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Abstract. We investigate the issue of determining whether the intersection of a
context-free language (CFL) and a Petri net language (PNL) is empty. Our con-
tribution to solve this long-standing problem which relates, for instance, to the
reachability analysis of recursive programs over unbounded data domain, is to
identify a class of CFLs called the finite-index CFLs for which the problem is
decidable. The k-index approximation of a CFL can be obtained by discarding
all the words that cannot be derived within a budget k on the number of occur-
rences of non-terminals. A finite-index CFL is thus a CFL which coincides with
its k-index approximation for some k. We decide whether the intersection of a
finite-index CFL and a PNL is empty by reducing it to the reachability problem
of Petri nets with weak inhibitor arcs, a class of systems with infinitely many
states for which reachability is known to be decidable. Conversely, we show that
the reachability problem for a Petri net with weak inhibitor arcs reduces to the
emptiness problem of a finite-index CFL intersected with a PNL.

1 Introduction

Automated verification of infinite-state systems, for instance programs with (recursive)
procedures and integer variables, is an important and a highly challenging problem.
Pushdown automata (i.e., Context-free grammars) have been proposed as an adequate
formalism to model procedural programs. However pushdown automata require finite-
ness of the data domain which is typically obtained by abstracting the program’s data,
for instance, using the predicate abstraction techniques [ 1, 7]. In many cases, reasoning
over finite abstract domains yields to a too coarse analysis and is therefore not pre-
cise. To palliate this problem, it is natural to model a procedural program with integer
variables as a pushdown automaton manipulating counters. In general, pushdown au-
tomata with counters are Turing powerful which implies that basic decision problems
are undecidable (this is true even for the case finite-state automata with counters).

Therefore one has to look for restrictions on the model which retain sufficient ex-
pressiveness while allowing basic properties like reachability to be algorithmically ver-
ified. One such restriction is to forbid the test of a counter and a constant for equality.
In fact, forbidding test for equality implies the decidability of the reachability problem
for the case of finite-state automata with counters (i.e. Petri nets [1 1, 14]).

The verification problem for (restricted) pushdown automata with counters boils
down to checking whether the language obtained from the intersection of a context-free
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language (CFL) and a Petri net language (PNL) is empty or not. We denote this last
problem by PNLNCFL = 0.

The decidability of PNLNCFL Zois open and lies at the very edge of our compre-
hension of infinite-state systems. We see two breakthroughs contributing to this ques-
tion. First, determining the emptiness of a PNL was known to be decidable as early as
the eighties. Then, in 2006, Reinhardt [ 14] lifted this result to an extension of PN with
inhibitor arcs (that allow to test if a counter equals 0) which must satisfy some addi-
tional topological conditions. By imposing a topology on the tests for zero, Reinhardt
prevents his model to acquire Turing powerful capabilities. We call his model PNW and
the languages thereof PNWL.

Our contribution to the decidability of PNL N CFL Z 0 comes under the form of
a partial answer which is better understood in terms of underapproximation. In fact,
given a PNL L; and the language L of a context-free grammar we replace L by a subset
L' which is obtained by discarding from L all the words that cannot be derived within
a given budget k € N on the number of non-terminal symbols. (In fact, the subset L
contains any word of L that can be generated by a derivation that contains at most k
non-terminal symbols at each derivation step.) We show how to compute L' by annotat-
ing the variables of the context-free grammar for L with an allowance. What is particu-
larly appealing is that the coverage of L increases with the allowance. Approximations
induced by allowances are non-trivial: every regular or linear language is captured ex-
actly with an allowance of 1, L’ coincides with L when the allowance is unbounded, and
under commutativity of concatenation L coincides with L for some allowance k € N.

We call finite-index CFL, or fiCFL for short a context-free language where each of
its words can be derived within a given budget. In this paper we prove the decidability of

PNLNfiCFL =0 by reducing it to the emptiness problem of PNWL. We also prove the
converse reduction which means those two problems are equivalent. By establishing this
equivalence we provide a whole new perspective on the emptiness problem for PNWL
and PNLNCFL. In [14] Reinhardt gives his decision procedure for the emptiness of
PNWL and then gives some recursively equivalent decision problem on other models,
e.g. restricted priority multipushdown automaton. We deliberately choose to show the
equivalence of our problem with the emptiness problem for PNWL because (1) we
want to introduce as few computational models as possible (in this case 2) and (2)
Reinhardt’s decision procedure is defined for PNW. We believe that considering more
computational models or models upon which the decision procedure is not directly
defined would only obfuscate the intuitions our result is providing.

2 Preliminaries

2.1 Context-Free Languages

An alphabet ¥ is a finite non-empty set of symbols. A word w over an alphabet ¥ is a
finite sequence of symbols of ¥ where the empty sequence is denoted €. We write ¥*
for the set of words over X. Let L C X*, L defines a language.

A context-free grammar (CFG) G is a tuple (X, X, P) where X is a finite non-empty
set of variables (non-terminal letters), X is an alphabet of terminal letters, and P C
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(X x (X?UZU{e})) a finite set of productions (the production (X,w) may also be
denoted by X — w). For every production p = (X,w) € P, we use head(p) to denote
the variable X. Observe that the form of the productions is restricted, but it has been
shown in [10] that every CFG can be transformed, in polynomial time, into an equivalent
grammar of this form.

Given two strings u,v € (2U X)* we define the relation u = v, if there exists a pro-
duction (X,w) € P and some words y,z € (XUX)* such that u = yXz and v = ywz. We
use =" for the reflexive transitive closure of =. Given X € X, we define the language
Lg(X), or simply L(X) when G is clear form the context, as {w € £* | X =* w}. A lan-
guage L is context-free (CFL) if there exists a context-free grammar G = (X, X, P) and
A € X such that L = Lg(A).

