ 3)d) · · · (b, x+
(2n+2)d)(b, x+ (2n+3)d)(b, y+ d)(b, y+2d) · · · (b, y+ (n+1)d)(b, y+ (n+
2)d)(b, y + (n+ 3)d) · · · (b, y + (2n+ 2)d)(b, y + (2n+ 3)d).

1 − p 1

2 − p 2

X1
k X2

k X3
k

Y 1
k Y 3

kY 2
k

X2
k+1

Y 2
k+1

Lemma 6.4 Let k ∈ N, 0 ≤ k ≤ n and let ϕ ∈ MTLS(p, k). Let X2
k =

{k+1, · · · , 2n+3−k} and Y 2
k = {(2n+3)+k+1, · · · , (2n+3)+2n+3−k}.

Then for all i, j ∈ X2
k , σp,n, i |=pw ϕ iff σp,n, j |=pw ϕ and for all i, j ∈ Y 2

k ,
σp,n, i |=pw ϕ iff σp,n, j |=pw ϕ. �

Let h be the function defined in the last section.

Lemma 6.5 Let k ∈ N, 0 ≤ k ≤ n and let ϕ ∈ MTLS(p, k). Then for all
i, j ∈ X2

k −{n+2}, ρp,n, h(i) |=pw ϕ iff ρp,n, h(j) |=pw ϕ and for all i, j ∈ Y 2
k ,

ρp,n, h(i) |=pw ϕ iff ρp,n, h(j) |=pw ϕ. �

Corollary 6.5 Let ϕ ∈ MTLS(p, n). Then σp,n, n + 1 |=pw ϕ iff σp,n, n +
2 |=pw ϕ iff σp,n, n + 3 |=pw ϕ. Similarly, ρp,n, h(n + 1) |=pw ϕ iff ρp,n, h(n +
3) |=pw ϕ. �
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Lemma 6.6 For any ϕ ∈ MTLS(p, n) and i ∈ N, where i 6= n+2, σp,n, i |=pw

ϕ iff ρp,n, h(i) |=pw ϕ. �

Corollary 6.6 For any ϕ ∈ MTLS(p, n), σ
p,n, 0 |=pw ϕ iff ρp,n, 0 |=pw ϕ. �

Theorem 6.3 The timed language Lem is expressible by MTLc and MTLpw
SI

but not by MTLpw
S over finite timed words.

Proof It follows from corollary 6.6 that Lem is not expressible in MTLpw
S .

However the MTLSI
formula, �(0,1)(b ⇒ ♦[1,1]b) ∧ �(1,2)(b ⇒ ♦-[1,1]b), in the

pointwise semantics and the MTL formula �(0,1)(b ↔ ♦[1,1]b), in the contin-
uous semantics express Lem . �

The result can be extended for the case of infinite words in a manner
similar to that done in the previous section.

Theorem 6.4 The timed language Lem is expressible by MTLc and MTLpw
SI

but not by MTLpw
S over infinite timed words. �

6.3 Conclusion

In this chapter we exhibited languages not expressible by MTL with S and SI
operators in the pointwise semantics. The inexpressibility results imply that
even with past operators MTL in the pointwise semantics does not attain the
power of MTL without the past operators in the continuous semantics. The
results also lead to the strict containment of the various extensions of MTL
with past operators in the pointwise semantics, in their corresponding con-
tinuous versions. We also obtain the result that MTLS is strictly contained
in MTLSI

in the pointwise semantics. These results hold for both finite and
infinite words. We note that we do not yet know if MTLS is strictly contained
MTLSI

in the continuous semantics for either finite or infinite words.



Chapter 7

An overview of relative
expressiveness

In this chapter we compile the relative expressiveness results which can be
obtained from the results in the previous chapters.

7.1 Venn diagram for relative expressiveness

The Venn diagram below depicts the sets MTLpw , MTLpw
S and MTLpw

SI
, and

MTLc, MTLc
S and MTLc

SI
, as one contained in the next. It also shows that

MTLpw , MTLpw
S and MTLpw

SI
are contained in MTLc, MTLc

S and MTLc
SI
,

respectively.
We describe below languages over the alphabet Σ = {a, b, c, d} which are

present in various regions of the diagram. Since the diagram is the same for
both finite and infinite words, we present just one.

1. La is the timed language over Σ whose timed words contain at least
one a. The MTL formula ⊤U[0,∞)a expresses this language in both the
pointwise and continuous semantics.

2. L2b is the language over Σ which consists of timed words over {b}
which contain at least 2 b’s in the interval (0, 1). From Theorem 4.3
and Theorem 4.4, we have that L2b is in (MTLc ∩MTLpw

S )−MTLpw .

3. Lem is the language over Σ which consists of timed words over {a, b} in
which the number of b’s in the interval (0, 1) is the same as that in the
interval (1, 2), and corresponding to every b in the interval (0, 1), there
is a b in the interval (1, 2) which is exactly at time distance 1 from it.
Theorem 6.3 and Theorem 6.4 show that Lem is in (MTLc ∩MTLpw

SI
)−

MTLpw
S .

67
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?? L2b L2ins

Llast a

MTLpw
MTLc

MTLc
S

MTLc
SI

Leven b

La

MTL
pw
S

MTL
pw

SI

Lem

L′

em∪Llast a

Timed languages over Σ = {a, b, c, d}

L′

2ins∪Llast a

Figure 7.1: Venn diagram for relative expressiveness.

4. L2ins is the language over Σ which consists of timed words over {a, b}
which contain two consecutive a’s such that there are two distinct points
between there time of occurrence at distance 1 from each of which there
is an a. From Theorem 6.1 and Theorem 6.2, it follows that L2ins is in
MTLc −MTLpw

SI
.

5. Llast a is the language over Σ which consists of timed words over {a, b} in
which there is a symbol at time 1 which is immediately preceded by an
a. Theorem 5.3 and Theorem 5.4 show that Llast a is in MTLpw

S −MTLc.

6. L′
em is the language over Σ which consists of timed words obtained

from those of Lem by replacing a’s and b’s by c’s and d’s, respectively.
Note that L′

em and Llast a are disjoints sets. Now we can argue that
L′
em ∪ Llast a is not expressible by MTLpw

S , because if it were, then
the conjunction of the formula expressing it and the negation of that
expressing Llast a (which we know is expressible by MTLpw

S ), expresses
L′
em which is a contradiction to the fact that L′

em is not expressible by
MTLpw

S (since Lem is not expressible by it). Similarly L′
em ∪ Llast a is

not expressible by MTLc . However, it is expressible by both MTLc
S and

MTLpw
SI

since both L′
em and Llast a are expressible by either of them.

7. L′
2ins is the language over Σ which consists of timed words obtained

from those of L2ins by replacing a’s and b’s in them by c’s and d’s. By
an argument similar to the above, we can show that L′

2ins ∪Llast a is in
MTLc

S − (MTLpw
SI

∪MTLc).
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8. Finally, the language Leven b over Σ which consists of timed words
containing even number of b’s can be shown to be not expressible by
MTLc

SI
.

9. It is not known if the regions MTLpw
SI

−MTLc
S and MTLc

SI
− (MTLpw

SI
∪

MTLc
S) are empty.

7.2 Hasse diagram for relative expressiveness

We conclude the part on relative expressiveness by giving the Hasse diagram
showing the relative expressiveness of MTL and its variants. We use solid
arrows for strict containment, dotted arrows when strict containment is not
known but containment is known, dotted lines when the relative expressive-
ness of the logics is not known, and the absence of an arrow (or transitive
arrow) or a line indicates that the expressiveness of the logics is incomparable.

Finite words Infinite words

Lni
, L2b

, L2in
s

Lem
, L2in

s

L2in
s

L
2
b

L
e
m

L
la
s
t
a

MTLc

MTLc
S

MTLc
SI

MTLpw
SI

MTLpw
S

MTLpw

MTLc

MTLc
S

MTLc
SI

MTLpw
SI

MTLpw
S

MTLpw

Lem
, L2in

s

L2in
s

L
2
b

L
e
m

L
la
s
t
a

L2b
, L2in

s

Figure 7.2: Hasse diagram for relative expressiveness
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Chapter 8

Continuous input-determined
automata

The rest of the chapters in the thesis are devoted to showing the expres-
sive completeness of MTLS and MTLSI

in the continuous semantics. In
the pointwise semantics, the expressive completeness of these two logics has
been shown in [9]. A generalized class of timed automata based on input-
determined operators, called input-determined automata (IDA’s), is consid-
ered. The IDA’s are shown to be closed under boolean operations. A logical
characterization of these automata is given in terms of an MSO logic based
on input-determined operators. It is also shown that the first-order frag-
ments of these logics correspond to natural timed temporal logics based on
the corresponding input-determined operators and interpreted in a pointwise
way. Further, recursive versions of these logics and automata are defined and
shown to admit a similar characterization. Finally, the expressive complete-
ness of MTLpw

SI
is shown by showing their equivalence to a recursive timed

temporal logic based on the operators ♦ and ♦-.

Similarly, MTLS is shown to be expressively complete with respect to
the IDA’s based on the operator ♦. These were termed Eventual Timed
Automata (ETA’s) in [7] as they are based on the eventual operator ♦. We
now discuss a few possible extensions of ETA’s through which we intend to
show the expressive completeness of MTLc

S, and also provide some motivation
for the choice of the automata we propose.

First we consider the extension of ETA’s which allow epsilon-transitions.
We can show that these automata cannot express Lni using the technique in
chapter 3, since their emptiness problem can be reduced to that of ETA’s, and
can be decided [7]. However they can express the complement of Lni which
is not expressible by ETA’s. Thus though they are strictly more expressive
than ETA’s they are not closed under complementation which is an important
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property we expect from our automata. Further, Lni can be expressed by a
“non-recursive” fragment of MTL in the continuous semantics, which is the
set of MTL formulas we want the automata to at least contain.

The other possible extension is to add invariants to the states but disallow
epsilon-transitions. In this framework we do not see a straight-forward way
to express the complement of Lni , as intuitively the automaton will need to
make an epsilon-transition to guarantee the existence of an a at distance one
from some point between two consecutive a actions.

Thus we propose the Continuous Eventual Timed Automata (CETA’s)
which allow epsilon-transitions as well as contain invariants on the states.
These automata can express both Lni and its complement. Further these
automata are closed under complementation, as will be seen later.

