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I While visited EPFL, we developed

K

TSLK

I Show it decidable by finite model property

I Arbitrary length...

I ... but bounded height!

In practice, performance is lost!

Dynamic height is required

TSL
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

I Program transitions : SL(h, sl, r) ∧ ϕaux ∧ ρ36(V, V ′)

SkipList(h, sl, r) ∧
x.key = 14 ∧

prev .key < 14 ∧
x.arr [0].key > 14 ∧
prev .arr [0] = x.arr [0] ∧

x /∈ r ∧ 0 ≤ 0 ≤ 3

 ∧


at36 ∧
prev ′.arr [0] = x ∧

at ′37 ∧
h′ = h ∧ sl = sl′ ∧

r′ = r ∪ {x} ∧ x′ = x . . .



36: prev.arr[0] := x

35: . . .

37: . . .

SkipList(h, sl, r) =̂
ordList(m, getp(heap, sl.head , sl.tail , 0)) ∧
r = p2s(getp(heap, sl.head , sl.tail , 0)) ∧
rd(heap, sl.tail).arr [0] = null ∧ · · · ∧ rd(heap, sl.tail).arr [maxH ]) = null ∧
a ∈ r → rd(heap, a).level ≤ maxH ∧∧

i∈0...(maxH−1) p2s(getp(heap, head , tail , i+ 1)) ⊆ p2s(getp(heap, head , tail , i))
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

at36 ∧
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at ′37 ∧
h′ = h ∧ sl = sl′ ∧

r′ = r ∪ {x} ∧ x′ = x . . .
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Verification of Skiplists

I Skiplist shape preservation : SkipList(h, sl, r)

reason about

SkipList(h, sl, r) =̂
ordList(m, getp(heap, sl.head , sl.tail , 0)) ∧
r = p2s(getp(heap, sl.head , sl.tail , 0)) ∧
rd(heap, sl.tail).arr [0] = null ∧ · · · ∧ rd(heap, sl.tail).arr [maxH ]) = null ∧
a ∈ r → rd(heap, a).level ≤ maxH ∧∧

i∈0...(maxH−1) p2s(getp(heap, head , tail , i+ 1)) ⊆ p2s(getp(heap, head , tail , i))

SkipList(h, sl, r) ∧
x.key = 14 ∧

prev .key < 14 ∧
x.arr [0].key > 14 ∧
prev .arr [0] = x.arr [0] ∧

x /∈ r ∧ 0 ≤ 0 ≤ 3

 ∧


at36 ∧
prev ′.arr [0] = x ∧

at ′37 ∧
h′ = h ∧ sl = sl′ ∧

r′ = r ∪ {x} ∧ x′ = x . . .

→ SkipList(h′, sl′, r′)

SkipList(h, sl, r) ∧
x.key = 14 ∧

prev .key < 14 ∧
x.arr [0].key > 14 ∧
prev .arr [0] = x.arr [0] ∧

x /∈ r ∧ 0 ≤ 0 ≤ 3

 ∧


at36 ∧
prev ′.arr [0] = x ∧

at ′37 ∧
h′ = h ∧ sl = sl′ ∧

r′ = r ∪ {x} ∧ x′ = x . . .
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SkipList(h, sl, r) ∧
x.key = 14 ∧

prev .key < 14 ∧
x.arr [0].key > 14 ∧
prev .arr [0] = x.arr [0] ∧

x /∈ r ∧ 0 ≤ 0 ≤ 3

 ∧


at36 ∧
prev ′.arr [0] = x ∧

at ′37 ∧
h′ = h ∧ sl = sl′ ∧

r′ = r ∪ {x} ∧ x′ = x . . .

→ SkipList(h′, sl′, r′)

I Skiplist shape preservation : SkipList(h, sl, r)

reason about

ordered values + notion of ordered list

SkipList(h, sl, r) =̂
ordList(m, getp(heap, sl.head , sl.tail , 0)) ∧
r = p2s(getp(heap, sl.head , sl.tail , 0)) ∧
rd(heap, sl.tail).arr [0] = null ∧ · · · ∧ rd(heap, sl.tail).arr [maxH ]) = null ∧
a ∈ r → rd(heap, a).level ≤ maxH ∧∧

i∈0...(maxH−1) p2s(getp(heap, head , tail , i+ 1)) ⊆ p2s(getp(heap, head , tail , i))

I Program transitions : SL(h, sl, r)∧ϕaux ∧ ρ36(V, V ′)→ SL(h′, sl′, r′)

SkipList(h, sl, r) ∧
x.key = 14 ∧

prev .key < 14 ∧
x.arr [0].key > 14 ∧
prev .arr [0] = x.arr [0] ∧

x /∈ r ∧ 0 ≤ 0 ≤ 3

 ∧


at36 ∧
prev ′.arr [0] = x ∧

at ′37 ∧
h′ = h ∧ sl = sl′ ∧

r′ = r ∪ {x} ∧ x′ = x . . .