2.2 Finite-index Approximation of Context-Free Languages

Letke N, G=(X,Z,P)beaCFGandA € X. A derivation from A given by A = oy =
O = -+ = 0, is k index bounded if for every i € {0,...,n} at most k symbols of a; are
variables. We denote by L) (A) the subset of L(A) such that for every w € L) (A) there
exists a k index bounded derivation A =* w. We call LX) (A) the k-index approximation
of L(A) or more generically we say that L) (A) is a finite-index approximation of L(A).?

Let us now give some known properties of finite-index approximations. Clearly
limy 0. L% (A) = L(A). Moreover, let L be a regular or linear language®, then there
exists a CFG G', and a variable A’ of G such that L(A") = L = LI (A’). Also in [13]
Luker showed that if L(A) C L(w}---w}) for some w; € £*, then L) (A) = L(A) for
some k € N. More recently, [4, 6] showed some form of completeness for finite-index
approximation when commutativity of concatenation is assumed. It shows that there
exists a k € N such that L(A) C TI(L®) (A)) where TI(L) denotes the language obtained
by permuting symbols of w for every w € L. As an incompleteness result, Salomaa
showed in [15] that for the Dyck language Lp; over 1-pair of parentheses there is no

CFG G, variable A’ of G’ and k € N such that L*) (A") = Lp:.

Inspired by [3, 5, 4] let us define the context-free grammar G¥ which annotates the
variables of X with a positive integer bounding the index of the derivations starting with
that variable.

Definition 1. Ler G = (X .z, EP[k]) be the context-free grammar defined as follows:
XK = {Xm |0<i<kAX € X}, and P is the smallest set such that:

— For every X — YZ € P, PX has the productions X! — yli-1Z[ ang x1 —

YUZE=N for everyie {1,...,k}. '
— ForeveryX — o € Pwithc € 2U{e}, X! » o € PH foraili € {0,...,k}.

What follows is a consequence of several results from different papers by Esparza
et al. For the sake of clarity we give a direct proof in the appendix.

Lemma 1. Let X € X. We have L(XX) = L1 ().

3 Finite-index approximations were first studied in the 60’s.
4 See [9] for definitions.
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2.3 Petri nets with Inhibitor Arcs

Let X be a finite non-empty set, a multiset m: X — N over £ maps each symbol of X to
a natural number. Let M[X] be the set of all multiset over X.

We sometimes use the following notation for multisets m = [g1,¢q1,¢3] for the mul-
tiset m € M[{q1,92,93,44}] such that m(g;) =2, m(g2) =m(g4) =0, and m(g3) = 1.
The empty multiset is denoted &.

Given two multisets m,m’ € M[X] we define m@m’ € M[X] to be the multiset such
that Va € £: (m®m’)(a) = m(a) + m’(a), we also define the natural partial order <
on M(X] as follows: m < m’ iff there exists m* € M[X] such that m & m® = m’. We
also define m ©m'’ € M([X] as the multiset such that (m ©m’) ®m’ = m provided such
a multiset exists.

A Petri net with inhibitor arcs (PNI for short) N = (S,T,F = (Z,1,0),m,) consists
of a finite non-empty set S of places, a finite set T' of transitions disjoint from S, a tuple
F = (Z,1,0) of functions Z: T ++ 25, I: T — M]S| and O: T + M]S|, and an initial
marking m, € M(S]. For a marking m of N and p € S, we say that, in m, the place p
contains m(p) fokens.

A transition t € T is enabled at m, written m[¢), if /(f) < m and m(p) = 0 for
all p € Z(¢). A transition ¢ that is enabled at m can be fired, yielding a marking m’
such that m’' = (m & 1(r)) @ O(r). We write this fact as follows: m[r)m’. We extend
enabledness and firing inductively to finite sequences of transitions as follows. Let w €
T*. If w=¢ we define m[w)m’ iff m" = m; else if w = u-v we have m[w)m’ iff
Jm;: mu)m; Amy [v)m’.

From the above definition we find that m is a reachable marking from mg if and
only if there exists w € T* such that my [w) m. Given a language L C T* over the tran-
sitions of N, the set of reachable states from mq along L, written [m()}L , coincides with
{m|3w € L: mg[w)m}. Incidentally, if L is unspecified then it is assumed to be T*
and we simply write [my) for the set of states reachable from my. For clarity, we shall
sometimes write the PNI in subscript, e.g. m; € [moﬁ.

A Petri net with weak inhibitor arcs (PNW for short) is a PNI N = (S,T,F =
(Z,1,0),m,) such that there is an index function f: S — N with the property:

Vp,p' €S: f(p) < f(p) = (teT: peZt) = peZi)) . (1

A Petri net (PN for short) can be seen as a subclass of Petri nets with weak inhibitor
arcs where Z(t) = 0 for all transitions ¢ € T In this case, the tuple F can be described
by the pair (I, 0).

The reachability problem for a PNI N = (S,T,F = (Z,1,0),m,) is the problem
of deciding, for a given marking m, whether m € [m,) holds. It is well known that
reachability for Petri nets with inhibitor arcs is undecidable [&]. But

Theorem 1. [/4] The reachability problem for PNW is decidable.

2.4 The reachability problem for Petri nets along finite-index CFL

Let us formally define the problem we are interested in.
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Problem 1. Given: (1) a Petri net N = (S,7,F,m,) where T # 0; (2) a CFG G =
(X,T,P) and A € X; (3) a marking my € M[S]; and (4) a value k € N.

Does m; € [m,)"""®) hold 2

In what follows, we prove the interreducibility of the reachability problem for PN
along finite-index CFL and the reachability problem for PNW.

