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Abstract
A seminal result by Lamport shows that at least max{2𝑒 + 𝑓 +
1, 2𝑓 +1} processes are required to implement partially synchronous

consensus that tolerates 𝑓 process failures and can furthermore

decide in two message delays under 𝑒 failures. This lower bound

is matched by the classical Fast Paxos protocol. However, more

recent practical protocols, such as Egalitarian Paxos, provide two-

step decisions with fewer processes, seemingly contradicting the

lower bound. We show that this discrepancy arises because the

classical bound requires two-step decisions under a wide range of

scenarios, not all of which are relevant in practice. We propose

a more pragmatic condition for which we establish tight bounds

on the number of processes required. Interestingly, these bounds

depend on whether consensus is implemented as an atomic object

or a decision task. For consensus as an object, max{2𝑒+ 𝑓 −1, 2𝑓 +1}
processes are necessary and sufficient for two-step decisions, while

for a task the tight bound is max{2𝑒 + 𝑓 , 2𝑓 + 1}.
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1 Introduction
Context. Consensus is a fundamental abstraction in distributed

computing, widely used in practice for state-machine replication.

It is well-known that partially synchronous consensus tolerating

𝑓 process crashes requires at least 2𝑓 + 1 processes [5]. Protocols
that match this bound, such as Paxos, are usually leader-driven. If

the system is synchronous and the initial leader process is correct,

these protocols can decide within two message delays; but if the
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initial leader is faulty, the latency increases. This issue is addressed

by fast consensus protocols [8, 11] that can decide in two message

delays under any process failures up to a given threshold 𝑒 ≤ 𝑓 . This

is usually done via a fast path, which avoids the leader. Lamport

showed that fast consensus requires at least max{2𝑒 + 𝑓 + 1, 2𝑓 + 1}
processes [9], a bound matched by the Fast Paxos protocol [8]. But

surprisingly, a more recent protocol called Egalitarian Paxos [10]

decides within two message delays under 𝑒 = ⌈(𝑓 + 1)/2⌉ failures
while using only 2𝑓 + 1 = 2𝑒 + 𝑓 − 1 processes. Lamport’s bound in

this case requires 2𝑓 + 3 = 2𝑒 + 𝑓 + 1 processes. What’s going on?

Contribution. To resolve this conundrum, we revisit Lamport’s

definition of fast protocols. Roughly speaking, the existing defini-

tion considers a consensus protocol fast if for every proposer 𝑝

and every correct process 𝑞, there exists a run in which 𝑝 is the

only process that sends its proposal, and 𝑞 decides in two message

delays. However, in practical protocols a client typically submits

its proposal to one of the processes participating in consensus –

a proxy – which replies to the client with the decision [13]. In

this setting, we would like the proxy to decide fast, but the speed

of the decision at other processes is irrelevant. We thus propose

a more pragmatic definition that reflects this consideration. We

consider a protocol fast if: (i) for all initial configurations, some
process can decide within two message delays; and (ii) starting
from configurations where all correct processes propose the same

value, every correct process can decide in two message delays. We

thus require fast decisions at all processes only when the propos-

als are the same; otherwise, only a single process is required to

decide fast. We show that depending on formulation of consensus,

satisfying our definition requires up to two fewer processes than

Lamport’s. This difference is practically significant for wide-area

deployments, where contacting an additional process may incur a

cost of hundreds of milliseconds per command.

The standard definition of consensus is that of a decision task:
each process has an initial value, and processes try to agree on

one of these. We first show that implementing a fast consensus

task is possible if and only if the number of processes is at least

max{2𝑒 + 𝑓 , 2𝑓 + 1}. An alternative definition of consensus is that

of an atomic object [1], where processes explicitly specify their

proposal 𝑣 by calling an operation propose(𝑣); in particular, this

allows a process not to make any proposal at all. The consensus

is required to be linearizable and wait-free. We show that this

version of fast consensus can be solved if and only if the number

of processes is at least max{2𝑒 + 𝑓 − 1, 2𝑓 + 1}.

Related work. In synchronous systems, bounds on consensus

latency were investigated by Charron-Bost and Schiper [3]. Other

work considered bounds on consensus in asynchronous systems
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with failure detectors [2], showing that two-step decisions are pos-

sible if the failure detector selects a correct initial leader [4]. In this

paper we do not rely on this assumption and require fast decisions

without any additional information. The work in [6] shows that

2𝑒 + 𝑓 − 1 is a lower bound for a limited class of consensus object

protocols constructed similarly to Egalitarian Paxos. In comparison

to that work, our lower bounds apply to arbitrary consensus proto-

cols, both task and object, and we provide matching upper bounds.