→ SkipList(h′, sl′, r′)

SkipList(h, sl, r) ∧
x.key = 14 ∧

prev .key < 14 ∧
x.arr [0].key > 14 ∧
prev .arr [0] = x.arr [0] ∧

x /∈ r ∧ 0 ≤ 0 ≤ 3

 ∧


at36 ∧
prev ′.arr [0] = x ∧

at ′37 ∧
h′ = h ∧ sl = sl′ ∧
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→ SkipList(h′, sl′, r′)
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Verification of Skiplists

SkipList(h, sl, r) ∧
x.key = 14 ∧

prev .key < 14 ∧
x.arr [0].key > 14 ∧
prev .arr [0] = x.arr [0] ∧

x /∈ r ∧ 0 ≤ 0 ≤ 3

 ∧


at36 ∧
prev ′.arr [0] = x ∧

at ′37 ∧
h′ = h ∧ sl = sl′ ∧

r′ = r ∪ {x} ∧ x′ = x . . .

→ SkipList(h′, sl′, r′)

I Skiplist shape preservation : SkipList(h, sl, r)

reason about

levels

SkipList(h, sl, r) =̂
ordList(m, getp(heap, sl.head , sl.tail , 0)) ∧
r = p2s(getp(heap, sl.head , sl.tail , 0)) ∧
rd(heap, sl.tail).arr [0] = null ∧ · · · ∧ rd(heap, sl.tail).arr [maxH ]) = null ∧
a ∈ r → rd(heap, a).level ≤ maxH ∧∧

i∈0...(maxH−1) p2s(getp(heap, head , tail , i+ 1)) ⊆ p2s(getp(heap, head , tail , i))

I Program transitions : SL(h, sl, r)∧ϕaux ∧ ρ36(V, V ′)→ SL(h′, sl′, r′)

SkipList(h, sl, r) ∧
x.key = 14 ∧

prev .key < 14 ∧
x.arr [0].key > 14 ∧
prev .arr [0] = x.arr [0] ∧

x /∈ r ∧ 0 ≤ 0 ≤ 3

 ∧


at36 ∧
prev ′.arr [0] = x ∧

at ′37 ∧
h′ = h ∧ sl = sl′ ∧

r′ = r ∪ {x} ∧ x′ = x . . .

→ SkipList(h′, sl′, r′)

SkipList(h, sl, r) ∧
x.key = 14 ∧

prev .key < 14 ∧
x.arr [0].key > 14 ∧
prev .arr [0] = x.arr [0] ∧

x /∈ r ∧ 0 ≤ 0 ≤ 3

 ∧


at36 ∧
prev ′.arr [0] = x ∧

at ′37 ∧
h′ = h ∧ sl = sl′ ∧

r′ = r ∪ {x} ∧ x′ = x . . .

→ SkipList(h′, sl′, r′)
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Verification of Skiplists

SkipList(h, sl, r) ∧
x.key = 14 ∧

prev .key < 14 ∧
x.arr [0].key > 14 ∧
prev .arr [0] = x.arr [0] ∧

x /∈ r ∧ 0 ≤ 0 ≤ 3

 ∧


at36 ∧
prev ′.arr [0] = x ∧

at ′37 ∧
h′ = h ∧ sl = sl′ ∧

r′ = r ∪ {x} ∧ x′ = x . . .

