
Software Tools for Technology Transfer manuscript No.
(will be inserted by the editor)

On the expressiveness of MTL in the pointwise and
continuous semantics

Deepak D’Souza, Pavithra Prabhakar

Department of Computer Science and Automation, Indian Institute of Science, Bangalore 560012, India.
Email: {deepakd, pavithra}@csa.iisc.ernet.in

Received: date / Revised version: date

Abstract. We show that the pointwise version of the
logic MTL is strictly less expressive than the continu-
ous version, over finite words. The proof is constructive
in that we exhibit a timed language which is definable
in the continuous semantics but is not definable in the
pointwise semantics.

1 Introduction

The timed temporal logic Metric Temporal Logic (MTL)
[8] has received much attention in the literature on the
verification of real-time systems. MTL extends the un-
til operator of classical temporal logic with an interval
which specifies the time interval within which the for-
mula must be satisfied. Over dense time the logic has
traditionally been interpreted in two ways which have
come to be known as the “pointwise” and the “contin-
uous” semantics. In the pointwise version temporal as-
sertions are interpreted only at time points where an
“action” or “event” happens in the observed timed be-
haviour of a system, whereas in the continuous version
one is allowed to assert formulas at arbitrary time points
between events as well. For instance in the timed word
containing exactly two events, an a at time 1 and a b at
time 3, the MTL formula 3[1,1]b (“a b occurs at a dis-
tance of 1 time unit”) is not true at any point in this
model in the pointwise semantics, whereas it is true at
the time instant 2 in the continuous semantics.

There have been a variety of results regarding deci-
sion procedures and to an extent expressiveness of the
logic in these two semantics. Alur, Feder, and Henzinger
[3,2] argue that the logic is undecidable in the continuous
semantics, though a restriction to non-singular intervals
(called “Metric Interval Temporal Logic”, or MITL) is
shown to be decidable. These results hold for both finite

and infinite models. Recently Ouaknine and Worrell [11]
have shown that MTL over finite words in the point-
wise semantics is decidable, using a translation to one-
clock alternating timed automata (ATA) which in turn
were recently introduced and shown to be decidable ([9,
11]). There have also been a few expressiveness results,
namely expressive completeness with respect to a class
of “input-determined” timed automata in pointwise se-
mantics [6], and expressive equivalence of MITL with an
event-clock logic in continuous semantics [7].

The relative expressiveness of the pointwise and con-
tinuous semantics was however not addressed in the lit-
erature until the work in this paper and subsequently
[4]. One expects the continuous version to be at least
as expressive as the pointwise one since we can char-
acterise the action points in the continuous semantics,
and hence mimic the pointwise semantics by restricting
the interpretation to only these points. Intuitively, one
would also expect the continuous version to be strictly
more expressive, given its ability to quantify over arbi-
trary time points.

In this paper we confirm this intuition for the case
of finite models by exhibiting a language of finite timed
words which is definable in the continuous semantics but
not in the pointwise semantics. The language we con-
sider is Lni (for “no insertions”) over the alphabet {a, b},
which consists of timed words in which for any two con-
secutive a’s the time period between them translated by
one time unit contains no events.

a a b b` bb b a

0 1 2

This language can easily be seen to be expressible in the
continuous semantics. However, we argue that it is not
expressible in the pointwise semantics, since it would
essentially lead to the undecidability of the pointwise
version of the logic, which would contradict the result of
[11].
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It is appropriate to point out here that the fact that
one version of the logic is decidable while the other isn’t,
does not necessarily mean that one is less expressive than
the other. It is crucial in our argument that we are able
to identify a property which is in a sense independent
of the problem instance being translated. In fact, such
a property may not exist in general. This is borne out
by the fact that there are logics [10] with two equally
expressive versions, one of which is decidable and the
other isn’t.

In the more recent and independent work of [4], the
authors prove a variety of results concerning the expres-
siveness of the logics MTL and TPTL in the pointwise
and continuous semantics, including a result similar to
ours for infinite models. They use a more classical argu-
ment by identifying two parameterised families of mod-
els which a continuous formula can distinguish, but no
pointwise one can. In contrast our result is for finite mod-
els and uses a simple though novel argument which ap-
pears useful in obtaining similar inexpressiveness results
in the timed setting. For instance, in the extended ver-
sion of this paper [5], we use a similar argument to show
that 1-clock ATA’s cannot express the complement of
the language Lni , while timed automata can.