3 Reduction from PN reachability along finite-index CFL to PNW
reachability

In this section, we show that the reachability problem for Petri nets along finite-index
CFL is decidable. To this aim, let us fix an instance of Pb. 1: a Petrinet N = (S, T, F,m,)
where T # 0, a context-free grammar G = (X, T,P), my € M[S], and a natural number

k € N. Moreover, let G = (X W, EP["]) be the context-free grammar given by def. 1.

L(AK)

Lemma | shows that my € [m,)L(kH)(A) if and only if my € [m,) . Then, our

k|
decision procedure, which determines if my € [ml>L(A[ ]), proceeds by reduction to the
reachability problem for PNW and is divided in two steps. First, we reduce the question

k]
my € [m,}L(A[ ) to the existence of a successful execution in the program of Alg. 1
which, in turn, is reduced to a reachability problem for PNW.

Algorithm 1: traverse
Input: A variable X e xK of G

1 begin

2 Let p € P such that head(p) = X9

3 switch p do

4 case Xl) > o /* 6 €XU{e} */
5 M| := (Mi[¢{]s1(c)) @ O(o)

6 sub_x_to(V;[€], M¢[¢])

7 case X!) — liclt-1]

8 transfer_from_to(Mg[€], Mg [¢ — 1])

9 add_x_to(Mg[€],M;[¢ — 1])
10 traverse(Cl=1])
1 assert M;[j] =M¢[j] =@ forall j < /¢
12 traverse(Bl))
13 case X1 — gl‘-1cld
14 transfer_from_to(M;[€], M;[£ — 1])
15 add_x_to(M;[¢],M¢[¢ — 1])
16 traverse(BI=1))
17 assert M;[j] = M¢[j] =@ forall j < ¢
18 traverse(Cl))
19 return
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Part 1. In Alg. 1, M; and My are global arrays of markings with index ranging from O
to k (i.e., forevery j € {0,...,k}, Mi[j],M¢[j] € M[S]). We say that a call traverse(X "))
successfully returns if there exists an execution which eventually reaches line 19 (i.e.,
no assert fails) and the following postcondition holds M;[j] = M¢[j] = @ for every j €
{0,...,£}. Moreover we say that a call traverse(X!")) is proper if M;[j] = M¢[j] = @ for
all j < 0. Let £ € {0,...,k}, we shall now demonstrate that a proper call traverse(X!")
successfully returns if and only if there exists w € L(X[) such that M;[¢] [w)y M¢[/].
Moreover, upon successful return M;[j] = M¢[j] = @ for all holds j < ¢. The formal
statement is given at Lem. 2 and is proved below.

To understand the rationale for the correctness of Alg. 1, let us see why the

4
call traverse(X!")) successfully returns whenever M¢[(] € [M;[E])%X ). Procedure

traverse(X [4}) proceeds recursively on the variables of X{ to check if there exists
w € L(X!) such that M;[€] [w) , M¢[¢].

Let us start by assuming that X!/ = u =* w with u € (ZU X*)*. An execution of
traverse(X!1) is such that at line 2, some p = (X!, u) € P is picked. The choice of p
yields three case study.

The first case is given by p = (X[, 6) € P (with 6 € ZU{e}) which yields the case
of line 4 to be executed. It follows that X! = u = w = . Since M;[¢] [6) M¢[¢] holds
by assumption there exists an execution of sub_x_to which can empty both M;[¢] and
M|[/]. Finally, upon reaching line 19 we find that the post condition M¢[¢] = @ = M;[{]
for every j € {0,...,£} holds. Therefore the call to rraverse(X!!) succesffuly returns.

The second case is p = (X7, B)Cl=11) which yields line 8 is executed. We further
assume that M;[¢] [wiw2) M¢[¢] where w; € L(BI) and w, € L(Cl*~!]). Hence, we find
that there is m € M[S] such that M;[¢] [w;) m [wz) M¢[¢] which, by monotonicity of PN,
is equivalent to:

Jm;,my, m3 € M[S]: M[¢] [w)m; Amy [wy)ms Am; =my & (M¢[(]©Sm3) . (2)

Observe that, for (2) to be valid, we need ms =< M¢[¢] to hold.

Let us resume the execution of traverse(X V]) which now executes the call to the
procedure transfer _from_to(Mg[¢],M¢[¢ — 1]) of line 8. We assume the transfer is given
by the marking mj3 so that when returning from Alg. 3 we have M¢[¢ — 1] = m3. Next
the call add_x_to(M¢[¢],M;[¢ — 1]) of line 9 executes. Alg. 2 shows it adds an arbitrary
value, say my, to the markings M¢[¢] and M;[¢ — 1]. Therefore, M;[¢ — 1] is updated to
m; and M¢[{] to m; (= my @ (M¢[{] ©m3)).

Algorithm 2: add_x_to,sub_x_to
Input: srcy,srcy
begin
Let gty s.t. @ < gty
if add_x_to then
| (src1,src2) := (srey, srer) S qty
else// sub_x_to
L (srey,srey) = (srey,srey) © gty
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Now, a recursive proper call traverse(C (e~ 1]) takes place (see line 10) to determine if
there exists a word w’ € L(C“~ 1) such that M;[¢ — 1] [w') M¢[£ — 1]. We conclude from
above that wy is such a word: (M;[¢ — 1] =)my [wy) m3(= M¢[¢ — 1]) holds. Therefore
the call traverse(Cl= 1) successfully returns and we find that M;[j] = M¢[j] = @ for
all j < ¢ (assuming Alg. 1 is correct). This implies that the assert statement at line 11
succeeds.

Then, a recursive proper call traverse( ) takes place (see line 12) to determine if
there exists a word w' € L(B!“]) such that M;[¢] [w'), M¢[¢]. We conclude from above
that wy is such a word: M;[¢] [w1) m; (= M¢[¢]) holds. Therefore traverse(BI")) success-
fully returns (again assuming Alg. 1 is correct) and so is traverse(X M) and we are done.