→ SkipList(h′, sl′, r′)

I Skiplist shape preservation : SkipList(h, sl, r)

reason about

SkipList(h, sl, r) =̂
ordList(m, getp(heap, sl.head , sl.tail , 0)) ∧
r = p2s(getp(heap, sl.head , sl.tail , 0)) ∧
rd(heap, sl.tail).arr [0] = null ∧ · · · ∧ rd(heap, sl.tail).arr [maxH ]) = null ∧
a ∈ r → rd(heap, a).level ≤ maxH ∧∧

i∈0...(maxH−1) p2s(getp(heap, head , tail , i+ 1)) ⊆ p2s(getp(heap, head , tail , i))

I Program transitions : SL(h, sl, r)∧ϕaux ∧ ρ36(V, V ′)→ SL(h′, sl′, r′)

arrays

SkipList(h, sl, r) ∧
x.key = 14 ∧

prev .key < 14 ∧
x.arr [0].key > 14 ∧
prev .arr [0] = x.arr [0] ∧

x /∈ r ∧ 0 ≤ 0 ≤ 3

 ∧


at36 ∧
prev ′.arr [0] = x ∧

at ′37 ∧
h′ = h ∧ sl = sl′ ∧

r′ = r ∪ {x} ∧ x′ = x . . .

→ SkipList(h′, sl′, r′)

SkipList(h, sl, r) ∧
x.key = 14 ∧

prev .key < 14 ∧
x.arr [0].key > 14 ∧
prev .arr [0] = x.arr [0] ∧

x /∈ r ∧ 0 ≤ 0 ≤ 3

 ∧


at36 ∧
prev ′.arr [0] = x ∧

at ′37 ∧
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I Program transitions : SL(h, sl, r)∧ϕaux ∧ ρ36(V, V ′)→ SL(h′, sl′, r′)



Verification of Skiplists

SkipList(h, sl, r) ∧
x.key = 14 ∧

prev .key < 14 ∧
x.arr [0].key > 14 ∧
prev .arr [0] = x.arr [0] ∧

x /∈ r ∧ 0 ≤ 0 ≤ 3

 ∧


at36 ∧
prev ′.arr [0] = x ∧

at ′37 ∧
h′ = h ∧ sl = sl′ ∧

r′ = r ∪ {x} ∧ x′ = x . . .

→ SkipList(h′, sl′, r′)

I Skiplist shape preservation : SkipList(h, sl, r)

reason about

regions (sets)

SkipList(h, sl, r) =̂
ordList(m, getp(heap, sl.head , sl.tail , 0)) ∧
r = p2s(getp(heap, sl.head , sl.tail , 0)) ∧
rd(heap, sl.tail).arr [0] = null ∧ · · · ∧ rd(heap, sl.tail).arr [maxH ]) = null ∧
a ∈ r → rd(heap, a).level ≤ maxH ∧∧

i∈0...(maxH−1) p2s(getp(heap, head , tail , i+ 1)) ⊆ p2s(getp(heap, head , tail , i))

I Program transitions : SL(h, sl, r)∧ϕaux ∧ ρ36(V, V ′)→ SL(h′, sl′, r′)

SkipList(h, sl, r) ∧
x.key = 14 ∧

prev .key < 14 ∧
x.arr [0].key > 14 ∧
prev .arr [0] = x.arr [0] ∧

x /∈ r ∧ 0 ≤ 0 ≤ 3

 ∧


at36 ∧
prev ′.arr [0] = x ∧

at ′37 ∧
h′ = h ∧ sl = sl′ ∧

r′ = r ∪ {x} ∧ x′ = x . . .

→ SkipList(h′, sl′, r′)

SkipList(h, sl, r) ∧
x.key = 14 ∧

prev .key < 14 ∧
x.arr [0].key > 14 ∧
prev .arr [0] = x.arr [0] ∧

x /∈ r ∧ 0 ≤ 0 ≤ 3

 ∧


at36 ∧
prev ′.arr [0] = x ∧

at ′37 ∧
h′ = h ∧ sl = sl′ ∧

r′ = r ∪ {x} ∧ x′ = x . . .

→ SkipList(h′, sl′, r′)

I Program transitions : SL(h, sl, r)∧ϕaux ∧ ρ36(V, V ′)→ SL(h′, sl′, r′)



Verification of Skiplists

SkipList(h, sl, r) ∧
x.key = 14 ∧

prev .key < 14 ∧
x.arr [0].key > 14 ∧
prev .arr [0] = x.arr [0] ∧

x /∈ r ∧ 0 ≤ 0 ≤ 3

 ∧


at36 ∧
prev ′.arr [0] = x ∧

at ′37 ∧
h′ = h ∧ sl = sl′ ∧

r′ = r ∪ {x} ∧ x′ = x . . .