We choose to prove our results for a general class of automata parame-
terized by a set of input-determined operators. This approach will be useful
when we handle the “recursive” case of our formalisms. After proving our
results in this general framework, the required results for CETA’s and MTL
will follow as corollaries. We call this general class of automata continuous
input-determined automata (CIDA’s). In this chapter we show that CIDA’s
form a robust class of automata which are determinizable and closed under
boolean operations. We will deal with only finite words, but the techniques
extend to infinite words as well.

8.1 Preliminaries

A finite state automaton (FSA) A over a finite alphabet A is a structure
A = (Q, s, δ, F ), where Q is a finite set of states, s is the initial state,
δ ⊆ Q×A×Q is the set of transitions, and F ⊆ Q is the set of final states.
A run ρ of A on a word w = a1 · · · an ∈ A∗ is a mapping from {0, · · · , n} → Q
such that ρ(0) = s and (ρ(i), ai+1, ρ(i + 1)) ∈ δ for each i < n. The run is
accepting if ρ(n) ∈ F . The language accepted by A, denoted Lsym(A), is the
set of words in A∗ over which A has an accepting run.

Let A be an alphabet and let f : [0, r] → A be a function, where r ∈ R≥0.
We denote r by length(f). We call f a finitely varying function over A, if
there exist a word a0a1 · · · a2n in A∗, and an interval sequence I0I1 · · · I2n,
such that 0 ∈ I0, Ii and Ii+1 are adjacent for each i, Ii is singular if i is even,
and for all t ∈ [0, r], f(t) = ai if t ∈ Ii. We then call (a0, I0) · · · (a2n, I2n) an
interval representation of f . We define func(A) to be the set of all finitely
varying functions over A. An interval representation (b0, I0) · · · (b2n, I2n) of
f is called canonical, if there does not exist an i such that 0 < i < n and
b2i−1 = b2i = b2i+1. Note that every finitely varying function has a canonical
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interval representation.
Let f ∈ func(A) and let (a0, I0) · · · (a2n, I2n) be its canonical interval

representation. We denote the untiming of the function as a sequence which
captures explicitly the points of discontinuities and the intervals between
them. The untiming of the above f , denoted untiming(f), is defined as
a0 · · · a2n. Given a word w in A∗, we define its timing to be a set of functions:
timing(w) = ∅ if |w| is even, otherwise f ∈ timing(w) if w = a0a1 · · ·a2n
and (a0, I0)(a1, I1) · · · (a2n, I2n) is an interval representation of f . We can
extend the definitions of timing and untiming to languages of functions in
the expected way.

We define an input-determined operator ∆ over an alphabet Σ as a partial
function from (TΣ∗ × R≥0) to 2R≥0, which is defined for all pairs (σ, t),
where t ∈ [0, length(σ)]. Given a set of input-determined operators Op, we
define the set of guards over Op, denoted by G(Op), inductively as g ::=
⊤ |∆I | ¬g | g ∨ g | g ∧ g, where ∆ ∈ Op and I ∈ IQ. Guards of the form
∆I are called atomic. Given a timed word σ, we define the satisfiability
of a guard g at time t ∈ [0, length(σ)], denoted σ, t |= g, as σ, t |= ∆I iff
∆(σ, t) ∩ I 6= ∅, and in the usual way for boolean operators. For example
∆r, which maps (σ, t) to {1} if t is rational, and to {0} otherwise, is an
input-determined operator. Other examples include the eventual operator
♦a, inspired by MTL, which maps (σ, t) to the set of distances to time points
in σ after t at which an event a occurs, and the event-recording operator ⊳a
which maps (σ, t) to the set containing the distance to the time point which
corresponds to the last occurrence of the event a before time t.

We call an input-determined operator ∆ over Σ finitely varying if for all
σ ∈ TΣ∗ and I ∈ IQ, the function fσ,∆I : [0, length(σ)] → {0, 1} defined as,
fσ,∆I (t) is 1 if σ, t |= ∆I , and 0 otherwise, is finitely varying. In the examples
above, the operators ♦a and ⊳a are finitely varying, whereas ∆r is not.

Let Σ be an alphabet and Op be a set of input determined operators over
Σ. A symbolic alphabet based on (Σ,Op) is of the form (Γ1,Γ2) where Γ1 is a
finite subset of (Σ∪{ǫ})×G(Op) and Γ2 is a finite subset of G(Op). We define
the set of timed words over Σ associated with a function f in func(Γ1 ∪ Γ2),
denoted tw(f), as follows. If untiming(f) 6∈ Γ1 · (Γ2 · Γ1)

∗, then tw(f) = ∅.
Otherwise, a timed word σ = (a1, t1) · · · (an, tn) is in tw(f), if

1. length(σ) = length(f),

2. for each i ∈ {1, · · · , n}, f(ti) = (ai, gi) for some gi such that σ, ti |= gi,
and

3. for all other t ∈ [0, length(σ)], f(t) should be of the form (ǫ, gt) or gt,
with σ, t |= gt.
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Note that for any f , tw(f) is either a singleton set or an empty set. We
extend the definition of tw to a set of finitely varying functions over Γ1 ∪Γ2.

Example 8.1 Let Σ = {a} and Op = {♦a}. Then (Γ1,Γ2) is a symbolic

alphabet, where Γ1 = {(a,⊤), (ǫ,♦
[1,1]
a )} and Γ2 = {⊤}.

The finitely varying function f1 whose canonical interval representation
is ((a,⊤), [0, 0])(⊤, (0, 1))((ǫ,♦

[1,1]
a ), [1, 1])(⊤, (1, 2))((a,⊤), [2, 2]), is depicted

below. It can be seen that the timed word (a, 0)(a, 2) belongs to tw(f1).

(a,⊤)

(ǫ,♦
[1,1]
a )

⊤

0 1 2

Figure 8.1: Finitely varying function f1.

However the finitely varying function f2 whose canonical interval repre-
sentation is ((a,⊤), [0, 0])(⊤, (0, 1))((ǫ,¬♦

[1,1]
a ), [1, 1])(⊤, (1, 2))((a,⊤), [2, 2]),

does not have any timed word associated with it.

8.2 Definition

In this section we define CIDA’s and the languages accepted by them.
Let Σ be an alphabet and Op be a set of input determined operators

based on Σ. A Continuous Input Determined Automaton (CIDA) A over
(Σ,Op) is a structure (Q, s, δ, F, inv) on a symbolic alphabet (Γ1,Γ2) over
(Σ,Op), where

• Q is a finite set of states,

• s ∈ Q is the start state,

• δ ⊆ Q× Γ1 ×Q is the transition relation,

• inv : Q→ Γ2 is the labelling function for the states, and

• F ⊆ Q is the set of accepting states.
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We now define the symbolic language accepted by the CIDA A. Let
γ ∈ Γ1 · (Γ2 · Γ1)

∗ and let γ = â0â1 · · · â2n. Let N = {0, · · · , n+ 1}. A run of
A over γ is a map ρ : N → Q such that

• ρ(0) = s,

• (ρ(i), â2i, ρ(i+ 1)) ∈ δ for i = 0, · · · , n, and

• inv(ρ(i)) = â2i−1 for all 1 ≤ i ≤ n.

We say ρ is accepting if ρ(n+ 1) ∈ F . The symbolic language defined by A,
denoted Lsym(A), is the set of words in Γ1 · (Γ2 · Γ1)

∗ over which A has an
accepting run. We define the language of functions accepted by the CIDA
A, denoted F (A), as timing(Lsym(A)). The timed language of the CIDA A,
denoted L(A), is defined as tw(F (A)).

We give below a concrete example of a CIDA, which we call Continuous
Eventual Timed Automata (CETA). A CETA over an alphabet Σ is a CIDA
over (Σ,Op), where Op = {♦a | a ∈ Σ} is the set of eventual operators based
on Σ. The diagram below gives the CETA A over {a, b} which recognizes
the language Lni , that is, L(A) = Lni .

(a,⊤
)

(a
,⊤
)

(b,⊤
)

(a,⊤)
⊤

⊤

(ǫ,⊤), (b,⊤) (a,⊤)

¬(♦
[1,1]
a ∨ ♦

[1,1]
b

)

Figure 8.2: CETA for Lni .

8.3 Closure properties and determinization

In this section we show that CIDA’s over finitely varying input-determined
operators are closed under boolean operations and are determinizable. To-
wards this end it is useful to define the notion of a “proper” CIDA.

Let us fix an alphabet Σ and a set of finitely varying operators Op over Σ.
We first define a proper symbolic alphabet. A proper symbolic alphabet based
on (Σ,Op) is of the form (Γ1,Γ2), where Γ1 = (Σ × {ǫ}) × 2G and Γ2 = 2G

for some finite set G of atomic guards based on Op. An element of a proper
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symbolic alphabet is thus of the form (c, h) or h, where h is a finite subset
of atomic guards, and is meant to represent the exact set of guards in G
satisfied at a point. For a function f ∈ func(Γ1 ∪ Γ2), we can associate a set
of timed words, also denoted tw(f), in a similar way to symbolic alphabets,
by viewing each proper guard h as the conjunction

∧

h′∈h h
′ ∧

∧

h′∈G−h ¬h
′.

We now define a proper CIDA. A proper CIDA over (Σ,Op) is a structure
(Q, s, δ, F, inv) on a proper symbolic alphabet (Γ1,Γ2) over (Σ,Op), where
Q, s, δ, F and inv are defined as for CIDA’s. The symbolic languages and
the timed languages accepted by them can now be defined similar to CIDA’s.

We call a word w = a0 · · · an over a proper symbolic alphabet fully canon-
ical if n is even and for no even i is ai−1 = ai = ai+1. We call a proper CIDA
fully canonical if its symbolic language consists of fully canonical symbolic
words.

We first prove the following lemmas which connect CIDA’s, proper CIDA’s
and fully canonical proper CIDA’s, and then make use of them to show clo-
sure and determinizability.

Lemma 8.1 CIDA’s over (Σ,Op) and proper CIDA’s over (Σ,Op) define
the same class of timed languages.

Proof Given a proper CIDA over a proper symbolic alphabet (Γ1,Γ2) based
on a set of atomic guards G, we can give a CIDA which accepts the same
timed language by replacing every subset h of G in the symbols by a guard
∧

h′∈h h
′ ∧

∧

h′∈G−h ¬h
′.