2 Syntax and semantics of MTL

As usual, A∗ will denote the set of finite words over an
alphabet A. For a finite word w = a0a1 · · · an, we use |w|
to denote the length of w (in this case n + 1) and w(i)
to denote ai, the i-th symbol of w.

To avoid trivial differences in expressiveness, we de-
fine timed words with a special left-end marker ‘`’. A
(finite) timed word σ over an alphabet Σ is an element of
((Σ ∪ {`})×R≥0)∗ of the form (`, 0)(a1, t1) · · · (an, tn),
satisfying ai ∈ Σ, and for all i ∈ {1, . . . , n − 1}, 0 <
ti < ti+1. Wherever convenient we will also represent
a timed word σ = (a0, t0)(a1, t1) · · · (an, tn) as a pair
σ = (w, τ), where w = a0a1 · · · an, and τ = t0t1 · · · tn.
We use time(σ) to denote the time of the last action,
namely tn. We write TΣ∗ for the set of timed words
over Σ.

We now give the syntax and semantics of the two
versions of MTL. The models for both versions will be
timed words. For ease of comparison we also use a com-
mon syntax for the two logics, using an until operator Us

which is “strict” in its first argument. While the opera-
tor is the standard one used in the continuous version,
the more natural operators of the pointwise semantics
(“next” and a non-strict “until”) continue to be express-
ible using this until operator [5].

Let us fix an alphabet Σ for the rest of this section.
The formulas of MTL over Σ are defined as follows:

ϕ := a | ¬ϕ | (ϕ ∨ ϕ)| (ϕ UsI ϕ),

where a ∈ (Σ ∪ {`}) and I is an interval with rational
end points or ∞.

We first define the pointwise semantics for MTL.
Given an MTL formula ϕ, a timed word σ = (w, τ),
and a position i in the timed word (i.e. 0 ≤ i < |σ|),
the satisfaction relation σ, i |=pw ϕ (read “σ at position
i satisfies ϕ in the pointwise semantics”) is inductively
defined as:

σ, i |=pw a iff w(i) = a.
σ, i |=pw ¬ϕ iff σ, i 6|=pw ϕ.
σ, i |=pw ϕ1 ∨ ϕ2 iff σ, i |=pw ϕ1 or σ, i |=pw ϕ2.
σ, i |=pw ϕ1U

s
Iϕ2 iff ∃j ≥ i : τ(j)−τ(i) ∈ I, σ, j |=pw ϕ2,

and ∀k : i < k < j, σ, k |=pw ϕ1.

We use MTLpw to denote the pointwise interpretation of
this logic. The language defined by an MTLpw formula
ϕ in pointwise semantics is given by Lpw (ϕ) = {σ ∈
TΣ∗ |σ, 0 |=pw ϕ}. The derived operators 3I and 2I are
defined with the expected meaning: 3Iϕ is >UsIϕ and
2Iϕ is ¬3I¬ϕ. The standard untimed LTL operators of
O, 3 and 2 can also be defined via (¬>)Us(0,∞)ϕ, 3[0,∞)

and 2[0,∞) respectively.
The continuous version of MTL has typically been in-

terpreted over timed state sequences (e.g. in [2]), where
a system is assumed to continue in a state till the next
transition or state change takes place. Here we inter-
pret the logic over timed words, while keeping intact
the essence of the continuous interpretation, namely the
ability to assert formulas at arbitrary time points. This
gives us a common class of models to compare the two se-
mantics. In our interpretation the atomic formula a can
only hold at an action point labelled a, and not during
an interval of time after the event happens. This view
is appropriate given that we are talking about event oc-
currences and not propositions that make up a state.

Given an MTL formula ϕ, a timed word σ = (w, τ),
and a time t such that 0 ≤ t ≤ time(σ), the satisfaction
relation σ, t |=c ϕ (read “σ at time t satisfies ϕ in the
continuous semantics”) is inductively defined as follows:

σ, t |=c a iff ∃i : τ(i) = t andw(i) = a.
σ, t |=c ¬ϕ iff σ, t 6|=c ϕ.
σ, t |=c ϕ1 ∨ ϕ2 iff σ, t |=c ϕ1 orσ, t |=c ϕ2.
σ, t |=c ϕ1U

s
Iϕ2 iff ∃t′ : t′ ≥ t, t′ − t ∈ I, σ, t′ |=c ϕ2

and ∀t′′ : t < t′′ < t′, σ, t′′ |=c ϕ1.

We use MTLc to denote this interpretation of MTL, and
define the language corresponding to an MTLc formula
ϕ as Lc(ϕ) = {σ ∈ TΣ∗ |σ, 0 |=c ϕ}.