→ SkipList(h′, sl′, r′)

I Skiplist shape preservation : SkipList(h, sl, r)

reason about

memory, cells

SkipList(h, sl, r) =̂
ordList(m, getp(heap, sl.head , sl.tail , 0)) ∧
r = p2s(getp(heap, sl.head , sl.tail , 0)) ∧
rd(heap, sl.tail).arr [0] = null ∧ · · · ∧ rd(heap, sl.tail).arr [maxH ]) = null ∧
a ∈ r → rd(heap, a).level ≤ maxH ∧∧

i∈0...(maxH−1) p2s(getp(heap, head , tail , i+ 1)) ⊆ p2s(getp(heap, head , tail , i))

I Program transitions : SL(h, sl, r)∧ϕaux ∧ ρ36(V, V ′)→ SL(h′, sl′, r′)

SkipList(h, sl, r) ∧
x.key = 14 ∧

prev .key < 14 ∧
x.arr [0].key > 14 ∧
prev .arr [0] = x.arr [0] ∧

x /∈ r ∧ 0 ≤ 0 ≤ 3

 ∧


at36 ∧
prev ′.arr [0] = x ∧

at ′37 ∧
h′ = h ∧ sl = sl′ ∧

r′ = r ∪ {x} ∧ x′ = x . . .

→ SkipList(h′, sl′, r′)

SkipList(h, sl, r) ∧
x.key = 14 ∧

prev .key < 14 ∧
x.arr [0].key > 14 ∧
prev .arr [0] = x.arr [0] ∧

x /∈ r ∧ 0 ≤ 0 ≤ 3

 ∧


at36 ∧
prev ′.arr [0] = x ∧

at ′37 ∧
h′ = h ∧ sl = sl′ ∧

r′ = r ∪ {x} ∧ x′ = x . . .

→ SkipList(h′, sl′, r′)

I Program transitions : SL(h, sl, r)∧ϕaux ∧ ρ36(V, V ′)→ SL(h′, sl′, r′)



Our Contribution

I TSL, a theory for skiplists of arbitrary length and height

I We show TSL decidable...

I ...by reducing TSL satisfiability to TSLK satisfiability.
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Decision Procedure for TSL

I Let ϕ be a normalized TSL formula

ϕ
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Decision Procedure for TSL: Correctness

I Let ϕ be a normalized TSL formula

ϕ

ϕPA ∧ α ϕNC ∧ α

We reduce the formula to pϕNC ∧ αq : TSLK

cardinality of level variables

I Gapless model: we stay only with interesting levels
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Decision Procedure for TSL: Correctness

I Let ϕ be a normalized TSL formula

ϕ

ϕPA ∧ α ϕNC ∧ α

We reduce the formula to pϕNC ∧ αq : TSLK

ϕ : TSL formula without constant levels is satisfiable

pϕq : TSLK is satisfiable

Theorem:

iff
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I Let ϕ be a normalized TSL formula

ϕ

ϕPA ∧ α ϕNC ∧ α

I Reduction

pc = mkcell(e, k, A, l)q c = (e, k, vA[0], . . . , vA[K−1])

pa = A[l]q
∧

i=0...K−1
l = i→ a = vA[i]

pB = A{l← a}q

( ∧
i=0...K−1

l = i→ a = vB[i]

)
∧( ∧

j=0...K−1
l 6= j → vB[j] = vA[j]

)

TSL TSLK



Decision Procedure for TSL: Correctness

I Let ϕ be a normalized TSL formula

ϕ

ϕPA ∧ α ϕNC ∧ α

pϕNC ∧ αq

∃TSLK
M′′ model

∃TSLM model



Decision Procedure for TSL: Correctness

I Let ϕ be a normalized TSL formula

ϕ

ϕPA ∧ α ϕNC ∧ α

pϕNC ∧ αq

∃TSLM model

∃TSL(gapless)M′ model

∃TSLK
M′′ model

l3

l2

l1 l1

l2

l3

∃TSLM model



Decision Procedure for TSL: Correctness

I Let ϕ be a normalized TSL formula

ϕ

ϕPA ∧ α ϕNC ∧ α

pϕNC ∧ αq

∃TSLM model

∃TSL(gapless)M′ model

∃TSLK
M′′ model

l3

l2

l1 l1

l2

l3

Not that easy!