The third case given by p = (X 4, Ble=1cle ]) P is treated similarly.

Algorithm 3: rransfer_from_to

Input: src,rgt

begin
Let gty s.t. @ <X gty < src
1gt == 18t © qty
sre 1= src O qty

It is worth pointing that Alg. 1 processes the variables following a lowest index first
strategy. E.g. in case of line 7, traverse(Cl'~1]) is called before traverse(Bl)).

Finally, observe that when the procedure traverse(X ) calls itself with the parame-
ter, say B), the call is a tail recursive call. This means that when traverse(Bl") returns
then traverse(X!”) immediately returns. It is known from programming techniques how
to implement tail recursive call without consuming space on the call stack. In the case
of Alg. 1, we have a global variable to store the parameter of traverse and we replace
tail recursive calls by goto statements.

Lemma 2. Let £ € {0,....k}, X! ¢ XN and m,m’ € M[S]. Then, the proper call
traverse(X1) with context Mi[f] = m and M¢[{] = m’ successfully returns if and only
if there exists w € L(X!")) such that m [w), m'.

Proof. If. We prove that if there exists w € L(X[?) such that m[w)m’ then the proper
call traverse(X!9) with M;[¢] = m and M¢[¢] = m’ successfully returns.

Our proof is done by induction on the length n of the derivation of w € L(X V]).
For the case n = 1, we necessarily have X!/ = w = o for some (XV],G) € PH. n
this case, the proper call traverse(X!)) with M;[¢] = m and M¢[¢] = m’ executes as
follows: p = (X M,G) is picked and the case of line 4 executes successfully since m =
M; [¢] [6) M¢[¢] = m’ holds and hence the call traverse(X!)) successfully returns with
all entries with index at most £ of M; and Mg set to & and we are done.

For the case n > 1, we have X [l =n y which necessarily has the form X [0 =
BUCH-1 =n=1yy or XI1) = BNl =n=1, by def. of G, Assume we are in the lat-
ter case. Thus there exists wy and wy such that X9 = Bl =iy, Cl =7 ywiw, = w
with i+ j =n—1 and 3m;: m[w;)m [wp)m’. Observe that w; € L(BV*”) and
ws € L(C) and so by induction hypothesis we find that the proper call rraverse(B!—1])
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with M;[¢ — 1] = m, M¢[¢ — 1] = m; successfully returns. And so does, by induction hy-
pothesis, the proper call rraverse(Cl)) with M;[¢] = m|, M¢[¢] = m'. Therefore let us
consider the proper call rraverse(X ")) with M;[¢] = m, M¢[¢] = m’. We show it success-
fully returns.

First observe that the call to the procedure fraverse(X [f]) is proper. Next, at line 2,
pick p = (X!9, BI=1Cl), Then the call transfer_from_to(M;[£]),M;[¢ — 1]) of line 14
executes such that M;[¢] is updated to @ and M;[¢ — 1] to m. Next the call to the proce-
dure add_x_to(M;[{],M¢[¢ — 1]) of line 15 executes such that both M;[¢] and M¢[¢ — 1]
are updated to m;. Recall that m [wy)m; [wy) m’.

Finally we showed above that the proper call traverse(B[f’l]) successfully returns,
the assert that follows too and finally the proper call traverse(C [4])_ Moreover it is rou-
tine to check that upon completion of rraverse(Cl’) (and therefore traverse(X!!)) we
have M;[j] = M¢[j] = @ for all j <.

The left case (i.e. p = (X 1 Bldc [é’l]) e Py is treated similarly.

Only If. Here we prove that if the proper call traverse(X V]) successfully returns then
there exists w € L(X!“!) such that M;[¢] [w) , M¢[/].

Our proof is done by induction on the number 7 of times line 2 is executed during
the execution of traverse(X!")). Since the call traverse(X!"!) is proper, line 2 is executed
at least once. For the case n = 1, the algorithm necessarily executes the case of line 4.
The definition of G/ shows that along a successful execution of traverse(X M), the
non deterministic choice of line 2 necessarily returns a production of the form p =
(X [é],c) € P, Therefore, a successful execution must execute line 2 through 6 and
then line 19. It follows that M;[¢] [6) M¢[/] holds, and because the call rraverse(X ‘)
successfully returns, hence M;[j] = M¢[j] = @ for all j < £ and we are done.

For the case n > 1, the first non deterministic choice of line 2 necessarily
picks p € PH of the form (x4, Blcl=1) or (x19, BI~1ClH). Let us assume p =
(x4, Blcl=1), hence that the case of line 7 is executed. Let m and m’ be respec-
tively the values of M;[¢] and M¢[¢] when traverse(X!¥)) is invoked. Now, let m3,my be
such that m’ = m3 & my and such that upon completion of the call to transfer_from_to
at line 8 we have that M¢[¢] = mp and M¢[¢ — 1] = m3. Moreover, let m be the marking
such that M;[¢ — 1] = my upon completion of the call to add_x_to at line 9. Therefore
we find that M¢[¢] is updated to mp @ my. Next consider the successful proper call
traverse(C=1)) of line 10 with M;[£ — 1] = my, M¢[¢ — 1] = m3. Observe that because
the execution of traverse(X!")) yields the calls traverse(C~ 1) and traverse(BI"), we
find that the number of times line 2 is executed in rraverse(Cl ') and traverse(B\")
is strictly less than n. Therefore, the induction hypothesis shows that there exists wy
such that wy € L(CI*~!!) and m; [w,) m3. Then comes the successful assert of line 11
followed by the successful proper call traverse(B)) of line 12 with M;[(] = m and
M¢[¢] = mp & my. Again by induction hypothesis, there exists w; such that wy € L(BV])
andm[w;) (mp G my).