In the other direction let A be a CIDA over a symbolic alphabet (Γ1,Γ2).
Every guard g in G(Op) can be written in a disjunctive normal form (d.n.f.)
(c1∨· · ·∨ck) where each ci is a conjunction of atomic guards or their negations.
Now we say that a set of atomic guards h is consistent with a guard g if it is
consistent with at least one of the conjuncts in its d.n.f., and it is consistent
with a conjunct if it contains all atomic guards which occur in the conjunct
in a non-negated form and does not contain any atomic guards which occur
in the conjunct in the negated form.

We split each state into a set of states each of which corresponds to a set
of guards which are consistent with the invariant on the original state. Each
of these states is then labelled by the set of guards to which it corresponds.
Further there is a transition between two states if there were a transition
between the original two states, and the set of guards on the transition is
consistent with the guard on the original transition. We also add epsilon-
transitions between the states which correspond to the same original state
such that the set of atomic guards on them is consistent with the invariant
on the original state. We give the formal construction below.
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Let A = (Q, s, δ, F, inv). The corresponding proper CIDA A′ is given by
A′ = (Q′, s′, δ′, F ′, inv ′), where Q′ = {s′} ∪ {(q, h) | q ∈ Q, h ⊆ G, h is con-
sistent with inv(q)}, δ′ = {(s′, (c, h1), (q, h2)) | (s, (c, g), q) ∈ δ, h1 is consis-
tent with g} ∪ {((p, h1), (c, h2), (q, h3)) | (p, (c, g), q) ∈ δ, h2 is consistent with
g} ∪ {((p, h1), (ǫ, h2), (p, h3)) | h2 is consistent with inv(p)}, F ′ = {(q, h) ∈
Q′ | q ∈ F}, and inv ′(s′) = ⊤ and inv ′((q, h)) = h. �

Lemma 8.2 Proper CIDA’s over (Σ,Op) and fully canonical proper CIDA’s
over (Σ,Op) define the same class of timed languages.

Proof Given a proper CIDA A based on a proper symbolic alphabet (Γ1,Γ2)
we give a fully canonical proper CIDA A′ based on the same proper symbolic
alphabet such that L(A) = L(A′).

Let A = (Q, s, δ, F, inv). We first compute the smallest set δ′ such that
δ ⊆ δ′, and if (q, (ǫ, h), r) ∈ δ′ such that inv(q) = inv(r) = h, then for all
(p, â, q) ∈ δ′, (p, â, r) ∈ δ′. This set is computable since one can add transi-
tions one at a time until no more can be added, and this process terminates
since the total number of transitions that can be added is finite. We now ar-
gue that adding such a transition does not change the language of the proper
CIDA. Suppose γ is a new word in its symbolic language, then it has a run
over γ which takes the newly added transition zero or more times. Then there
is a run in the original automaton over γ′ got by replacing every h1(c, h2)h3
corresponding to the newly added transition by h1(c, h2)h3(ǫ, h3)h3. But it is
easy to see that the tw(timing(γ)) = tw(timing(γ′)). Hence the newly added
word does not add any more timed words to the language of the proper
CIDA.

We now remove the transitions of the form (p, (ǫ, h), q) where inv(p) =
inv(q) = h. We can argue similarly that the removal of a transition leaves
the language of the proper CIDA unchanged. Since no word in the symbolic
language of the final automaton has h(ǫ, h)h as a substring, it can be seen
that the resulting CIDA accepts only fully canonical words over the proper
symbolic alphabet. �

We define a CIDA-language L over (Σ,Op) to be a regular subset of
Γ1 · (Γ2 · Γ1)

∗ for some proper symbolic alphabet (Γ1,Γ2) over (Σ,Op).

Proposition 8.1 Let (Γ1,Γ2) be a proper symbolic alphabet over (Σ,Op),
and let L be a language over (Γ1 ∪ Γ2). Then L is the symbolic language of
a proper CIDA iff L is a CIDA-language. �
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Lemma 8.3 Let (Γ1,Γ2) be a proper symbolic alphabet over (Σ,Op). Given
a timed word σ over Σ, there exists a unique fully canonical word γ over
(Γ1,Γ2) such that σ ∈ tw(timing(γ)). �

CIDA’s are determinizable in the sense that we can give a timed language
equivalent fully canonical proper CIDA A′ which is deterministic in the sense
that for every timed word σ accepted by it, there is a unique symbolic word
γ in Lsym(A

′) such that σ ∈ tw(timing(γ))).

Theorem 8.1 The class of CIDA’s over (Σ,Op) is closed under union, in-
tersection and complementation.

Proof From Lemma 8.1, it follows that it is enough to show that the class
of proper CIDA’s over (Σ,Op) is closed under boolean operations.

The union of proper CIDA’s is equivalent to the union of their symbolic
languages. Since their symbolic languages are CIDA-languages and CIDA-
languages are closed under union, proper CIDA’s are themselves closed under
union.

Now turning to complementation, using Lemma 8.2 we can give an equiv-
alent fully canonical proper CIDA A′ for a given proper CIDA A. From
Lemma 8.3, we have that the set of timed words associated with two distinct
fully canonical words over a proper symbolic alphabet is disjoint. Hence we
can complement the timed language of A′ by complementing its symbolic
language with respect to the set of all fully canonical proper words (which
is a CIDA-language). Hence we have a CIDA accepting the complement of
L(A). �



Chapter 9

A logical characterization of
CIDA’s

In this chapter we define an MSO logic based on a set of input-determined
operators. We show that these logics characterize CIDA’s. In the proof
we make use of the fact that the untiming of a language definable by an
MSO formula interpreted over finitely varying functions is regular. Hence
we will provide a detailed proof of the result in section 9.2, which was also
independently proved by Rabinovich [22].

9.1 Continuous timed monadic second order

logic

In this section we define the syntax and semantics of continuous timed
monadic second order logic based on a set of input-determined operators.

Let Σ be an alphabet and Op be a set of input-determined operators over
Σ. We define the syntax of continuous timed monadic second order logic over
(Σ,Op), denoted TMSOc(Σ,Op), as follows. The formulas of TMSOc(Σ,Op)
are inductively defined as:

ϕ ::= Qa(x) |∆
I(x) | x ∈ X | x < y | ¬ϕ | (ϕ ∨ ϕ) | ∃xϕ | ∃Xϕ,

where a ∈ Σ, ∆ ∈ Op, I ∈ IQ, and x and X are first and second order
variables. We use the convention that the small letters are first order variables
and capital letters are second order variables.

We interpret the logic over timed words in TΣ∗. An interpretation I with
respect to a timed word σ maps a first order variable x to t ∈ [0, length(σ)]
and a second order variable X to B ⊆fin [0, length(σ)] (⊆fin denotes finite
subset). The relation < is interpreted as the usual ordering of R≥0.

79
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For an interpretation I, we use the notation I[t/x] to denote the interpre-
tation which sends x to t and agrees with I on all other variables. Similarly,
I[B/X ] denotes the modification of I which maps the set variable X to B and
the rest to the same as that by I. We also use the notation [t/x] to denote
an interpretation which sends x to t when the rest of the interpretation is
irrelevant.

Given a formula ϕ ∈ TMSOc(Σ,Op), a timed word σ = (a1, t1) · · · (an, tn)
in TΣ∗, and an interpretation I to the variables in ϕ with respect to σ, we
define the satisfaction relation σ, I |= ϕ, inductively as follows:

σ, I |= Qa(x) iff ∃i : ti = I(x) and ai = a.
σ, I |= ∆I(x) iff ∆(σ, I(x)) ∩ I 6= ∅.
σ, I |= x ∈ X iff I(x) ∈ I(X).
σ, I |= x < y iff I(x) < I(y).
σ, I |= ¬ϕ iff σ, I 6|= ϕ.
σ, I |= ϕ1 ∨ ϕ2 iff σ, I |= ϕ1 orσ, I |= ϕ2.
σ, I |= ∃xϕ iff ∃t ∈ [0, length(σ)], σ, I[t/x] |= ϕ.
σ, I |= ∃Xϕ iff ∃B ⊆fin [0, length(σ)] : σ, I[B/X ] |= ϕ.

For a sentence, a formula without free variables, the interpretation does not
play any role. Hence, for a sentence ϕ in TMSOc(Σ,Op), we set the timed
language defined by ϕ to be L(ϕ) = {σ ∈ TΣ∗ | σ |= ϕ}.

Example 9.1 ∃x(Qa(x)∧♦
[1,1]
a (x)) is a sentence which defines the language

in which every timed word contains two a’s which are distance 1 apart.

Example 9.2 The following sentence defines Lni .
¬(∃x∃y∃z(Qa(x) ∧Qa(y) ∧ (x < z ∧ z < y) ∧ ♦

[1,1]
a (z))).

In the following theorem we claim that TMSOc characterizes CIDA’s.

Theorem 9.1 Let Σ be a finite alphabet and Op be a set of finitely vary-
ing input-determined operators based on Σ. Let L be a timed language over
Σ. Then L is accepted by a CIDA over (Σ,Op) iff it is definable by a
TMSOc(Σ,Op) sentence. �

The rest of the chapter is devoted to a proof of the above theorem. We
first prove a result for MSOc which we will use in the proof.
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9.2 Continuous monadic second order logic

In this section we define a continuous version of Büchi’s monadic second-
order logic which is interpreted over finitely varying functions. We show that
the untiming of a function language defined by a sentence in the logic is
regular. We note that a similar result is due to Rabinovich [22], though the
techniques are different. Our approach is automata-theoretic, whereas in [22]
regularity is shown by a reduction to classical MSO.

We recall that for an alphabet A, Büchi’s monadic second order logic
(denoted here by MSOc(A)) is given as follows:

ϕ ::= Qa(x) | x ∈ X | x < y | ¬ϕ | (ϕ ∨ ϕ) | ∃xϕ | ∃Xϕ,

where a ∈ A, and x and X belong to the countable sets of first-order and
second-order variables, respectively.

We interpret a formula of the logic over a finitely varying function f in
func(A), along with an interpretation I with respect to f , which assigns to
a first order variable x, a value in [0, length(f)], and to a set variable X , a
finite subset of [0, length(f)].