Kuznetsov et al. [7] studied the relation between the thresholds 𝑓

and 𝑒 under Byzantine failures, and proved that 3𝑓 +2𝑒−1 processes
are necessary and sufficient for a protocol to be fast according to

a definition close to Lamport’s. An interesting direction of future

work is to combine their techniques with ours to see if this can

lower the number of processes required in the Byzantine case.

2 Results
We assume a system Π = {𝑝1, . . . , 𝑝𝑛} of 𝑛 ≥ 3 crash-prone pro-

cesses communicating via reliable links. The system is partially

synchronous [5]: after some global stabilization time (GST) mes-

sages take at most Δ units of time to reach their destinations. The

bound Δ is known to the processes, while GST is unknown. We say

that events that happen during the time interval [0,Δ) form the
first round, events that happen during the time interval [Δ, 2Δ) the
second round, and so on.

In the consensus decision task, each process has an input value

(a proposal) and may output a value (a decision). It is required that:

every decision is the proposal of some process (Validity); no two

decisions are different (Agreement); and every correct process even-

tually decides (Termination). Consensus can alternatively be mod-

eled as a shared object, where processes explicitly propose a value 𝑣

by calling propose(𝑣), which eventually returns the decision. This

allows a process not to propose anything at all.

Definition 1. A protocol is𝒇 -resilient if it achieves consensus under
at most 𝑓 processes failures.

While an 𝑓 -resilient protocol can guarantee termination with

up to 𝑓 process failures, these failures can nevertheless make the

protocol run slow even when the system is synchronous. We thus

also consider another threshold, 𝑒 , which determines the maximal

number of failures that a protocol can tolerate while still providing

fast, two-step decisions in synchronous runs (we assume 𝑒 ≤ 𝑓 ).

We next define this kind of runs formally.

Definition 2. Given 𝐸 ⊆ Π, a run is 𝑬-faulty synchronous, if:
(1) All processes in Π \ 𝐸 are correct, and all processes in 𝐸 are faulty.
(2) Processes in 𝐸 crash at the beginning of the first round.
(3) All messages sent during a round are delivered precisely at the

beginning of the next round.
(4) All local computations are instantaneous.

We next define protocols that can provide two-step decisions in

synchronous runswith up to 𝑒 failures.We formulate our definitions

for tasks and defer their analogs for objects to [12, §A].

Definition 3. A run is two-step for a process 𝑝 if in this run 𝑝

decides a value by time 2Δ.

Definition 4. A protocol is 𝒆-two-step if for all 𝐸 ⊆ Π of size 𝑒 :

(1) For every initial configuration 𝐼 , there exists an 𝐸-faulty synchro-
nous run starting from 𝐼 which is two-step for some process.

(2) For every initial configuration 𝐼 in which processes inΠ\𝐸 propose
the same value, for each process 𝑝 ∈ Π \𝐸, there exists an 𝐸-faulty
synchronous run starting from 𝐼 which is two-step for 𝑝 .

Differently from fast consensus protocols introduced by Lam-

port [9], we require only a single process to decide fast (item 1),

unless all the proposals are the same (item 2). Paxos is not 𝑒-

two-step for any 𝑒 > 0, while Fast Paxos [8] is 𝑒-two-step if

𝑛 ≥ max{2𝑒 + 𝑓 + 1, 2𝑓 + 1}. We are interested in the following

problem: what is the minimal number of processes to solve 𝑓 -resilient
𝑒-two-step consensus? Surprisingly, this bound is lower than for Fast

Paxos and furthermore depends on the problem definition.

Theorem 1. An 𝑓 -resilient 𝑒-two-step consensus task is imple-
mentable iff 𝑛 ≥ max{2𝑒 + 𝑓 , 2𝑓 + 1}.

Theorem 2. An 𝑓 -resilient 𝑒-two-step consensus object is imple-
mentable iff 𝑛 ≥ max{2𝑒 + 𝑓 − 1, 2𝑓 + 1}.

We defer the proofs of the lower bounds to [12, §B], and present

matching upper bounds next.

3 Upper Bounds
Figure 1 presents a consensus protocol that matches our lower

bounds. With the red lines ignored, the protocol implements a

consensus task for max{2𝑒 + 𝑓 , 2𝑓 + 1} processes (Theorem 1);

with the red lines included, it implements a consensus object for

max{2𝑒 + 𝑓 − 1, 2𝑓 + 1} processes (Theorem 2). We first describe

the task version, and then briefly highlight the differences for the

object version. Our protocol improves the classical Fast Paxos [8] to

reduce the number of processes required. It operates in a series of

ballots, with each process storing the current ballot in a variable bal.
The initial ballot 0 is called the fast ballot, while all others are slow
ballots. During a ballot processes attempt to reach an agreement on

one of the initial proposals by exchanging their votes, tracked in

a variable val. Processes maintain a variable vbal to track the last

ballot in which they cast a vote.