To illustrate the two interpretations, consider the
timed word (`, 0)(a, 1.3)(a, 2.5)(a, 3.6)(b, 5.3)(b, 7.6)(b, 9)
depicted below.

0

a

1 2 3 4 5 6 7 8 9

a a b b b`

The formula 3[4,5](3[1,1]b) is satisfied by the above timed
word in the continuous semantics, since we have a point
in the interval [4,5] such that there is a b at distance
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one from this point. However, the timed word does not
satisfy this formula in the pointwise semantics as there is
no action point in the interval [4,5] (and hence no action
point which satisfies (3[1,1]b)).

3 Strict containment of MTLpw in MTLc

In this section we show that MTLpw is strictly less ex-
pressive than MTLc. It is not difficult to see that an
MTLpw formula ϕ can be translated to an equivalent
MTLc formula pw-c(ϕ) by forcing formulas to be inter-
preted at action points only. In the translation below,
the formula ϕact =

∨
a∈(Σ∪{`}) a describes the action

points in a timed word.

pw-c(a) = awhere a ∈ (Σ ∪ {`}).
pw-c(¬ϕ) = ¬pw-c(ϕ).
pw-c(ϕ ∨ ψ) = pw-c(ϕ) ∨ pw-c(ψ).
pw-c(ϕUsIψ) = (¬ϕact ∨ pw-c(ϕ))UsI (ϕact ∧ pw-c(ψ)).

It is easy to see that Lpw (ϕ) = Lc(pw-c(ϕ)), and hence
that MTLpw is no more expressive than MTLc.

To argue strict containment of MTLpw in MTLc, we
argue that the language Lni over the alphabet {a, b},
which is defined by the MTLc formula

¬3(a∧ (¬ϕactU
s
(0,∞)a)∧ (¬aUs(0,∞)(¬a∧3[1,1](a∨ b)))),

is not definable by any MTL formula in the pointwise
semantics. To give a language-theoretic definition of Lni

let us first define the language LΣ,cni which is parame-
terised by the alphabet Σ and an action c ∈ Σ. The lan-
guage LΣ,cni consists of timed words σ ∈ TΣ∗ of the form
(a0, t0) · · · (an, tn), satisfying the condition that when-
ever ai = ai+1 = c for some i, for no j does tj belong to
the interval (ti + 1, ti+1 + 1). The language Lni can now
be defined as L{a,b},ani .

Suppose there existed an MTLpw formula ϕni which
described the language Lni . Then one can verify that the
formula ϕni [c/a, (

∨
d∈Σ−{c} d)/b] obtained from ϕni by

replacing every occurrence of a by c, and b by
∨
d∈Σ−{c} d,

defines the language LΣ,cni . Let us call this formula ϕΣ,cni .
We now argue that the assumption that the MTLpw

formula ϕni exists leads to the undecidability of the sat-
isfiability problem for MTLpw . Assuming that ϕni ex-
ists, we give a reduction from the halting problem of a
2-counter machine on an empty tape. The reduction is
along the lines of [3], [1] and [2], though the encoding is
adapted to enable us to isolate the language above.

Recall that a 2-counter machine M has 2 counters
C and D and a sequence of n instructions, the last of
which is a halt instruction. The rest of the instructions
are increment (or decrement) of a counter together with
a jump to another location, or a jump conditional on
the value of a counter being 0. A configuration of M is
represented by a triple 〈i, c, d〉, where i ∈ {1, . . . , n} is
the location counter, and c and d are the values of the

two counters C and D respectively. A halting computa-
tion of M is a finite sequence of configurations, starting
with the configuration < 1, 0, 0 >, where successive con-
figurations respect preceding instructions, and the last
configuration points to the halt instruction.

The computations of M are encoded using timed
words over the alphabet ΣM = {b1, b2, ..., bn, a1, a2}. We
encode a configuration 〈i, c, d〉 as a sequence biac1a

d
2 and a

computation as a concatenation of such sequences. More-
over we associate a unit time interval with each configu-
ration with the j-th configuration being encoded in the
interval [j, j + 1). In any such interval, the correspond-
ing b occurs at time j, all the a1’s occur in the interval
[j + 0.25, j + 0.5) with the first a1 (if any) occurring at
j+0.25 and all the a2’s occur in the interval [j+0.5, j+1)
with the first a2 (if any) occurring at j+0.5. We further
require that the corresponding a1’s in two such consecu-
tive intervals are a distance one apart. We have a similar
requirement for a2. The second last requirement is a de-
viation from the reductions in the literature. It is used
to ensure that, along with the property Lni , we have no
“illegal” insertions of a1’s and a2’s in succeeding config-
urations.