∃TSLM model



Decision Procedure for TSL: Correctness

I Let ϕ be a normalized TSL formula

ϕ

ϕPA ∧ α ϕNC ∧ α

pϕNC ∧ αq

∃TSLM model

∃TSL(gapless)M′ model

∃TSLK
M′′ model

B = A{l1 ← a}
∃TSLM model



Decision Procedure for TSL: Correctness

I Let ϕ be a normalized TSL formula

ϕ

ϕPA ∧ α ϕNC ∧ α

pϕNC ∧ αq

∃TSLM model

∃TSL(gapless)M′ model

∃TSLK
M′′ model

B = A{l1 ← a}

l1

l2
l1

l2

A B

a

∃TSLM model



Decision Procedure for TSL: Correctness

I Let ϕ be a normalized TSL formula

ϕ

ϕPA ∧ α ϕNC ∧ α

pϕNC ∧ αq

∃TSLM model

∃TSL(gapless)M′ model

∃TSLK
M′′ model

B = A{l1 ← a}

l1

l2

l2

l1l1

l2

A B

aa

∃TSLM model



Decision Procedure for TSL: Correctness

I Let ϕ be a normalized TSL formula

ϕ

ϕPA ∧ α ϕNC ∧ α

pϕNC ∧ αq

∃TSLM model

∃TSL(gapless)M′ model

∃TSLK
M′′ model

B = A{l1 ← a}

l1

l2

l2

l1l1

l2

A B

aa

?

∃TSLM model



Decision Procedure for TSL: Correctness

I Let ϕ be a normalized TSL formula

ϕ

ϕPA ∧ α ϕNC ∧ α

pϕNC ∧ αq

∃TSLM model

∃TSL(gapless)M′ model

∃TSLK
M′′ model

B = A{l1 ← a}

l1

l2

l2

l1l1

l2

A B

aa
a
a
a

∃TSLM model



Decision Procedure for TSL: Correctness

I Let ϕ be a normalized TSL formula

ϕ

ϕPA ∧ α ϕNC ∧ α

pϕNC ∧ αq

∃TSLM model

∃TSL(gapless)M′ model

∃TSLK
M′′ model

B = A{l1 ← a}

l1

l2

l2

l1l1

l2

A B

aa
a
a
a

∃TSLM model



Decision Procedure for TSL: Correctness

I Let ϕ be a normalized TSL formula

ϕ

ϕPA ∧ α ϕNC ∧ α

pϕNC ∧ αq

∃TSLM model

∃TSL(gapless)M′ model

∃TSLK
M′′ model

B = A{l1 ← a}

l2

l1 a l1

l2
l1

l2

A B

a

∃TSLM model



Decision Procedure for TSL: Correctness

I Let ϕ be a normalized TSL formula

ϕ

ϕPA ∧ α ϕNC ∧ α

pϕNC ∧ αq

∃TSLM model

∃TSL(gapless)M′ model

∃TSLK
M′′ model

B = A{l1 ← a}

l2

l1 l1

l2

l1

l2

A B

aa

Add lnew = l1 + 1

lnew lnew

∃TSLM model



Decision Procedure for TSL: Correctness

I Let ϕ be a normalized TSL formula

ϕ

ϕPA ∧ α ϕNC ∧ α

pϕNC ∧ αq

∃TSLM model

∃TSL(gapless)M′ model

∃TSLK
M′′ model

B = A{l1 ← a}

l2

l1 l1

l2

l1

l2

A B

aa

Add lnew = l1 + 1

lnew lnew

∃TSLM model



Decision Procedure for TSL: Correctness

I Let ϕ be a normalized TSL formula

ϕ

ϕPA ∧ α ϕNC ∧ α

pϕNC ∧ αq

∃TSLM model

∃TSL(gapless)M′ model

∃TSLK
M′′ model

∃TSLM model



Decision Procedure for TSL: Correctness

I Let ϕ be a normalized TSL formula

ϕ

ϕPA ∧ α ϕNC ∧ α

pϕNC ∧ αq

∃TSLM model

∃TSL(gapless)M′ model

∃TSLK
M′′ model

∃TSLM model



Decision Procedure for TSL: Correctness
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Conclusions

I We defined TSL, a theory for skiplists of arbitrary height

I We proved TSL decidable...

I ... by reducing to Presburguer Arithmetic and TSLK

I Many possible collaborations:
DPs as combination, SMTs, implementation

I Current and future work:
have implementation of DP for TSLK

building DP for TSL
thinking on DP for concurrent skiplists

I TSLK can reason about memory, cells, pointers, regions,
reachability, ordered lists and sublists