Next we conclude from the monotonicity property of PN that since m; [w;) m3 then
(my & my) [wy) (m3 ©my), hence that m|w) (my G my) [wy) (m3 G my) and finally
that m [w; wy) m’ because m’ = mz @ my. Finally since wiw, € L(X [f]) we conclude

U
that m’ € [m)**") and we are done.

The left case (i.e. p = (X!, B~y € Py is treated similarly. O
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Part 2. In this section, we show that it is possible to construct a PNI N’ such that
the problem asking if the call to traverse(A V‘]) successfully returns can be reduced, in
polynomial time, to the reachability problem for N’. Incidentally, we show that N’ is a
PNW, hence that the reachability problem for PN along finite-index CFL is decidable.

To describe N’ we use a generalization of the net program formalism introduced by
Esparza in [2]. The generalization allows to test for 0 a variable.

A Net programs is a finite sequence of labelled commands separated by semicolons.
Basic commands have the following form, where ¢,¢' 1, ... ¢ are labels taken from
some arbitrary set, and x is a variable over the natural numbers, also called a counter.

l:ix:i=x—1 £: ifx = Othen goto ¢’ ¢: return
lixi=x+1 {: goto/;or---or goto ! £: halt
L: goto ! £: gosub/

A net program is syntactically correct if the labels of commands are pairwise differ-
ent, and if the destinations of jumps corresponds to existing labels. Moreover we require
the net program to be decomposable into a main program that only calls first-level sub-
routines, which in turn only call second level subroutines, etc and the jump commands
in a subroutine can only have commands of the same subroutine as destinations.”> Each
subroutine has a unique entry command labelled with a subroutine name, and a unique
exit command of the form ¢: return. Entry and exit labelled commands are distinct.

A net program can only be executed once its variables have received initial values. In
this paper we assume that the initial values are always 0. The semantics of net programs
is that suggested by the syntax.

The compilation of a syntactically correct net program to a PNI is straightforward
and omitted due to space constraints. See [2] for the compilation.

At Alg. 4 is the net program that implements Alg. 1. In what follows fix

S ={l,...,d} for d > 1, the counter variables are given by {xm} and
0<i<kXeX

M [0..4][1..d] M;[0..k][1..d] which arranges counters into two matrices of dimension
(k+ 1) x d. For clarity, our net programs use some abbreviations whose semantics
is clear from the syntax, e.g. M;[¢] := M;[¢] ® m stands for the sequence M;[¢][1] :=
M;[][1] +m(1);[...]; M;[€][d] := M;[¢][d] + m(d).

Let us now make a few observations of Alg. 4:

— at the top level we have the subroutine main which first sets up M;[¢] and M¢[/],
then simulates the call rraverse(X W) and finally checks that the postcondition holds
(label 0;) before halting (label success).

— the counter variables {x[i]} defines the parameter of the calls to
0<i<kXeX

traverse;. For instance, a call to traverse(X [j]) is simulated in the net program
by incrementing xU and then calling subroutine traverse;.

— the non-deterministic jump at label traverse; simulates the selection of a produc-
tion rule p;, = (X i, w) which will be fired next (if enabled else the program fails).

5 Here we consider the main program as a zero-level subroutine, i.e. jump commands in the
main program can only have commands of the main program as destinations.
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Algorithm 4: main invoking traverse(X!l) with m, m’ and subroutines traverse;

where 0 < j < £ implementing the calls {traverse(X [j])}

Xex

main:

0

traverse;:

Pi*

02

Pt

03

exit:

success:

M;[f] := M;[¢] ©m;
M¢[(] := Mg [(] om’;

xm = xm +1;

gosub traversey;

if M;[0..¢] = @ = M¢[0../] then goto success;
goto pj or --- or goto p,;
[--1

M;i[j] := Mj[j]©1(o);
M;lj] :=M;[j] & O(0);
gosub sub_to;;

goto exit;

[...I

gosub trfjj(jflﬁ

gosub add,toj( j,l)f s

i1 = i1 1,

gosub traverse(;_|);

if M;[0..j — 1] = @ = M¢[0..j — 1] then goto 11;

. bl = pll 41,

goto traverse;;

[...]

vl =yl 1,

gosub tri;i(;_i);

gosub add _to_i j,f( j—1)}

=1 == 4 1;

gosub traverse( j—1)

if M;[0..j — 1] = @ = M¢[0..j — 1] then goto 12;

s =4

goto traverse;;
[...]

return;

[...1

halt;
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— the missing code for the subroutines tr f; f; |, add_to_i; f;_;, and sub_to; can be
found in the appendix although it is pretty obvious to infer from Alg. 2 and Alg. 3.
The code for tr_i;_i;_;, add_to_f;_i;_; and traverse is also routine to write.

— the program is syntactically correct. First, the levels are assigned to subroutines as
follows: the level of traverse; is j, the level of tr_f; f;_, tr_i;i;_;, add_to.i; f; i,
add_tof;_i;_; and sub_to; is j — 1. Given that level assignment, it is routine to
check that subroutines of level i only call subroutines of level i — 1. Moreover,
thanks to the programming techniques that allow to implement the tail recursive
call as a goto instead of gosub we find that the program is synctactically correct.
(If we had used gosub everywhere, then the net program would be synctactically
incorrect). Also observe that each jump commands does not leave the subroutine
inside which it is invoked.

— the tests for O (labels 0y, 0,,03) have a particular structure matching the level of the
subroutines (level £+ 1 for 0; and j for 0, and 03). So, after compilation of the net
program into a PNI N, if we set a mapping f from the places of N’ to N such that
¢ is mapped to i if ¢ € {M;[{][j] | j € {1,...,d}} U{Mli][j] | j € {1,...,d}} and
every other place is mapped to £+ 2 then we find that N’ is a PNW. Hence it is
decidable whether Alg. 4 properly halts.