Fast ballot. Each process starts by sending its proposal (stored in

a variable initial_val) to all other processes in a Propose message

(line 4). A process accepts the message from a process 𝑝 only if it is

in ballot 0, has not yet voted, and the value received is greater than

or equal to its own proposal (line 6). In this case it updates val and
replies to 𝑝 with a 2B message, analogous to the eponymous mes-

sage of Paxos. A process that gathers support from 𝑛 − 𝑒 processes
including itself (the first disjunct at line 10) considers its value de-

cided (line 12) and communicates this to the other processes via a

Decide message (line 13).

This flow guarantees that the protocol is 𝑒-two-step. Indeed,

consider an initial configuration 𝐼 , a set 𝐸 ⊆ Π of size 𝑒 , and a

process 𝑝 ∉ 𝐸 that proposes the highest value 𝑣 in 𝐼 among all

processes in Π \ 𝐸. Then there exists an 𝐸-faulty synchronous run

in which the Propose message sent by 𝑝 is the first one accepted

by all other correct processes. Since 𝑝 does not accept any Propose
message for value lower than 𝑣 (line 6), it will be able to collect the

2B messages from 𝑛 − 𝑒 − 1 other processes. It will then satisfy the

condition at line 10 and decide by 2Δ.
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1 at startup / upon an invocation of propose(𝑣)
2 if val = ⊥ then
3 initial_val← 𝑣

4 send Propose(initial_val) to Π \ {𝑝𝑖 }
5 when received Propose(𝑣) from 𝑞

6 pre: bal = 0 ∧ val = ⊥ ∧ 𝑣 ≥ initial_val
∧ (initial_val ≠ ⊥ =⇒ 𝑣 = initial_val)

7 (val, proposer) ← (𝑣, 𝑞)
8 send 2B(0, 𝑣) to 𝑞

9 when received 2B(bal, 𝑣) from all 𝑞 ∈ 𝑃
10 pre: (bal = 0 ∧ |𝑃 ∪ {𝑝𝑖 }| ≥ 𝑛 − 𝑒 ∧ val ∈ {⊥, 𝑣}) ∨

(bal ≠ 0 ∧ |𝑃 | ≥ 𝑛 − 𝑓 )
11 (val, decided) ← (𝑣, 𝑣)
12 decide 𝑣
13 send Decide(𝑣) to Π \ {𝑝𝑖 }
14 when received Decide(𝑣)
15 (val, decided) ← (𝑣, 𝑣)
16 decide 𝑣

17 when received 1A(𝑏) from 𝑞

18 pre: 𝑏 > bal
19 bal← 𝑏

20 send 1B(𝑏, vbal, val, proposer, decided) to 𝑞

21 on timeout
22 let 𝑏 = (a ballot > bal such that 𝑖 ≡ 𝑏 (mod 𝑛))
23 send 1A(𝑏) to Π

24 when received 1B(𝑏, vbal𝑞, 𝑣𝑞, proposer𝑞, decided𝑞) from all 𝑞 ∈ 𝑄
25 pre: |𝑄 | = 𝑛 − 𝑓

26 let val = ⊥
27 let 𝑏max = max{vbal𝑞 | 𝑞 ∈ 𝑄}
28 let 𝑅 = {𝑞 ∈ 𝑄 | proposer𝑞 ∉ 𝑄}
29 if ∃𝑞 ∈ 𝑄. decided𝑞 ≠ ⊥ then
30 val ← decided𝑞
31 else if 𝑏max > 0 then
32 val ← 𝑣𝑞 such that vbal𝑞 = 𝑏max

33 else if ∃𝑣 ≠ ⊥. ∃𝑆 ⊆ 𝑅. |𝑆 | > 𝑛 − 𝑓 − 𝑒 ∧ ∀𝑞 ∈ 𝑄 𝑓 . 𝑣𝑞 = 𝑣 then
34 val ← 𝑣

35 else if ∃𝑣 ≠ ⊥. ∃𝑆 ⊆ 𝑅. |𝑆 | = 𝑛 − 𝑓 − 𝑒 ∧ ∀𝑞 ∈ 𝑄 𝑓 . 𝑣𝑞 = 𝑣 then
36 val ← the maximal value 𝑣 satisfying the condition at line 35

37 else if initial_val ≠ ⊥ then
38 val ← initial_val
39 if val ≠ ⊥ then send 2A(𝑏, val) to Π

40 when received 2A(𝑏, 𝑣) from 𝑞

41 pre: bal ≤ 𝑏
42 (val, bal, vbal) ← (𝑣, 𝑏, 𝑏)
43 send 2B(𝑏, 𝑣) to 𝑞

Figure 1: Consensus task at a process 𝑝𝑖 . Red lines highlight the changes needed to implement a consensus object.