We now define the timed language LM which con-
tains exactly the timed words over the alphabet ΣM
which encode a halting computation of M . We define
LM as the intersection of the following timed languages
over ΣM :

1. L1: words of the form ` bi1bi2a∗1a∗2bi3a∗1a∗2 · · · bika∗1a∗2
where ij ∈ {1, . . . , n}, i1 = 1, and ik = n, satisfying:
each bij occurs at time j; in each interval [j, j + 1),
all a1’s occur in the interval [j + 0.25, j + 0.5) with
the first a1 (if any) at j + 0.25, and similarly all a2’s
occur in the interval [j + 0.5, j + 1) with the first a2

(if any) at j + 0.5
2. L2: the intersection of the two languages LΣM ,a1

ni and
LΣM ,a2

ni .
3. L3: the intersection of the languages Li3 for 1 ≤ i ≤ n,

where Li3 depends on the i-th instruction. For exam-
ple, if the i-th instruction is: “Increment C and jump
to p”, then we have that for every bi at time j, for
every a1 or a2 at time t in the interval [j, j+1), there
is an a1 or a2 at time t + 1; for every a1 at time t1
in [j, j + 1) which is not immediately followed by an
a1, the first symbol in the interval (t1 + 1,∞) is an
a1 which is not immediately followed by an a1 and
for every a2 at time t2 in [j, j + 1) which is not im-
mediately followed by an a2, the first symbol in the
interval (t2+1,∞) is not an a2; if there is no a1 in the
interval [j, j+ 1), then there is an a1 at time j+ 1.25
which is not immediately followed by an a1; if there
is no a2 in the interval [j, j + 1), then there is no a2

in the interval [j+1, j+2); there is a bp at time j+1.

We now proceed to give the MTL formula ϕM over
ΣM , which describes the language LM , as the conjunc-
tion of the formulas ϕ1, ϕ2 and ϕ3, each describing the
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languages L1, L2 and L3 respectively. We will use B as
a shorthand for

∨
i∈{1,··· ,n} bi.

1. ϕ1 is the conjunction of the formulas:
O(b1 ∧ ¬Oa1 ∧ ¬Oa2) ∧ 2(a2 ⇒ ¬Oa1) ∧ 3(bn ∧
2(0,∞)¬B);
3[1,1]B∧¬3(0,1)ϕact ∧ 2((B∧3(0,∞)B)⇒ (3[1,1]B∧
2(0,1)¬B));
and 2(B ⇒ (2[0,0.25)¬(a1 ∨ a2) ∧ 2[0.25,0.5)¬a2 ∧
2[0.5,1)¬a1∧ (3(0,1)a1 ⇒ 3[0.25,0.25]a1)∧ (3(0,1)a2 ⇒
3[0.5,0.5]a2))).

2. ϕ2 is ϕΣM ,a1
ni ∧ ϕΣM ,a2

ni .
3. ϕ3 =

∧
i∈{1,··· ,n} ϕ

i
3, where, for example, for an “in-

crement C and jump to p” instruction i, ϕi3 is the
conjunction of the formulas:
2(bi ⇒ (2[0,1)((a1 ⇒ 3[1,1]a1) ∧ (a2 ⇒ 3[1,1]a2))));
2(bi ⇒ (2[0,1)(((a1∧¬Oa1)⇒ (3[1,1]O(a1∧¬Oa1)))∧
((a2 ∧ ¬Oa2)⇒ (3[1,1]¬Oa2)))));
2(bi ⇒ (2[0,1]¬a1 ⇒ 3[1.25,1.25](a1 ∧ ¬Oa1)));
2(bi ⇒ (2[0,1]¬a2 ⇒ (2[1,2]¬a2)));
and 2(bi ⇒ 3[1,1]bp).

It is not difficult to verify that Lpw (ϕM ) coincides with
LM . Now, given a 2-counter machine M , there exists a
Turing machine T which outputs the formula ϕM . We
note here that T has to “guess” the formula ϕni and ap-
ply substitutions based on ΣM to get the corresponding
formula ϕ2. This completes the reduction, and we have
that the satisfiability problem for MTLpw is undecid-
able. Since this contradicts the result in [11], there can-
not exist an MTLpw formula which describes Lni . This
concludes the proof of the strict containment of MTLpw

in MTLc.
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