We now define the semantics of MSOc(A). Given a formula ϕ ∈ MSOc(A),
f ∈ func(A) and an interpretation I with respect to f to the variables in ϕ,
the satisfaction relation f, I |= ϕ, is defined inductively as:

f, I |= Qa(x) iff f(I(x)) = a.
f, I |= x ∈ X iff I(x) ∈ I(X).
f, I |= x < y iff I(x) < I(y).
f, I |= ¬ϕ iff f, I 6|= ϕ.
f, I |= ϕ1 ∨ ϕ2 iff f, I |= ϕ1 or f, I |= ϕ2.
f, I |= ∃xϕ iff ∃t ∈ [0, length(f)] : f, I[t/x] |= ϕ.
f, I |= ∃Xϕ iff ∃B ⊆fin [0, length(f)] : f, I[B/X ] |= ϕ.

For a sentence ϕ in MSOc(A), we set the language defined by ϕ to be
F (ϕ) = {f ∈ func(A) | f |= ϕ}.

The following theorem relates MSOc and FSA’s.

Theorem 9.2 Given a sentence ϕ in MSOc(A), we can give a finite state
automaton Aϕ such that F (ϕ) = timing(Lsym(Aϕ)). �

In the rest of the section we present a proof of the above theorem.
We will represent models for formulas with free variables in them, as

functions with the interpretations built into them. We assume an order-
ing on the countable sets of first-order and second-order variables, given by
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x1, x2, · · · and X1, X2, · · · . For a formula ϕ with free variables among X =
{xi1 , · · · , xim} and Y = {Xj1, · · · , Xjn} (in order), we represent a function f

and an interpretation I as a function fX,YI : [0, length(f)] → A × {0, 1}m+n

given by fX,YI (t) = (f(t), b1, · · · , bm, c1, · · · , cn), where bk = 1 iff I(xik) = t
and ck = 1 iff t ∈ I(Xjk). Thus for a formula ϕ with free variables in (X, Y )
we have a notion of (X, Y )-models of ϕ.

We will prove the following lemma which will help us in the proof of the
theorem.

Lemma 9.1 Let ϕ be a MSOc(A) formula with free variables in X = {xi1 , · · · ,
xim} and Y = {Xj1, · · · , Xjn}. Let X ′ and Y ′ be finite sets of first and second
order variables which are supersets of X and Y respectively. Suppose that
we have an automaton A accepting the untiming of the (X, Y )-models of ϕ.
Then we can construct an automaton A′ accepting precisely the untiming of
(X ′, Y ′)-models of ϕ.

Proof Let A = (Q, s, δ, F ). We first construct an automaton A1, which con-
sists of two copies of the states of the above automaton with transitions only
between states of different copies, and accepts the set of odd length words
accepted by the original automaton (recall that a word which is the untiming
of some f is of odd length). A1 = (Q1, s1, δ1, F1), where Q1 = Q × {0, 1},
s1 = (s, 0), δ1 = {((p, 0), a, (q, 1)) | (p, a, q) ∈ δ}∪{((p, 1), a, (q, 0)) | (p, a, q) ∈
δ} and F1 = F × {1}.

Next we give an automaton A2 such that if w = a0b1a1 · · · blal is accepted
by A1 then a w′ obtained by replacing every bi by some bkii , where ki is odd,
is accepted by A2. Let δo = {((p, 1), a, (q, 0)) ∈ δ1}. A2 = (Q2, s2, δ2, F2),
where Q2 = Q1∪(δo×{0, 1}), s2 = s1, δ2 = δ1∪{(p, a, (e, 0)) | e = (p, a, q), e ∈
δo} ∪ {((e, 1), a, q) | e = (p, a, q), e ∈ δo} ∪ {((e, 0), a, (e, 1)) | e = (p, a, q), e ∈
δo} ∪ {((e, 1), a, (e, 0)) | e = (p, a, q), e ∈ δo}, and F2 = F1.

We give here the automaton A′ for the case when X ′ = X and Y ′ =
{Xj1, · · · , Xjn, Xjn+1}. However, we note that it can be easily extended to
any sets X ′ and Y ′. We construct the automaton A′ by replacing every
transition labelled by a symbol from A × {0, 1}m+n in A2 by transitions
corresponding to every possible extension of the symbol. A′ = (Q′, s′, δ′, F ′)
where δ′ = {(p, (i1, · · · , in, j1, · · · , jm, k), q) | (p, (i1, · · · , im, j1, · · · , jn), q) ∈
δ2, k ∈ {0, 1}}, Q′ = Q, s′ = s, and F ′ = F .

Finally we intersect the automaton with the automata Acanon and Avalid ,
where Acanon consists of words which are canonical, and Avalid consists of
words which have for every first-order variable exactly one symbol which has
a 1 in the component corresponding to it, and which satisfy the condition
that a symbol has a 1 in some component only if it occurs at an even position.
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�

We now give the automaton accepting the untiming of a function language
of a sentence. Given a formula ϕ ∈ MSOc(A), we inductively construct the
automaton AX,Y

ϕ , where X and Y contain exactly the free variables in ϕ, such
that its symbolic language consists of the untimings of the (X, Y )-models of
ϕ. We further argue that f, I |= ϕ iff untiming(fX,YI ) ∈ AX,Y

ϕ .
Let AX,Y

canon be the automaton which accepts canonical words over A ×
{0, 1}|X|+|Y |. Let AX,Y

valid be the automaton which accepts words over A ×
{0, 1}|X|+|Y | which have for every first-order variable in X exactly one symbol
which has a 1 in the component corresponding to it, and which satisfy the
condition that a symbol has a 1 in some component only if it occurs at an
even position.

1. ϕ = Qa(x): The automaton AX,Y
ϕ is the intersection of AX,Y

canon and

AX,Y
valid with:

(a, 1)

(−,−) (−,−)

2. ϕ = x1 < x2: The automaton AX,Y
ϕ is the intersection of AX,Y

canon and

AX,Y
valid with:

(−, 1, 0)

(−,−,−)

(−, 0, 1)

(−,−,−) (−,−,−)

3. ϕ = x ∈ X : The automaton AX,Y
ϕ is the intersection of AX,Y

canon and

AX,Y
valid with:

(−, 1, 1)

(−,−,−) (−,−,−)

4. ϕ = ¬η: Let AX,Y
η be the automaton for η. Then AX,Y

ϕ is the intersec-

tion of AX,Y
canon and AX,Y

valid with complement of AX,Y
η .
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5. ϕ = η ∨ ψ: Let AX′,Y ′

η be the automaton for η and let AX′′,Y ′′

ψ be
the automaton for ψ. Let (X, Y ) be the free variables in η ∨ ψ. We
can use the construction in Lemma 9.1 to get the automata AX,Y

η and

AX,Y
ψ , which accept the untimings of the (X, Y )-models of η and ψ

respectively. Then AX,Y
ϕ is the intersection of AX,Y

canon and AX,Y
valid with

the union of AX,Y
η and AX,Y

ψ .

6. ϕ = ∃xη: LetAX′,Y
η be the automaton for η, whereX ′ = (x, x1, · · · , xn).

Let X = (x1, · · · , xn).

Let w be a word of odd length over A and w′ be in A∗. Then w′ =
canonical(w) if w′ = a0b1a1 · · · bnan such that for no i is bi = ai = bi+1,
and w can be obtained from w′ by replacing each bi by b

ki
i for some odd

ki. Given a word w over A × {0, 1}n+m+1, we define proj (w) to be a
word over A× {0, 1}n+m, which projects away its x-component.

Proposition 9.1 Let f ∈ func(A) and I be an interpretation with re-

spect to f . Then untiming(fX,YI ) = canonical(proj (untiming(fX
′,Y

I ))).
�

We first project away the x-components of the labels on the transitions
in the automaton. We then use the construction in Lemma 9.1 used
for the construction of A1 to obtain the automaton A′. We now add
transitions ((p, 1), a, (q, 0)) if there exist transitions ((p, 1), a, (r, 0)),
((r, 0), a, (t, 1)) and ((t, 1), a, (q, 0)), repeatedly as done in Lemma 8.2
to get A′′. We intersect it with AX,Y

canon and AX,Y
valid to get AX,Y

ϕ .

7. ϕ = ∃Zη: The construction is similar to that of the previous case.

9.3 Proof of MSO characterization of CIDA’s

In this section we complete the proof of Theorem 9.1.
In the forward direction, we show that the class of languages defined

by CIDA’s over (Σ,Op) is a subset of the class of languages defined by
TMSOc(Σ,Op) sentences.

LetA = (Q, s, δ, F, inv) be a CIDA over (Σ,Op). We give a TMSOc(Σ,Op)
sentence ϕA such that L(A) = L(ϕA). The formula essentially checks for the
existence of a valid run of A over a timed word. Let δ = {e1, · · · , em} be the
set of transitions. We define the set consec ⊆ δ × δ, where (e, e′) ∈ consec
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if and only if there exists q such that e = (p, â, q) and e′ = (q, b̂, r). We
define below some abbreviations which will help us in the construction of the
formula ϕA.

• first(x) = ¬∃y(y < x),

• last(x) = ¬∃y(x < y),

• next(x, y,X) = x ∈ X ∧ y ∈ X ∧ ¬∃w(x < w ∧ w < y ∧ w ∈ X), and

• between(x, y, z) = x < y ∧ y < z.

We use action(x) for
∨

a∈ΣQa(x). Given a guard g over Op, we will
use g(x) to denote the TMSOc formula obtained by replacing every ∆I

in g by ∆I(x). The second order variables Xe1, · · · , Xem are used to cap-
ture the points in the timed words which correspond to the transitions
e1, · · · , em, respectively, and X to capture their union. ϕA is given by:
∃X∃Xe1 · · · ∃Xem(ϕ1 ∧ ϕ2 ∧ ϕ3 ∧ ϕ4 ∧ ϕ5 ∧ ϕ6 ∧ ϕ7 ∧ ϕ8), where:

1. ϕ1 says that X is the union of Xe1, · · · , Xem:

∀x((
∨

e∈δ

x ∈ Xe) ⇔ x ∈ X).

2. ϕ2 guarantees that the sets Xe1 , · · · , Xem are disjoint:

∀x
∧

i,j∈{1,··· ,m},i 6=j

(x ∈ Xei ⇒ x 6∈ Xej).

3. ϕ3 ensures that the time instant 0 belongs to the set corresponding to
some transition from the start state:

∀x(first(x) ⇒
∨

(s,â,q)∈δ

x ∈ X(s,â,q)).

4. ϕ4 ensures that the time of the last action of the timed word is in a set
corresponding to some transition into the final state:

∀x(last(x) ⇒
∨

(p,â,q)∈δ,q∈F

x ∈ X(p,â,q)).