Slow ballots. If processes do not reach an agreement at ballot 0

within 2Δ, the protocol nominates a process 𝑝𝑖 to initiate a new slow

ballot (line 22); this nomination is done using standard techniques

[12, §C]. Process 𝑝𝑖 broadcasts a 1A message asking the others

to join the new ballot (line 23), and processes respond with a 1B
message, carrying information about their state (line 17). Once 𝑝𝑖
receives 𝑛 − 𝑓 replies from a set 𝑄 (line 24), it computes a proposal

for its ballot as we describe in the following. It then sends this

proposal in a 2Amessage (line 39), to which processes reply with 2B
messages (line 43). Process 𝑝𝑖 decides after collecting𝑛− 𝑓 matching

votes (the second disjunct at line 10).

Computing the proposal. Process 𝑝𝑖 computes its proposal based

on the states received in the 1B messages. If some process has al-

ready decided a value, then 𝑝𝑖 selects that value (line 29). Otherwise,

𝑝𝑖 considers the highest ballot 𝑏max where a vote was cast (line 27):

the votes in 𝑏max supersede those in lower ballots. If 𝑏max > 0, then

𝑝𝑖 selects the associated value, just like in the usual Paxos (line 31).

If 𝑏max = 0, then some value may have been decided on the fast

path. To handle this case, process 𝑝𝑖 first excludes the values whose

proposers belong to 𝑄 (line 28): these proposers have not taken the

fast path, because line 29 did not execute; they will not take it in

the future either, because they have moved to a slow ballot when

replying to 𝑝𝑖 (line 19). If after this there is a value 𝑣 with more

than 𝑛 − 𝑓 − 𝑒 votes, then 𝑝𝑖 proposes 𝑣 (line 33); we prove below

that 𝑣 is unique. If no such 𝑣 exists, 𝑝𝑖 considers the values with

exactly 𝑛 − 𝑓 − 𝑒 votes (line 35). There may be multiple such values,

so 𝑝𝑖 selects the greatest one (line 36). Finally, in all other cases 𝑝𝑖
selects its own initial value (line 38). The following lemma shows

that this algorithm correctly recovers fast path decisions.

Lemma 1. Assume 𝑛 ≥ 2𝑒 + 𝑓 . If a value 𝑣 is decided via the fast path
at ballot 0, then lines 33–38 always select 𝑣 as val.

Proof. Since 𝑣 takes the fast path, there are at least𝑛−𝑒 processes
that vote for 𝑣 at ballot 0 (implicitly including the proposer of 𝑣).

The set of these processes intersects with 𝑄 (line 24) in ≥ 𝑛 − 𝑒 − 𝑓

processes, thus enabling the condition at either line 33 or line 35.

Consider first the case of line 33, so that > 𝑛 − 𝑒 − 𝑓 processes in

𝑄 voted for 𝑣 . Then the number of processes in 𝑄 that could have

voted for another value is < (𝑛 − 𝑓 ) − (𝑛 − 𝑒 − 𝑓 ) = 𝑒 = (2𝑒 + 𝑓 ) −
𝑒 − 𝑓 ≤ 𝑛 − 𝑒 − 𝑓 . Hence, 𝑣 is the only value that can satisfy the

condition at line 33, and val must be assigned to 𝑣 at line 34.

Assume now that the condition at line 35 holds, so that 𝑛 − 𝑒 − 𝑓
processes in 𝑄 voted for 𝑣 . Since 𝑣 went onto the fast path, ≥ 𝑛 − 𝑒
processes voted for 𝑣 overall. Thus, all 𝑓 processes outside 𝑄 must

have voted for 𝑣 . Since the proposer of any other value 𝑣 ′ that also
satisfies the condition at line 35 does not belong to 𝑄 (line 28), it

must have voted for 𝑣 . But then 𝑣 ′ < 𝑣 by line 6, which proves that

val is assigned to 𝑣 at line 36. □

Consensus object. When implementing a consensus object, the

variable initial_val (initially ⊥, lower than any other value) is ex-

plicitly updated upon an invocation of propose (line 3), provided
the process has not yet voted for someone else’s proposal. The

only other difference is the additional condition at line 6: a process

responds to the Propose(𝑣) message only if it has not proposed yet

(initial_val = ⊥), or if 𝑣 matches its own proposal (initial_val = 𝑣).

In [12, §C] we prove that the protocols we have just presented

indeed satisfy the conditions of Theorems 1 and 2.
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