Lemma 3. Ler ¢ € {0,...,k}, X e xW and mm’ e MIS]. Then the proper call
traverse(X 1) with Mi[f] = m, M¢[¢] = m’ successfully returns iff the net program of
Alg. 4 properly halts.

Hence from Lem. 1, 2 and 3, we conclude the following.

Corollary 1. The reachability problem for PN along finite-index CFL can be reduced
to the reachability problem for PNW.

4 Reduction from PNW reachability to PN reachability along
finite-index CFL

In this section, we show that the reachability problem for PNW can be reduced to the
reachability problem of PN along finite-index CFL. To this aim, let N = (S,T,F =
(Z,1,0),m,) be an PNW, m; € M([S] the final marking, and let f: S — N be an index
function such that (1) holds.

LetS={si,...,8n+1and T ={t,...,1, }. Because it simplifies the presentation we
will make a few assumptions that yield no loss of generality. (i) Forevery i € {1,...,n},
we have f(si) < f(Sl'+]), (iH)m, = [[S,,+]]], my =, (iii) Z(Z‘]) - Z(tz) c...C Z(tm) -
{s1,--.,3n}, and (iv) forevery r € T, if s € Z(t) then O(¢)(s) = 0 (see [14], Lemma 2.1).
Notice that the Petri net N can not test if the place s, is empty or not.

In the following, we show that it is possible to construct a Petri net (with-
out inhibitor arcs) N’, a final marking m’f, and a finite-index CFL L such that

m; € [m,)" iff m) € ml)%, .
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Constructing the Petri net N': Let N' = (§',T',F' = (I',0’),m]) be a PN which con-
sists in n+ 1 unconnected PN widget: the widget Ny given by N without tests for
zero (i.e. Z(t) is set to @ for every t € T) and the widgets Ni,...,N, where each
N; = ({ri},{pi,ci}, Fi, @) where F;(p;) = (&, [ri]) and Fi(c;) = ([r:],&). N; is depicted

Di Ti Ci
as follows: @ —(O— M. Finally, define m, € M[S’] to be m](s) = m,(s) for s € S and 0
elsewhere; and m’, = &.
Since we have the ability to restrict the possible sequences of transitions that fire in
N’, we can enforce the invariant that the sum of tokens in s; and r; stays constant. To
do so it suffices to force that whenever a token produced in s; then a token is consumed
from r; and vice versa. Call L the language enforcing that invariant. Then, let m be
a marking such that m(s;) = m(r;) = 0, observe that by firing from m a sequence of
the form: (1) fire p; n times, (2) fire any sequence w € L and (3) fire ¢; n times; the
marking m’ that is reached is such that m(s;) = m(r;) = 0. This suggests that to simulate
faithfully a transition #yp of N that does test s; for 0 we allow the occurrence of the
counterpart of #y in Ny right before (1) or right after (3) only. In what follows, we build
a language, called L,,, which builds upon the above idea. Moreover we will show that
L, coincides with the finite-index approximation of some CFG.
We need the following notation. Given a word v € £* and ® C ¥, we define v|g to
be the word obtained from v by erasing all the symbols that are not in ®. We extend it
to languages as follows: Let L C X*. Then L|e = {u|e | u € L}.

Constructing the language L,: For every j € {1,...,m}, let u; = p|'ps*---pjn and
v = C{“ cé{zmc,]f" be two words over the alphabet 7’ such that iy = I(¢;)(s;) and
kg = O(tj)(s¢) for all £ € {1,...,n}. Observe that firing v;tju; keeps unchanged the
total number of tokens in {s;,7;} foreachi € {1,...,n}. Let £ € {0,...,n} define T; =
{vj-tj-uj| Z(t;) = {s1,...,50} }.0 Also given a,b € £* and Z C X*, define (a,b) xZ as
the set {a'-z-b'|i€e NAz € Z}.

Define the CFLs Ly, ..., L, inductively as follows: Ly = T;; and for 0 < ¢ < n define
L= (((pg,cg>*Lg_1) UD)*. It is routine to check that Lo CL; C--- C L, (since Ly_; C
(pesce) *Le—1)) and Ly|7 = T* (since L, D Uiy T;). Also, Ly is a regular language and
therefore there exists a CFG Gy and a variable A of Gy such that L(!) (Ap) = Ly. Now, let
us assume that for L; there exists a CFG G; and a variable A; such that LG+ (A;) =L;.
From the definition of L;; it is routine to check that there exists a CFG G,y and a
variable A, such that L2 (Ai+1) = Li11. Finally we find that L, can be captured by
the n + 1-index approximation of a CFG.

Lemmad. Let { € {0,...,n}. If my,my € M[S'] such that m; € [mﬁ%, then my(s;) +
my(rj) =my(s;)+my(r;) forall j€{1,...,n}.

Let us make a few observations about the transitions of N’ which were carrying out 0
test in N. In Ly no transition ¢ such that s, € Z(¢) is allowed, that is no test of place
s¢+1 for O is allowed along any word of Ly. The language L, imposes that the place s,
can only be tested for 0 along 7;. The intuition is that L, allows to test sy for O provided
all places s; and r; for j < ¢ are empty.

6 Note that if £ = 0 then {s{,...,5,} = 0.
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Let us introduce the following notations. Let m € M([S'] and Q C §', we write Q(m)
for the multiset of M[Q] such that Q(m)(g) = m(g) for all ¢ € Q. The proofs that
follows are done by induction so we define the following subsets of places of N': R,

(resp. Sp) is given by {ry,...,r¢} (resp. {s1,...,5¢}).