5. ϕ5 says that any two consecutive points in the set X belong to consec-
utive transitions:

∀x∀y(next(x, y,X) ⇒
∨

(e,e′)∈consec

(x ∈ Xe ∧ y ∈ Xe′)).
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6. ϕ6 says that if a point in a timed word corresponds to a transition
labelled (a, g) where a ∈ Σ, then the timed word at that point contains
an a and satisfies the guard g:

∀x
∧

(p,(a,g),q)∈δ

(x ∈ X(p,(a,g),q) ⇒ (Qa(x) ∧ g(x))).

7. ϕ7 says that if a point in a timed word corresponds to a transition
labelled (ǫ, g), then the timed word at that point does not contain an
action and satisfies the guard g:

∀x
∧

(p,(ǫ,g),q)∈δ

(x ∈ X(p,(ǫ,g),q) ⇒ (¬action(x) ∧ g(x))).

8. ϕ8 says that all points which lie between the points corresponding to
two consecutive transition in the run of a timed word should not contain
any action and should satisfy the guard on the corresponding state:

∀x∀y∀z((next(y, z) ∧ between(y, x, z)) ⇒

(
∧

(p,â,q)∈δ

(y ∈ X(p,â,q) ⇒ (¬action(x) ∧ [inv(q)](x))))).

In the other direction we reduce a TMSOc formula to an MSOc formula,
and then factor through Theorem 9.2 to get an FSA for the untiming of its
language, from which we construct the required CIDA.

Let σ ∈ TΣ∗ and σ = (a1, t1) · · · (an, tn). Let G be a finite set of atomic
guards over Op. We define the function fGσ : [0, length(σ)] → 2G as: for
all t, fGσ (t) = {h′ | h′ ∈ G, σ, t |= h′}. Let (h0, I0)(h1, I1) · · · (h2m, I2m) be
the canonical interval representation of fGσ (recall the operators are finitely
varying). Let (Γ1,Γ2) be the proper symbolic alphabet based on G and let
Γ = Γ1 ∪ Γ2. We define the function fΓ

σ : [0, length(σ)] → Γ as follows. Let
t ∈ [0, length(σ)] and let t ∈ Ij. If t = ti for some i ∈ {i, · · · , n}, then
fΓ
σ (t) = (ai, hj), otherwise f

Γ
σ (t) = (ǫ, hj) if j is even, and fΓ

σ (t) = hj if j is
odd. Note that σ ∈ tw(fΓ

σ ).

Let ϕ ∈ TMSOc(Σ,Op) and let G = {∆I |∆I(x) is a subformula of ϕ}.
Let (Γ1,Γ2) be the proper alphabet over (Σ,Op) based on G, and let Γ =
Γ1 ∪ Γ2. We now give the function tmso-mso, which maps a TMSOc(Σ,Op)
formula ϕ to an MSOc(Γ) formula. We define tmso-mso, inductively as
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follows:

tmso-mso(Qa(x)) =
∨

(a,h)∈ΓQ(a,h)(x).

tmso-mso(∆I(x)) =
∨

(c,h)∈Γ,∆I∈hQ(c,h)(x) ∨
∨

h∈Γ,∆I∈hQh(x).

tmso-mso(x ∈ X) = x ∈ X.
tmso-mso(x < y) = x < y.
tmso-mso(¬ψ) = ¬tmso-mso(ψ).
tmso-mso(η ∨ ψ) = tmso-mso(η) ∨ tmso-mso(ψ).
tmso-mso(∃xψ) = ∃xtmso-mso(ψ).
tmso-mso(∃X ψ) = ∃Xtmso-mso(ψ).

Lemma 9.2 Let σ ∈ TΣ∗ and I be an interpretation to the variables in ϕ
with respect to σ. Let f ∈ func(Γ) such that σ ∈ tw(f). Then σ, I |= ϕ iff
f, I |= tmso-mso(ϕ).

Proof If σ, I |= Qa(x), then there exists i such that ti = I(x) and ai = a.
Since σ is in tw(f), we have that f(ti) = (ai, h) for some set of atomic guards
h. But then f(I(x)) = (a, h) and hence f, I |= Q(a,h)(x).

Now suppose σ, I |= ∆I(x). Then ∆(σ, I(x))∩ I 6= ∅. Therefore σ, I(x) |=
∆I , and it follows that f(I(x)) = (a, h) or (ǫ, h) or h where ∆I ∈ h. �

Lemma 9.3 Let ϕ be a sentence in TMSOc(Σ,Op). Then we have L(ϕ) =
tw(F (tmso-mso(ϕ))).

Proof Let tmso-mso(ϕ) = ϕ̃. Suppose σ ∈ tw(F (ϕ̃)). Then there exists f
such that σ ∈ tw(f) and f ∈ F (ϕ̃). Hence f |= ϕ̃, which implies that σ |= ϕ
from Lemma 9.2. Therefore σ ∈ L(ϕ).

Suppose σ ∈ L(ϕ). Then σ |= ϕ. Since σ ∈ tw(fΓ
σ ), f

Γ
σ |= ϕ̃. Hence

fΓ
σ ∈ F (ϕ̃). Therefore, σ ∈ tw(F (ϕ̃)). �

TMSOc − ϕ

MSOc − ϕ̃ FSA −Aϕ̃

CIDA−A′

Figure 9.1: Route for going from TMSOc to CIDA.
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We can now complete the proof of Theorem 9.1 by taking the route
in Figure 9.1. From Lemma 9.3, we have L(ϕ) = tw(F (ϕ̃)), where ϕ̃ =
tmso-mso(ϕ). There exists an FSA Aϕ̃ such that timing(Lsym(Aϕ̃)) = F (ϕ̃)
by Theorem 9.2. Hence L(ϕ) = tw(timing(Lsym(Aϕ̃))). Now Lsym(Aϕ̃) ∩
Γ1 · (Γ2 · Γ1)

∗ is a CIDA-language. Hence we have a CIDA B with the same
symbolic language. Further, since the symbolic words not in Γ1 · (Γ2 · Γ1)

∗

do not contribute any timed words, we have that tw(timing(Lsym(B))) =
tw(timing(Lsym(Aϕ̃))). Therefore L(B) = tw(timing(Lsym(B))) = tw(timing
(Lsym(Aϕ̃))) = L(ϕ) and hence B is our required CIDA.



Chapter 10

A logical characterization of
rec-CIDA’s

In this chapter we introduce the recursive versions of CIDA’s and TMSOc,
and show that the recursive logics characterize the recursive automata.

10.1 Recursive continuous input-determined

automata

We now consider “recursive” CIDA’s. The main motivation is to increase
the expressive power of our automata, as well as to characterize the expres-
siveness of recursive temporal logics which occur naturally in the real-time
settings.

We define a recursive input-determined operator ∆ over an alphabet Σ as
a partial function from (2R≥0×TΣ∗×R≥0) to 2

R≥0, which is defined for tuples
(X, σ, t) where X ⊆ R≥0, σ ∈ TΣ∗ and t ∈ [0, length(σ)]. Given a recursive
operator ∆ and a set X ⊆ R≥0, we denote by ∆X , the operator whose
semantics is given by ∆X(σ, t) = ∆(X, σ, t). We call a set X ⊆ R≥0 finitely
varying if its characteristic function in the interval [0, r] is finitely varying
for all r. The characteristic function of X in an interval [0, r], denoted f rX is
given by f rX(t) = 1 iff t ∈ X . We call a recursive operator ∆ finitely varying
if for every finitely varying set X , ∆X is a finitely varying operator.

Given a timed word σ in TΣ∗ and a t ∈ [0, length(σ)] we call the pair
(σ, t) a floating timed word over Σ. A floating timed language is then a set of
floating timed words. We will use the notation Σ′ for (Σ∪{ǫ})×{0, 1}. Given
σ′ ∈ TΣ′∗, we denote by σ the timed word obtained from σ′ by projecting
away the {0, 1} component from each pair and then dropping any ǫ’s in the
resulting word. A timed word σ′ over the alphabet Σ′ which contains exactly

89
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one symbol from (Σ ∪ {ǫ})× {1}, and whose last symbol is from Σ× {0, 1},
defines the floating timed word (σ, t) where t is the time of the unique action
which has a 1-extension. We use fw to denote the (partial) map which given a
timed word σ′ over Σ′ returns (σ, t), and extend it to apply to timed languages
over Σ′ in a natural way.

Let Σ be an alphabet and Op be a set of input determined operators.
Given ∆ ∈ Op, we use the notation ∆′ for the operator over Σ′ with the
semantics ∆′(σ′, t) = ∆(σ, t). We use the notation Op ′ to denote the set
{∆′ |∆ ∈ Op}. We now define a floating CIDA over (Σ,Op) to be a CIDA
over (Σ′,Op′). We define the floating language of a floating CIDA B, denoted
Lfl(B), as fw(L(B)).

We define recursive continuous input determined automata (rec-CIDA’s)
and floating recursive continuous input determined automata (frec-CIDA’s)
over an alphabet Σ and a set of recursive operators Rop based on Σ. These
are, respectively, the union of level i rec-CIDA’s and level i frec-CIDA’s for
i ∈ N, which are defined inductively as follows:

• A level 0 rec-CIDA A is a CIDA over Σ that uses only the guard ⊤. It
accepts the timed language L(A). A level 0 frec-CIDA B is a floating
CIDA over Σ which uses only the guard ⊤. It accepts the floating
language Lfl(B).

• Let C be a finite collection of frec-CIDA’s of level i or less over (Σ,Rop).
Let Op be the set of operators {∆B |∆ ∈ Rop,B ∈ C}, where the
semantics of each ∆B is defined as follows. Let pos(σ,B) = {t ∈
[0, length(σ)] | (σ, t) ∈ Lfl(B)}. Then ∆B(σ, t) = ∆(pos(σ,B), σ, t).
We say that an operator ∆B is of level j if B is a level j frec-CIDA.

A level i + 1 rec-CIDA(Σ,Rop) is a CIDA(Σ,Op) which uses at least
one operator of level i. And a level i+1 frec-CIDA(Σ,Rop) is a floating
CIDA(Σ,Op) which uses at least one operator of level i.

Example 10.1 Figure 10.1 give a rec-CIDA based on the recursive operator
♦, which accepts the timed language over {b, c} consisting of timed words
which contain a point corresponding to no action such that there is a b at
distance one from it which is immediately followed by a c. Given a set X,
♦X is the input-determined operator which maps (σ, t) to the set of distances
to the points in X which are after t. For example the following timed word
is accepted by the rec-CIDA.

