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I Consider a finite but unbounded set of threads

I Device drivers

I Distributed algorithms

I Concurrent datastructures

I Robotic swarms

I Biological Systems

I Running the same program in paralallel

I Classical scenarios include:

Prove parametrized invariance ϕ(v)

T1 T2 TN· · ·‖ ‖ ‖

GOAL :

Decir: ”Invariant properties
that hold for all threads”

S[N ] :

S[N ] � ϕ(v) for all N > 1
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Motivating Example: Ticket Mutex Algorithm

global
Int avail := 0
Set〈Int〉 bag := ∅

procedure MutExc
Int ticket

begin
1: loop
2: nondet

3:

〈
ticket := avail + +
bag .add(ticket)

〉
4: await (bag .min == ticket)
5: critical
6: bag .remove(ticket)
7: end loop

end procedure

mutexmutex(i, j) =̂ hola

mutex(i, j) =̂ 
[
i 6= j → ¬(critical(i) ∧ critical(j))

]

Decir:”Es un infinite state
system. Por tener infinitos
threads y enteros.”
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Parametrized Invariance (p-inv)

I Bounded number of VC, based on program and specification

To show that S satisfies ϕ(v):

( I ) Θ(v) → ϕ
(SC) ϕ ∧ τ (i) → ϕ′ forall τ , forall i ∈ v
(OC) ϕ ∧

∧
x∈v

k 6= x ∧ τ (k) → ϕ′ forall τ , fresh k /∈ v

ϕ

I For our example: mutex(i, j)

( I ) Θ(i, j) → mutex
(SC) mutex ∧ τ (i) → mutex′ forall τ

mutex ∧ τ (j) → mutex′ forall τ
(OC) mutex ∧ k 6= i ∧ k 6= j ∧ τ (k) → mutex′ forall τ , fresh k

#VC : 1 + 18 + 9 = 28

Independently on #threads in the system

Initiation

Self-consecution

Other-consecution
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LEAP: A Temporal Deductive Prover

Program

Invariants

Program
Parser

Formula
Parser

Transition
System

Generator

VC
Generator

Pos Num

Yices Z3

LEAP

I2

I1

I3

p-inv

sp-inv

g-inv

Decision Procedures

Lists

vc1 X
X
X

vc2

vc3

vc4 X

vc5 X
vc6 X

vc7 X
Xvc8

counter
example

counter
example

Cuando ejecuto el ejemplo, digo que num
es el DP de presburguer arithmetic + sets.
We have implemented DP .... that
generates a query for yices and Z3

Codify -¿ ”Code” program -¿
”Encode” si es para formulas

Aca es importante decir que
hacemo QF formulas y la
verificacion es QF.
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DEMO: Mutex (1st attempt)

I Lets try to prove mutex using p-inv...

I ... transition 4 (i.e., await (bag .min == ticket)) fails

Because mutex does not encode that the
thread in the critical section owns the minimum ticket

I Extra support is required

minticket(i) =̂ 
[
critical(i)→ min(bag) = ticket [i]

]
notsame(i, j) =̂ 

[
i 6= j ∧ active(i) ∧ active(j)→ ticket(i) 6= ticket(j)

]
We now require a new rule for invariant support
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σ∈S ψσ ∧ A
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DEMO: Mutex (2nd attempt)

I How does the full proof look?

mutex

activelow

minticket notsame

I LEAP format

-> activeLow

-> notSame [3:SC:activeLow]

-> minTicket [3:activeLow; 6:OC:activeLow,notSame]

-> mutex [4:SC:notSame, minTicket]

So the proof is
incremental

In this case,
the proof is

a DAG
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DEMO: lock-coupling lists (1st attempt)

I Let’s try to verify region...

I ... fails on transition 28 (i.e., prev := curr)

reg

head tailprev curr

Need next
as support

I And when verifying next...

I ... fails on transition 34 (i.e., aux→next := curr)

prev curr

aux

reg

Need region
as support

We have circularity!

Sin modularity, tenemos un
problema de scalability, porque el
PD generalmente el NP y tenemos
que instanciar todas las
combinaciones de los threads.
Modularity es lo que nos ayuda!!!

region

next
sp-inv



Parametrized Invariance with Graph Support (g-inv)

To show that S satisfies ϕi(v) ∧ ϕj(w):

( I ) Θ → ϕi ∧ ϕj
( SCi ) ϕi, ϕj � τ (t) → ϕ′

i forall τ , forall t ∈ v
( SCj ) ϕi, ϕj � τ (t) → ϕ′

j forall τ , forall t ∈ w
(OCi ) ϕi, ϕj �

∧
x∈v

k 6= x ∧ τ (k) → ϕ′
i forall τ , fresh k /∈ v

(OCj ) ϕi, ϕj �
∧
x∈w

k 6= x ∧ τ (k) → ϕ′
j forall τ , fresh k /∈ w

ϕi ∧ ϕj
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Experimental Results

formula info #solved vc FS+TA FS+RS Graph
index #vc pos dp time(s) time(s) time(s)

list 0 61 19 42 146.1 34.9 3.9

order 1 121 38 83 107.6 91.4 5.3

lock 1 121 57 64 39.7 8.9 1.8

next 1 121 38 83 166.7 18.4 3.4

region 1 121 95 26 15.7 4.1 1.3

disj 2 181 177 4 80.6 5.1 0.6

mutex 2 28 26 2 0.2 0.2 0.1

minticket 1 19 18 1 0.2 0.2 0.1

notsame 2 28 25 3 0.2 0.1 0.1

activelow 1 19 17 2 0.1 0.1 0.1



Experimental Results

formula info #solved vc FS+TA FS+RS Graph
index #vc pos dp time(s) time(s) time(s)

list 0 61 19 42 146.1 34.9 3.9

order 1 121 38 83 107.6 91.4 5.3

lock 1 121 57 64 39.7 8.9 1.8

next 1 121 38 83 166.7 18.4 3.4

region 1 121 95 26 15.7 4.1 1.3

disj 2 181 177 4 80.6 5.1 0.6

mutex 2 28 26 2 0.2 0.2 0.1

minticket 1 19 18 1 0.2 0.2 0.1

notsame 2 28 25 3 0.2 0.1 0.1

activelow 1 19 17 2 0.1 0.1 0.1

Mutual exclusion algorithm: 94 VCs / 0.4 sec.



Experimental Results

formula info #solved vc FS+TA FS+RS Graph
index #vc pos dp time(s) time(s) time(s)

list 0 61 19 42 146.1 34.9 3.9

order 1 121 38 83 107.6 91.4 5.3

lock 1 121 57 64 39.7 8.9 1.8

next 1 121 38 83 166.7 18.4 3.4

region 1 121 95 26 15.7 4.1 1.3

disj 2 181 177 4 80.6 5.1 0.6

mutex 2 28 26 2 0.2 0.2 0.1

minticket 1 19 18 1 0.2 0.2 0.1

notsame 2 28 25 3 0.2 0.1 0.1

activelow 1 19 17 2 0.1 0.1 0.1

Lock-coupling Lists: 726 VCs / 16.3 sec.
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Conclusions

I We presented a technique for verifying parametrized invariance

I Requires verification of a bounded number of VCs...

I Implemented on LEAP

I Easily extensible for other languages and theories

I ... a step towards liveness verification

I Uniform verification of safety properties...

I ... independently of number of threads