Lemmas. Ler ¢ € {0,...,n}, w € L, and mym, € M[S] such that
(SeURp)(my) = (S¢URe)(mp) = @ and my [w) yy my. Then S(my) [wir) y S(myp).

Proof. The proof is done by induction on /.

Basis. £ = 0. w € Ly = T} and every transition # occurring in w|z is such that Z(r) = 0,
hence the def. of N and m, [w),, mp, show that S(m,) [w|7)y S(mp).

Step. ¢ > 0. Definition of L, shows that w € (({py,c¢) xLy_1) U Ty)* for some k € N.
The proof is done by induction on k. The case k = 0 (w = €) is trivially solved. For
k > 0 we have that w = wy - --wy, where w; € (py,c) *Lo—1 or w; € Tp. If wy € (py,ce) *
Ly_y then wy = pivc), for some i € N, v € Ly_y. Let mg,mj, m},m; such that m, =
my [p)) m; [v)m| [c})m;. We conclude from (S; UR;)(m,) = @ and p} that (Sy_; U
R¢_1)(m{) = @. Next Lem. 4 shows that (S,_; UR,_)(m}) = @. Hence, the induction
hypothesis on L;_; shows that S(my) [v|r), S(m)). Finally the definition of w; shows
that wi|7 = v|7, hence that S(mj,) [wi|7)y S(m), and finally that S(mq) [wq|7), S(m;)
since S(mg) = S(my) and S(m;) = S(m)). Also from the assumption (S, URy)(mg) =
&, w € Ly and Lem. 4 we conclude that (S UR/)(m;) = .

Let us now turn to the case wy € Ty. Let m; such that m, [wi) m;, we conclude
from (S¢ URy)(m,) = &, w; € Ly and Lem. 4 that (S; UR/)(m;) = &, hence that
S(mu) [W] |T>N S(ml) since wi |T =1y, Z(l‘j) =S¢ and S[(ma) = (.

Finally we use the induction hypothesis on w, - - - wy (we can because (1) wy - --wy €
Ly and (2) we have shown that (S, UR/)(m;) = & in both cases) and we are done. O

Lemma 6. Ler ( € {0,...,n}, ui,uo € M[S] such that Se(u1) = Se(w2) = @ and s €
[,L11>1L\,[|T. Then there are my,my € M[S'] such that S(m;) = uy, S(my) = o, Ry(m;) =

Ry(my) =, andmy € [mﬁ%

Proof. The proof is done by induction on /.

Basis. ¢ = 0. First, let us observe that, since ¢ = 0, the predicates Sy(u;) = S¢(w2) = @
and Ry(m;) = R;/(my) = & are vacuously true. Let u; [u), t» where u € Lo|r. Then,
there is a word w € Ly such that u = w|r. Let m; € M[S'] defined as follows: S(my) =y,

and m; (r;) = |w| for all i € {1,...,n}. Then, we have m; [w),, which yields m, since
there are enough tokens in the places R,. Moreover, we have S(my) = up since no
transition in {py,cy,..., pn,c, } has an arc to a place in S.

Step. £ > 0. Since there is u € Ly|7 such that u; [u) iy, then one of the following two
cases holds:

— Case 1: u € Ly_1|r. Then, we can use the induction hypothesis to show that there
are mj,m) € M[S'] and w’ € L,y such that S(m}) = w1, S(m)) = o, Rp—1 (m) =

Ri—1(m)) = @, and m) [w),, m). Let w = p/w'c] € Ly where j =m/(r¢), and
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let m;,m, € M([S'] such that (S"\ {r;})(m;) = (§'\ {r/})(m}) and m;(r¢) = 0 for
ie{l1,2}.

From the above we find that (i) S(m;) = S(m}) = y; for i € {1,2}, (i) R/(m;) =
R¢(my) = @ and (iii) m; [w),, m; and we are done.

— Case 2: u = wot; witi,wy - - - tj wi for some wy,...,wx € Ly_i|r and t;,,...,t; such
that Z(t; ) = --- = Z(t;, ) = S¢. To simplify the presentation, we assume that k = 1.
(The general case can be handled in the same way.) Then, there are 1/}, 1, € M[S]
such that w1y [wo) gy [ti,) 1y [wi) 2. Since ) [1;,) ity and S;(O(t;,)) = @, we have
Se(u)) = Se(us) = @. Hence, we can apply the first case to the runs u; [wo) 4] and
s [wi) p2, to show there are mj, m}, mj, m, € M([S'] such that S(m;) = y;, S(m}) =
i, Ry(m)) = Ry(m;) = & for i € {1,2}, m| € [m;)%, and m, € [m’z)if, By above

Nl’
we find that S(m) [1;, ), S(m}) holds. Moreover the definition of #;, shows that u;, €
{pes1,...,pn}" and vi; € {ci41,...,¢,}". Therefore we can pick my,m/,mj}, my

such that in addition to the above constraints we have m’1 [uiltilvil ) N m’z. Finally
the above reasoning shows that m/ € [mﬁ%, m), € [m'1>1LV‘, m; € [mé)% hence
that my € [m, >1LV‘, by definition of Ly and we are done since S(m;) = u;, Re(m;) = &
forie {1,2}. O

Theorem 2. my(= @) € [m,) if and only if m';(= @) € [mf)ﬁ'}

Proof. (=) Assume that my € [m,)y. Since L,|r = T"* and S,(m,) = S,(my) = &, the
result of Lem. 6 shows that there are m;,my € M([S'] such that S(m;) = m,, S(m;) =
my, R,(m;) = R,(my) = &, and m, € [mlmj. This implies that m’f € [mﬁ)ﬁ’} since
m} =m; and m, = m, by definition.

(+) Assume that m’; € [m; )ﬁ’} The definition of m; and m’, shows that (S, UR,)(m;) =
(Sy URy,)(m';) = @ and therefore, by Lem. 5, we find that S(m';) € [S(m;));””, hence

Ly|T

thatmy € [m,)y"" by definition of m,, my, and finally that my € [m,),, since L,|T =T*.