0 1 2

b c

1
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(−,⊤) (−,⊤)

(ǫ,♦
[1,1]
B

)

(−,⊤) (−,⊤)

((b, 1),⊤) ((c, 0),⊤)

A :

B :

Figure 10.1: Example of a rec-CIDA

The frec-CIDA B accepts the floating timed language consisting of floating
words (σ, t) such that the timed word σ contains a b at time t and is imme-
diately followed by a c. The rec-CIDA A then accepts a timed word σ if it
contains no action at some time t and the floating timed word (σ, t + 1) is
accepted by B.

10.2 Recursive timed monadic second order

logic

In this section we introduce the recursive version of TMSOc. The logic is
parameterized by an alphabet Σ and a set of recursive operators Rop, and
denoted by rec-TMSO c(Σ,Rop). Given an alphabet Σ and a set of recur-
sive operators Rop, the set of formulas of rec-TMSO c(Σ,Rop) are defined
inductively as:

ϕ ::= Qa(x) |∆
I
ψ(x) | x < y | x ∈ X | ¬ϕ |ϕ ∨ ϕ | ∃xϕ | ∃Xϕ,

where a ∈ Σ, ∆ ∈ Rop, I ∈ IQ and ψ is a rec-TMSO c formula with a single
free variable z.

The logic is interpreted over timed words in TΣ∗. If ϕ contains no predi-
cates of the form “∆I

ψ(x)”, then σ, I |= ϕ is defined as for TMSOc. Inductively
we assume that σ, I |= ψ is defined where ψ has a single free variable z. Let
pos(σ, ψ) = {t | σ, [t/z] |= ψ} be the set of interpretations of z which make
ψ true in σ. We then consider ∆ψ as an input-determined operator with
the semantics ∆ψ(σ, t) = ∆(pos(σ, ψ), σ, t). The rest of the interpretation is
similar to TMSOc. We note that each rec-TMSO c(Σ,Rop) formula can be
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viewed as a TMSOc(Σ,Op) formula, where Op is the set of ∆ψ’s which have
a top-level occurrence, i.e., they are not in the scope of any other ∆ operator.

We now define the level of a rec-TMSO c(Σ,Rop) formula.

• A level 0 rec-TMSO c(Σ,Rop) formula is a formula in TMSOc(Σ, ∅).

• Let C be the set of rec-TMSO c(Σ,Rop) formulas of level i or less with
exactly one free variable z. Then a level i+ 1 rec-TMSO c(Σ,Rop) for-
mula is a formula in TMSOc(Σ,Op), where Op = {∆ψ |∆ ∈ Rop, ψ ∈
C}, which uses at least one level i operator, i.e., operator of the form
∆ψ where ψ is a level i formula.

Note that a variable z which is free in ψ is not free in the formula ∆I
ψ(x). A

rec-TMSO c(Σ,Rop) sentence ϕ defines the language L(ϕ) = {σ ∈ TΣ∗ | σ |=
ϕ}. A rec-TMSO c(Σ,Rop) formula ψ with one free variable z defines the
floating language Lfl(ψ) = {(σ, t) | σ, [t/z] |= ψ}.

Example 10.2 We give a rec-TMSO c sentence based on the recursive input-
determined operator ♦ which defines the timed language in Example 10.1.
The formula ψ with one free variable z defines the floating timed language
accepted by B. And the sentence ϕ defines the timed language of A. ψ is
given by Qb(z) ∧ ∃x(z < x ∧ Qc(x) ∧ ¬∃y(z < y ∧ y < x ∧ Qb(y))) and ϕ is

given by ∃x(¬Qb(x) ∧ ¬Qc(x) ∧ ♦
[1,1]
ψ (x)).

10.3 MSO characterization of rec-CIDA

In this section we show that rec-TMSO c characterizes rec-CIDA’s. We first
show the equivalence of floating CIDA’s and TMSOc formulas with one free
variable. Also, we show that TMSOc formulas with one free variable are
finitely varying. We then use the above results in showing the MSO charac-
terization of rec-CIDA’s.

10.3.1 Relating floating CIDA’s and TMSOc

We first show the equivalence of the class of floating timed languages accepted
by floating automata and that definable by TMSOc formulas with one free
variable.

Lemma 10.1 Let L be a floating timed language over an alphabet Σ. Let
Op be a set of finitely varying operators based on Σ. Then L = Lfl(B) for
some floating-CIDA B over (Σ,Op) iff L = Lfl(ψ) for some TMSOc(Σ,Op)
formula ψ with one free variable.
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Proof (⇒) Let B = (Q, s, δ, F, inv) be a floating CIDA over (Σ,Op) such
that L = Lfl(B). Then B is a CIDA over (Σ′,Op ′). Let δ = {e1, · · · , em}.
We now give the TMSOc(Σ,Op) formula ψB with one free variable z such
that Lfl(B) = Lfl(ψB). The construction of the formula is similar to that
of Theorem 9.1 except for the following changes. Let g(x) be the TMSOc

formula obtained from g by replacing each ∆′I in it by ∆I(x). We replace
ϕ6 and ϕ7 by the following and take the conjunction of the resulting formula
with ϕ9.

ϕ6 : ∀x
∧

(p,((a,i),g),q)∈δ

(x ∈ X(p,((a,i),g),q) ⇒ (Qa(x) ∧ g(x))).

ϕ7 : ∀x
∧

(p,(ǫ,g),q)∈δ

(x ∈ X(p,(ǫ,g),q) ⇒ (¬action(x) ∧ g(x)))∧

∀x
∧

(p,((ǫ,i),g),q)∈δ

(x ∈ X(p,((ǫ,i),g),q) ⇒ (¬action(x) ∧ g(x))).

ϕ9 : ∀x((
∨

(p,((c,1),g),q)∈δ

x ∈ X(p,((c,1),g),q)) ⇔ x = z).

(⇐) In the other direction, let ψ be a formula in TMSOc(Σ,Op) with one
free variable z. Let (Γ1,Γ2) be the proper symbolic alphabet over (Σ,Op)
based on the set of atomic guards G in ψ. Let Γ = Γ1 ∪ Γ2. We obtain from
Lemma 9.2 that σ, [t/z] |= ψ iff f, [t/z] |= tmso-mso(ψ), where σ ∈ TΣ∗,
f ∈ func(Γ) and σ ∈ tw(f). We can now use the construction in Theorem
9.2 to build the automaton AX,Y

ψ , where X = {z} and Y = ∅, such that it

contains the untimings of fX,Y[t/z] , where f, [t/z] |= ψ. The automaton is over

the alphabet Γ × {0, 1}, and every symbol in it is of the form ((c, h), i) or
(h, i), where c ∈ Σ∪{ǫ}, h ⊆ G and i ∈ {0, 1}. But it can be seen that words
which are the untiming of some fX,YI start and end with symbols of the form
((c, h), i) and alternate between those of the form ((c, h), i) and (h, 0). Hence
we intersect the FSA with an automaton which removes such words. Note
that this does not alter the floating timed language obtained by first timing
the words, then interpreting them as pairs (f, t) and finally extracting the
floating timed words. Therefore it accepts the floating timed language of
ψ. Next we replace in the resulting automaton every ((c, h), i) by ((c, i), h′′),
and (h, i) (note that we have removed (h, i)’s where i is 1) by h′′, where
h′′ is obtained from h by replacing every operator ∆ by ∆′. Since this is a
CIDA language over (Σ′,Op′), we can give a proper CIDA(Σ′,Op′) whose
symbolic language is the same. Hence we can give a CIDA(Σ′,Op ′) whose
timed language is the same. This can be viewed as a floating CIDA(Σ,Op).
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We can now argue that the floating timed language of this floating CIDA is
same as that of ψ. �

10.3.2 Finite variability of TMSOc

We now prove the finite variability of TMSOc formulas. We call a formula ψ
in TMSOc(Σ,Op) with one free variable finitely varying if for every σ ∈ TΣ∗,
pos(σ, ψ) is a finitely varying set. If we can show that ψ is finitely varying,
then the operator ∆ψ, where ∆ is a finitely varying recursive operator, would
be finitely varying.

Lemma 10.2 Let Σ be an alphabet and Op be a set of finitely varying op-
erators. Every formula ψ ∈ TMSOc(Σ,Op) with a single free variable z is
finitely varying.

Proof Let σ ∈ TΣ∗ and let X = pos(σ, ψ). To show the finite variability

of ψ, we need to show that f
length(σ)
X , the characteristic function of X in

the interval [0, length(σ)] is finitely varying. We will show that the interval

sequences of the canonical interval representations of the functions f
length(σ)
X

and fΓ
σ are the same, where Γ = Γ1 ∪ Γ2 and (Γ1,Γ2) is the proper symbolic

alphabet over (Σ,Op) based on G, the set of atomic guards in ψ. Let the
canonical interval representation of fΓ

σ be (a0, I0) · · · (a2n, I2n). We will show
that if t1, t2 ∈ Ii then t1 ∈ pos(σ, ψ) iff t2 ∈ pos(σ, ψ). This is because t1 ∈
pos(σ, ψ) iff σ, [t1/z] |= ψ iff fΓ

σ , [t1/z] |= tmso-mso(ψ) iff untiming(fΓ
σ [t1/z]

) ∈

Atmso-mso(ψ) iff untiming(fΓ
σ [t2/z]

) ∈ Atmso-mso(ψ) (since untiming(fΓ
σ [t1/z]

) =

untiming(fΓ
σ [t2/z]

)) iff fΓ
σ , [t2/z] |= tmso-mso(ψ) iff σ, [t2/z] |= ψ iff t2 ∈

pos(σ, ψ). �

10.3.3 rec-TMSOc characterizes rec-CIDA’s

The following theorem states that rec-TMSO c characterizes rec-CIDA’s. We
also obtain from the proof of the theorem that there is a level by level corre-
spondence between the automata and logics.