O
As an immediate consequence of Theorem 2, we obtain the following result:

Corollary 2. The reachability problem for PNW can be reduced to the reachability
problem for PN along finite-index CFL.

5 Conclusion

In this paper, we have defined the class finite-index context-free languages (which is
an interesting sub-class of context-free languages). We have shown that the problem of
checking whether the intersection of a finite-index context-free language and a Petri net
language is empty is decidable. This result is obtained through a non-trivial reduction to
the reachability problem for Petri nets with weak inhibitor arcs. On the other hand, we
have proved that the reachability problem for Petri nets with weak inhibitor arcs can be
reduced to the the emptiness problem of the language obtained from the intersection of a
finite-index context-free language and a Petri net language, which implies that the latter
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problem is EXPSPACE-hard [!2]. In the future, we plan to investigate the decidability
issue of determining whether the intersection of a context-free language and a Petri net
language is empty.
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A Missing Net programs

Alg. 5 gives the net program which implements the call sub_x_to(M;[¢], M¢[{]).

Algorithm 5:

sub_to, goto exit or s; or ...or s, ;

s MGIA[1] := M;[2)[1] — 1;

M [4][1] := Mg [€][1] — 1;
goto sub_toy;
[...I;

H Mi [f] [d] = Mi [f] [d] — 1;
M¢[{][d] := M¢[4][d] — 1;
goto sub_toy;

exit: return;

Alg. 6 implements the call add_*_to(M;[¢], M¢[{ — 1]).

Algorithm 6:

add_toi, £, ;, goto exit or s; or...or s; ;

s MG[O[1] := M [O[1] + 1;
M€ — 1][1] == M¢[£ — 1][1] + 1;
goto add _to_i; f, ;;

[...1;

s Mi[)[d] := M[0][d] + 1;

M¢[( — 1][d] := M¢ [ — 1][d] + 1
goto add _to_iy f,_i;
exit: return;

Alg. 7 implements the call transfer_from_to(Mg¢[£], Ms[€ — 1]).

Algorithm 7:

trf, £, , goto exit or s; or...or s; ;

NH Mf[é][l] = Mf[ﬁ][l] — 1;
M|l —1][1] := M¢[0 — 1][1] + 1;
goto tr_f, £, 1;
[...];

s M[0][d] := M¢[€][d] — 1;
M¢[l — 1][d] := M¢[¢ — 1][d] + 1;
goto tr f, £, |;

exit: return;
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B Missing Proofs

B.1 Proof of Lemma 1

Proof. Let w € ¥, we shall demonstrate that Akl =* \, iff there exists a derivation
A =" wthat is k+ 1 index bounded.

Only if. We have AX = w for some £ € N'\ {0}. The proof is done by induction on
¢. For the case ¢ = 1, we have Al = w, hence that (A w) € P and (A,w) € P
by definition of G¥ and finally that A = w is 1 < k+ 1 index bounded. For the case
¢ > 1, the definition of Gl shows that there exists a derivation of the form (1) AK =
Bkl i wlc[k] =/ wiwy, = w where i+j=4—1or (2 A = M clk=1] =7
B¥wy = wiw, = w where i + j/ = £ — 1 which is treated similarly. Assume case (1)
holds. Because B*~!] =y, where i < ¢ we find, by induction hypothesis, that there
exists a derivation B =* w that is k index bounded. Also, since CH =J wy where j </,
the induction hypothesis shows that there exists a derivation C =* w; that is k+ 1 index
bounded. Finally, we conclude from (A, Bk=1ICll) € P, that (A, BC) € P, hence that
there exists a derivation A = BC =* w;C =* wyw, = w that is k+ 1 index bounded and
we are done.

If. Let A = w for some ¢ € N\ {0} be a k+ 1 index bounded derivation. The proof
is done by induction on £. For the case £ = 1, we conclude from A = w is k+ 1 index
bounded that (A,w) € P by definition of G, hence that (A%, w) € Pl by definition of
G and finally that A = w.

For the case ¢ > 1, there is a k+ 1 index bounded derivation of the form A =
BC ='! w such that one of the following derivation is k + 1 index bounded: A =
BC =/ wiC =/ wiws =wor A= BC =/ Bw, = ww, =wwherei+j=/¢—1.

Assume the former case holds (the other is handled similarly). Since the derivation
is k+ 1 index bounded we find that B =% w is k index bounded and C =J w» is k+ 1
bounded. Because i < £ and j < ¢ we find, by induction hypothesis, that w; € L(B¥~1])
and wy € L(C). Finally, A = BC shows that (A,BC) € P, hence we deduce that

{(A[k],BV“”CV‘]), (AV‘],BV‘]C["‘”)} C P, and finally that AM =* w holds. 0

B.2 Proof of Lemma 4

Proof. The proof is done by induction on /.

Basis. / = 0. Let w € Ly, thatis w € T(f‘ for some k € N. The proof is by induction on
k. The case k = 0 is trivially solved. Let k > 0, then w can be decomposed in wy, ..., wy
where each w; € T for i € {1,...,k}. Finally since the firing of v;z;u; keeps unchanged
the total number of tokens in {s;,r;} for each i € {1,...,n} then so does all w € Ty and
we are done.

Step. ¢ > 0. Again by the same reasoning we find that the the firing of any w € T; keeps
unchanged the total number of tokens in {s;,r;} for each i € {1,...,n}. Next since the
result holds for every v € Ly_; by induction hypothesis, we find that it also holds for
every w € (py,c¢) * L¢—. Finally let w € L, by definition of Ly w = wy - - -wy such that
the above reasoning apply on each w; and we are done. a
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