Theorem 10.1 Let Σ be a finite alphabet and let Rop be a set of finitely
varying recursive operators over Σ. Then L ⊆ TΣ∗ is accepted by a rec-CIDA
over (Σ,Rop) iff L is definable by a rec-TMSO c(Σ,Rop) sentence.
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Proof We will show that for each i, the class of rec-CIDA’s of level i
correspond to the sentences of rec-TMSO c of level i. We will use induction
on the level of automata and formulas to argue that

1. L ⊆ TΣ∗ is accepted by a level i rec-CIDA(Σ,Rop) iff L is definable
by a level i rec-TMSO c(Σ,Rop) sentence ϕ.

2. A floating timed language L over Σ is accepted by a level i frec-CIDA
over (Σ,Rop) iff L is definable by a level i rec-TMSO c(Σ,Rop) formula
ψ with one free variable.

3. Level i rec-TMSO c(Σ,Rop) formulas with one free variable and level i
frec-CIDA(Σ,Rop)’s are finitely varying. A B ∈ frec-CIDA(Σ,Rop) is
called finitely varying if pos(σ,B) is finitely varying for every σ ∈ TΣ∗.

For the base case of the first part of the claim, we consider level 0 au-
tomata and formulas. They correspond to CIDA(Σ, ∅)’s and TMSOc(Σ, ∅)
sentences, which by Theorem 9.1 are expressively equivalent.

For the second part of the claim we consider level 0 frec-CIDA(Σ,Rop)’s
and rec-TMSO c(Σ,Rop) formulas with one free variable, which correspond
to floating CIDA(Σ, ∅)’s and TMSOc(Σ, ∅) formulas with one free variable,
which are expressively equivalent by Lemma 10.1.

The level 0 rec-TMSO c(Σ,Rop) formulas with one free variable are finitely
varying by Lemma 10.2, and hence the level 0 frec-CIDA(Σ,Rop)’s are finitely
varying.

Turning now to the induction step, let A be a level i+ 1 rec-CIDA over
(Σ,Rop). Then it is a CIDA(Σ,Op) for some set of level i or less operators
Op, with at least one level i operator. The operators in Op are finitely
varying, since they are formed from a finitely varying recursive operator and
a level i or less frec-CIDA which by induction hypothesis is finitely varying.
From Theorem 9.1, we can get an equivalent TMSOc(Σ,Op) sentence. For
each ∆B ∈ Op, B is a level j rec-CIDA(Σ,Rop) for some j < i+1. Hence by
induction hypothesis there exists a level j rec-TMSO c(Σ,Op) formula with
one free variable such that Lfl(ψ) = Lfl(B). Hence pos(σ, ψ) = pos(σ,B).
Therefore the semantics of the operators ∆B and ∆ψ are the same, and hence
we can replace ∆B by ∆ψ to get a level i+ 1 rec-TMSO c(Σ,Op) sentence.

Conversely, let ϕ be a level i + 1 sentence in rec-TMSO c(Σ,Rop). It is
then a TMSOc(Σ,Op) formula for some set of level i or less operators Op.
The operators are finitely varying by induction hypothesis. By Theorem 9.1,
we can get an equivalent CIDA(Σ,Op). Now we can replace each ∆ψ in Op
by ∆B, where the floating timed languages of ψ and B are same, which exists
by Lemma 10.1.
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The arguments for inductive part of the second claim are similar.
Now turning to the third claim, let ψ be a level i+1 rec-TMSO c(Σ,Rop)

formula with one free variable. It is then a TMSOc(Σ,Op) formula with
one free variable for some set of operators Op formed by finitely varying
recursive operators and level i or less rec-TMSO c formulas. Hence by in-
duction hypothesis, the operators in Op are finitely varying. From Lemma
10.2, the formula ψ itself in finitely varying. Further, for every level i + 1
frec-CIDA(Σ,Rop) we can give a floating timed language equivalent level
i + 1 rec-TMSO c(Σ,Rop) formula with one free variable. Hence level i + 1
frec-CIDA(Σ,Rop) are finitely varying. �



Chapter 11

Expressive completeness of
MTL

c
S and MTL

c
SI

In this chapter we show the expressive completeness of linear-time temporal
logics based on input determined operators, and their recursive versions.
From this we will be able to infer the expressive completeness of MTLS and
MTLSI

in the continuous semantics.

11.1 Continuous timed linear temporal logic

In this section we identify a natural, expressively complete, timed linear
temporal logic based on a set of input-determined operators. The logic is
denoted TLTLc(Σ,Op), parameterized by the alphabet Σ and the set of
input-determined operators Op over Σ. The formulas of TLTLc are given
by:

θ ::= a |∆I | (θUθ) | (θSθ) | ¬θ | (θ ∨ θ),

where a ∈ Σ, ∆ ∈ Op and I ∈ IQ. We interpret TLTLc(Σ,Op) formulas
over timed words over Σ. Let ϕ be a TLTLc(Σ,Op) formula. Let σ ∈ TΣ∗,
with σ = (a1, t1) · · · (an, tn), and let t ∈ [0, length(σ)]. Then the satisfaction
relation σ, t |= ϕ is given by:

σ, t |= a iff ∃i : ti = t, ai = a.
σ, t |= ∆I iff ∆(σ, t) ∩ I 6= ∅.
σ, t |= θUη iff ∃t′ : t < t′ ≤ length(σ), σ, t′ |= η, ∀t′′ : t < t′′ < t′, σ, t′′ |= θ.
σ, t |= θSη iff ∃t′ : 0 ≤ t′ < t, σ, t′ |= η, and ∀t′′ : t′ < t′′ < t, σ, t′′ |= θ.
σ, t |= ¬θ iff σ, t 6|= θ.
σ, t |= (θ ∨ η) iff σ, t |= θ or σ, t |= η.

97
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The language defined by a TLTLc(Σ,Op) formula θ is given by L(θ) = {σ ∈
TΣ∗ | σ, 0 |= θ}.

11.2 TFO
c characterizes TLTL

c

In this section we show that TLTLc is expressively equivalent to the first-order
fragment of TMSOc. Let us denote by TFOc(Σ,Op) the first order fragment
of TMSOc(Σ,Op) (i,e, the fragment we get by disallowing quantification over
set variables). The logics TLTLc and TFOc are expressively equivalent in the
following sense:

Theorem 11.1 Let Σ be an alphabet and Op be a set of finitely varying
input-determined operators over Σ. A timed language L ⊆ TΣ∗ is defin-
able by a TLTLc(Σ,Op) formula θ iff it is definable by a sentence ϕ in
TFOc(Σ,Op).

Proof (⇒) Given a TLTLc(Σ,Op) formula θ we can associate with it a
TFOc(Σ,Op) formula ϕ with a single free variable z, such that σ, t |= θ
iff σ, [t/z] |= ϕ. This can be done in a straightforward inductive manner
as follows. For the atomic formulas a and ∆I , we can take ϕ to be Qa(z)
and ∆I(z) respectively. In the inductive step, assuming we have already
translated θ1 and θ2 into η and ψ respectively, such that they do not use the
variables x and y, we can translate θ1Uθ2 into

∃x(z < x ∧ ψ[x/z] ∧ ∀y((z < y ∧ y < x) ⇒ η[y/z])).

Here ψ[x/z] denotes the standard substitution of the free variable z by x in
ψ. We can similarly write the translations for S and the boolean operators.
It is not difficult to verify that if ϕ is the above translation of θ then σ, t |= θ
iff σ, [t/z] |= ϕ. It also follows that σ, 0 |= θ iff σ satisfies the sentence ϕ0

given by ∀z(first(z) ⇒ ϕ). Hence we have that L(θ) = L(ϕ0).

(⇐) Let ϕ be a TFOc(Σ,Op) sentence. Let (Γ1,Γ2) be the proper sym-
bolic alphabet over (Σ,Op) based on G = {∆I |∆I(x) is a subformula of ϕ}.
Let Γ = Γ1 ∪ Γ2 and let σ ∈ TΣ∗.

We first give a translation from an LTLc(Γ) formula θ to a TLTLc(Σ,Op)
formula ltl -tltl(θ) such that σ satisfies ltl -tltl(θ) iff fΓ

σ satisfies θ. In the
translations of (ǫ, h) and h, we make sure that (ǫ, h) corresponds to a point
of discontinuity whereas h does not.



11.2. TFOC
CHARACTERIZES TLTLC 99

Let a ∈ Σ, h ⊆ G and (a, h) ∈ Γ. Let gGh =
∧

h′∈h h
′ ∧

∧

h′∈G−h ¬h
′.

ltl -tltl((a, h)) = a ∧ gGh .
ltl -tltl((ǫ, h)) = ¬

∨

a∈Σ a ∧ g
G
h ∧ ¬(gGh Sg

G
h ∧ gGh Ug

G
h ).

ltl -tltl(h) = ¬
∨

a∈Σ a ∧ g
G
h ∧ (gGh Sg

G
h ∧ gGh Ug

G
h ).

ltl -tltl(θUη) = ltl -tltl(θ)U ltl -tltl(η).
ltl -tltl(θSη) = ltl -tltl(θ)Sltl -tltl(η).
ltl -tltl(¬θ) = ¬ltl -tltl(θ).
ltl -tltl(θ ∨ η) = ltl -tltl(θ) ∨ ltl -tltl(η).

Lemma 11.1 Let σ ∈ TΣ∗ and let θ ∈ LTLc(Γ). Then fΓ
σ , t |= θ iff

σ, t |= ltl -tltl(θ). �

We complete the proof by factoring through Kamp’s result for classical
LTLc. Recall that the syntax of LTLc(A) is given by:

θ ::= a | (θUθ) | (θSθ) | ¬θ | (θ ∨ θ),

where a ∈ A. The logic is interpreted over finitely varying functions f ∈
func(A). Given t ∈ [0, length(f)] and θ ∈ LTLc(A), the satisfaction relation
f, t |= θ is inductively defined as:

f, t |= a iff f(t) = a.
f, t |= θUη iff ∃t′ : t < t′ ≤ length(f), f, t′ |= η, ∀t′′ : t < t′′ < t′, f, t′′ |= θ.
f, t |= θSη iff ∃t′ : 0 ≤ t′ < t, f, t′ |= η, ∀t′′ : t′ < t′′ < t, f, t′′ |= θ.
f, t |= ¬θ iff f, t 6|= θ.
f, t |= (θ ∨ η) iff f, t |= θ or f, t |= η.

The language defined by an LTLc(A) formula θ is given by F (θ) = {f ∈
func(A)| f, 0 |= θ}. Let FOc(A) denote the first order fragment of MSOc(A).
Then the result due to Kamp [14] states that:

Theorem 11.2 ([14]) A language of finitely varying functions over A is de-
finable by an LTLc(A) formula θ iff it is definable by a FOc(A) sentence ϕ. �

We now put everything together, following the route in Figure 11.1. The
function tmso-mso maps a TFOc(Σ,Op) formula to an FOc(Γ) formula. And
it follows from Lemma 9.2 that fΓ

σ |= tmso-mso(ϕ) iff σ |= ϕ.
By Kamp’s result, there exists a mapping fo-ltl which maps a FOc(Γ) for-

mula to an equivalent LTLc(Γ) formula. Hence F (tmso-mso(ϕ)) = F (fo-ltl(
tmso-mso(ϕ))) and therefore fΓ

σ |= tmso-mso(ϕ) iff fΓ
σ |= fo-ltl(tmso-mso(ϕ)).



100CHAPTER 11. EXPRESSIVE COMPLETENESS OFMTLC
S ANDMTLC

SI

FOc − ϕ̃ LTL− θ

TFOc − ϕ TLTLc − θ̃

Figure 11.1: Route taken to go from TFOc to TLTLc.

Finally we have from Lemma 11.1 that σ |= ltl -tltl(fo-ltl(tmso-mso(ϕ)))
iff fΓ

σ |= fo-ltl(tmso-mso(ϕ)).

Thus we have σ |= ϕ iff fΓ
σ |= tmso-mso(ϕ) iff fΓ

σ |= fo-ltl(tmso-mso(ϕ))
iff σ |= ltl -tltl(fo-ltl(tmso-mso(ϕ))). This proves Theorem 11.1, since L(ϕ) =
L(ltl -tltl(fo-ltl(tmso-mso(ϕ)))). �

11.3 rec-TFO c characterizes rec-TLTLc

We now define a recursive timed temporal logic along the lines of [9] and
show that it is expressively complete. It is similar to the logic TLTLc, and
is parameterized by an alphabet Σ and a set of recursive input determined
operators Rop, and is denoted rec-TLTLc(Σ,Rop). The syntax of the logic
is given by

θ ::= a |∆I
θ | (θUθ) | (θSθ) | ¬θ | (θ ∨ θ),

where a ∈ Σ, ∆ ∈ Rop and I ∈ IQ.

The logic is interpreted over timed words in a manner similar to TLTLc.
The predicate ∆I

θ is interpreted as follows. If θ does not use a ∆ predicate,
then the satisfaction relation σ, t |= θ is defined as for TLTLc. Inductively as-
suming the semantics of rec-TLTLc(Σ,Rop) formula θ has been defined, and
setting pos(σ, θ) = {t ∈ R≥0 | σ, t |= θ}, the operator ∆θ is interpreted as an
input determined operator with the semantics, ∆θ(σ, t) = ∆(pos(σ, θ), σ, t).
The satisfaction relation σ, t |= ∆I

θ is then defined as for TLTLc.

Once again, since ∆θ behaves like an input determined operator, each
formula in rec-TLTLc(Σ,Rop) is also a TLTLc(Σ,Op) formula, for an appro-
priately chosen set of input determined operators Op, containing operators of
the form ∆θ. We define the level of a TLTLc(Σ,Op) formula in the expected
way. A rec-TLTLc formula naturally defines both a timed language L(θ) =
{σ ∈ TΣ∗ | σ, 0 |= θ} and a floating language Lfl(θ) = {(σ, t) | σ, t |= θ}.
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Let us use rec-TFOc(Σ,Rop) to denote the first order fragment of the
logic rec-TMSO c(Σ,Rop). Then we have the following expressiveness result:

Theorem 11.3 Let Σ be an alphabet and Rop be a set of finitely varying
recursive operators. Then rec-TLTLc(Σ,Rop) is expressively equivalent to
rec-TFOc(Σ,Rop).

Proof We show by induction on i that

1. A timed language L ⊆ TΣ∗ is definable by a level i rec-TLTLc(Σ,Rop)
formula iff it is definable by a level i rec-TFOc(Σ,Rop) sentence.

2. A floating timed language over Σ is definable by a rec-TLTLc(Σ,Rop)
formula of level i iff it is definable by a level i rec-TFOc(Σ,Rop) formula
with one free variable.

3. Level i rec-TLTLc(Σ,Rop) formulas and level i rec-TFOc(Σ,Rop) for-
mulas with one free variable are finitely varying. A rec-TLTLc(Σ,Rop)
formula θ is finitely varying if pos(σ, θ) is finitely varying for every σ.

We need to make use of the following result due to Kamp:

Theorem 11.4 ([14]) For any FOc(A) formula ψ with one free variable z,
there is an LTLc(A) formula θ such that for each f ∈ func(A) and t ∈
[0, length(f)], f, [t/z] |= ψ iff f, t |= θ.

The proof is now similar to Theorem 10.1 and uses Theorem 11.1. �

11.4 Expressive completeness of MTL

In this section we show that MTLc
S and MTLc

SI
are expressively complete

with respect to CIDA’s based on a suitably defined set of operators.
We first identify recursive timed temporal logics corresponding to MTLS

and MTLc
S. We define below the semantics of the recursive operators ♦ and

♦-.
♦(X, σ, t) = {t′ − t | t′ ≥ t, t′ ∈ X}.
♦-(X, σ, t) = {t− t′ | t′ ≤ t, t′ ∈ X}.

Lemma 11.2 MTLc
S over Σ and rec-TLTLc(Σ, {♦}) define the same class

of timed languages.
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Proof We first observe that MTLc
S(Σ) is expressively equivalent to its

sublogic MTLc
S
♦(Σ) in which the modality UI is replaced by the modali-

ties U and ♦I . We give below the translation for UI . We use 〉 to denote )
or ].

θUIη =















♦Iη ∧ ¬♦(0,a)¬θ ∧ ♦[a,a](η ∨ (θ ∧ (θUη))) if I = [a, b〉, a > 0
♦Iη ∧ ¬♦(0,a]¬θ ∧ ♦[a,a](θUη) if I = (a, b〉, a > 0
♦Iη ∧ (η ∨ (θUη)) if I = [0, b〉
♦Iη ∧ (θUη) if I = (0, b〉

We define the level of an MTLc
S
♦ formula as the depth of the ♦ nesting in

the formula. For example ♦(a∧♦b∧♦♦c) has depth 3. It can now be shown
that the class of timed languages defined by level i MTLc

S
♦ formulas over Σ

and level i rec-TLTLc(Σ, {♦}) formulas are equivalent. The semantics of ♦Iη
and ♦Iη

′ are the same, where η is an MTLc
S
♦ formula and η′ is an equivalent

rec-TLTLc formula of the same level. �

We can similarly see that:

Lemma 11.3 MTLc
SI

over Σ and rec-TLTLc(Σ, {♦,♦-}) define the same class
of timed languages. �

We now prove that the recursive operators ♦ and ♦- are finitely varying.

Lemma 11.4 The recursive input-determined operators ♦ and ♦- are finitely
varying.

Proof Let X be a finitely varying set, and let I ∈ IQ and I = 〈l, r〉. Let
σ be a timed word. We will show that ♦X is a finitely varying operator.
Consider the set X ′ = {t − l | t ∈ X} ∪ {t − r | t ∈ X} ∪ X . X ′ is also
a finitely varying set. We can now argue in a straightforward manner that
between two consecutive points in X ′ the satisfiability of ♦IX does not change
in σ. For the proof for finite variability of ♦- we need to consider the set
X ′′ = {t+ l | t ∈ X} ∪ {t+ r | t ∈ X} ∪X . �

The following theorem states the expressive completeness of MTLc
S and

MTLc
SI
, which follows immediately from Theorem 11.3 and Lemmas 11.3 and

11.4.

Theorem 11.5 MTLc
S(Σ) is expressively equivalent to rec-TFOc(Σ, {♦})

and MTLc
SI
(Σ) is expressively equivalent to rec-TFOc(Σ, {♦,♦-}). �



Chapter 12

Conclusion

In this chapter we summarize the work in the thesis and put forward some
open problems which need to be explored.

12.1 Summary

In this thesis we have addressed the issues concerning the expressiveness of
Metric Temporal Logic. We considered two traditional interpretation of MTL
over timed words, namely, pointwise and continuous interpretations. First
we gave a characterization of the languages definable in the logic for both
pointwise and continuous semantics, in terms of a necessary counter-freeness
property comparable to that of LTL. We also applied this property to derive
some inexpressibility results.

The second problem we addressed was that of relative expressiveness.
We considered some natural syntactic extension of MTL with past temporal
operators and compared their relative expressiveness in both pointwise and
continuous semantics. We summarize the results below.

• The continuous versions of the logic are strictly more expressive than
the corresponding pointwise versions.

• In both the interpretations of the logic, the addition of past operators
makes it strictly more expressive.

• Further, the addition of the time constrained since SI makes it more
expressive than the addition of the unconstrained since S, in the point-
wise semantics.

The above results hold for interpretations over both finite models and infinite
models.
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The last problem considered in this thesis was that of the expressive
completeness of MTL in the continuous semantics. Towards this a class
of timed-automata based on input-determined operators called CIDA’s was
defined. These were shown to be characterized by timed monadic second
order logics TMSOc based on input-determined operators. A class of natural
timed temporal logics TLTLc based on these operators was introduced, and
was shown to be equivalent to the first-order fragment of TMSOc. Then the
recursive versions of these logics and automata were considered, and were
shown to have a similar relation. Finally variants of MTL were shown to
be expressively complete by showing their correspondence to recursive timed
temporal logics. The following is a summary of the results:

• MTLc
S was shown to be expressively complete with respect to rec-CIDA’s

based on the operator ♦.

• MTLc
SI

was shown to be expressively complete with respect to the
automata and logics based on the operators ♦ and ♦-.

12.2 Future work

In this section we shed some light on the work that remains to be done.
With regard to counter-freeness our results are only for MTL without the
past operators. It would be interesting to explore if a similar characterization
exists for these logics with past operators.

Some relative expressiveness questions are still open. We intend to ex-
amine if adding SI gives more power to the logic than adding S, in the
continuous semantics.

Turning to the expressive completeness results we would like to give a
direct relation between the automata and timed temporal logics along the
lines of classical LTL and counter-free automata. The answer to this question
might be to identify the notion of “counter-freeness” in the automata which
might correspond to these logics.
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[19] Joël Ouaknine and James Worrell. On the decidability of metric tem-
poral logic. In LICS, pages 188–197. IEEE Computer Society, 2005.
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