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Motivation

* To solve NP-complete problems

« Success of SAT solvers to solve NP-
complete problems at a practical level

* Another Logical Viewpoint: Linear Logic

* Provability of Multiplicative Linear Logic
(MLL) is NP-complete

* Any NP-complete problem can be
encoded into MLL in principle

* No obvious existence of a direct encoding
of a particular NP-complete problem




In this talk

* In the proceedings paper

1. Encodings of 3D MATCHING and
PARTITION into MLL

2. Their correctness proofs using MLL proof
nets

* In this talk

1. Encodings of these problems into HMLL
2. Only examples

3. Horn programs of these examples




The system IMLL

Formulas:
A:=p|A—-oB|A®B

Inference rules:

I Z72z

s FA S, FC S AF B
Lo =S2a=sB3s,Ffc B stasB

S ABFC s FA  S,FB
L& vsasBFC R® 3, FA&B

3., 211,29 are multisets of IMLL formulas
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AT
Difference between IMLL and

classical (or intuitionistic) logic

= qr-q
7P w (W)
p,q-p D,qF q
P,qFEDPAQ qF q

pEDp p,¢,PNq—qkgq
D,P, P —> ¢, PANq—>qt ¢
D, p—~>q¢,pNq—>qlkq




AIST

Difference between IMLL and classical
(or intuitionistic) logic (Cont.)
 But,
p,p—oq,pR®q—-oqkgq
cannot be proved in IMLL

* No contraction and weakening rules in IMLL

« |MLL is more resource sensitive than classical
(or intuitionistic) logic




The system HMLL

Simple Formulas:
X:=p|XQY
Horn Implications:

X oY

Horn sequents:
XTrY

where 1" is a multiset of Horn implications




The system HMLL (cont.)

Inference rules:

I H

XFX X, (X oY)FY

X1®---®X;0X; 11 ®--- X, I'FZ
X1 ®X;4110X;,9---0X,,'HFZ

W.IT+U UTI'FZ

Cut W.L, T F Z

HMLL is a very restricted subsystem of IMLL
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AIST

Multiplicative Horn Programs
Directed chains: O — OQ—-—0

vertices: simple formulas X1 ® --- ® X,
edges: Horn implications formulas X —o Y

such that
X1Q XX QX1 Q- X,

l X oY

X190 - QX Q@Y X1 ®--- X,

X1® - X ®Xe11®---® X,, and
Xi® - ®Xpr1 Xy ®---® X,, areidentified
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Interpretation of HMLL into Horn programs

xFx — X

H

X, (XoY)FY — A
| X oY

Y
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AIST

Interpretation of HMLL into Horn programs (Cont.)

X109 --QX;X;411Q@---Q X, I'HFZ
X109 ®X;110X; - X,,'HFZ

4

X1® - X;08X;:41Q0---0 X, X1® - ®Xi119X;9---® X,

| |

| |

7 4

S
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AIST
Interpretation of HMLL into Horn programs (Cont.)

XTFY
L® xsvITFYsev

4

Y YRV
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AIST
Interpretation of HMLL into Horn programs (Cont.)

W,T+U UT +Z
W.I.T'F Z

4 %

Cut




Multiplicative Horn Programs

Theorem (Kanovich)

F X,I' - Z is provable in HMLL

iff there is a Multiplicative Horn program
from X to Y such that

each Horn implication in I' occurs

as an edge exactly once.




The 3D MATCHING Problem

Given TC Ax Bx C, where |A|=|B|=|C|=n,
Find 15 €1 such that
To] = n
A {ae A|Abe B.3ce C.a,b,c) € Ty}
B = {beB|da€ Adce C.la,b,c) €Ty}
C = {celC|Jdac ATbeb.a,b,c)cTp}




The 3D MATCHING Problem (Example)

Given
A = {0,1,0;2,0,3}
B = {bla b2:b3}
C = {61362303}
I = {<al,b]_,62>,(al,b2,63>,(Gg,bz,cl),<az,b3,61),(G3,b]_,62>}
Find T; CT such that
To| = 3
A = {a€A|Fbe B3ce Cla,b,c) € Ty}
B = {beB|da€ Adce C.la,b,c) €Ty}
C = {ceC|dae ATbeba,b,c)c Ty}
Solution:

TO — {<a’17 b2a (33), (a2: b3> Cl)a (a3: bl: 02)}
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The 3D MATCHING Problem (Example)

Ar = {a1,a1,a2,a2,a3},,, (first coordinate multiset of T')
Br = {b1,b2,b2,b3,b1} (second coordinate multiset of T')
Cr = {e,cs,c1,¢01,C2} (third coordinate multiset of T')
Acwe = Ar— A= {al, 0'2}mu1
Beo = Br—B= {bls b2}mul
Coo = Cr—C= {Cl, C2}mul

P3D MATCHING —

(b1 ®bs) ® (€1 ® ¢3), from Beo, Ceo

a1 ®az —o((b1 ®by ®b3) ® (c1 ®ca ®c3)), from Aeo, B,C
bl ® Co> O Qg —
b2 ® c3 o ag

by ® c1 —as — from T = {{a1, b1, cz), (a1, ba,c3), (ag, ba, 1),
b3 ® c1 —o ag (az, b3, c1),{as,b1,c2)}
b1 ®cg—oaz _

Fa; ®as R as from A
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The 3D MATCHING Problem (Example)

(b1 ®b2) ® (€1 ®¢c2) =mul (b1 ®c2) ® (b2 ® 1)
b1 X Co —/0daq

a1 ® (ba ®c1)
l bs ® c; —© a2
a1 X ag
l a1 ®as —o((b; @by R b3) ® (c1 @ c2 R c3))

(b1 ®ba ®b3) ® (c1 ® c2 ® c3)
=mul (b2 ® c3) ® (b3 ® c1) ® (b1 ® c2)




The 3D MATCHING Problem (Example)

l b2®(33 —0 a1
a1 ® (b3 ®c1) ® (b1 ® c2)

l bs ® c1 —o as
a1 ®as ® (b ® co)

l b1 ® cag —oas

a1 K az Q as

So, we have obtained a Horn program for the sequent I'spmatcuine
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The PARTITION problem

Given a finite set A and afunction g: A — 7Z7+

Find asubset A’ C A such that

Zs(a): Z s(a)

secA’ secA— A’

Example: A = {a1,a2,a3,a4}

s={ay— 2,a2— 3,a3 — 2,a4 — 1}

A solution: A’ = {a1,a3}

Zs(a) =8

s€cA




The PARTITION problem

[partITION =
a1 ®as ®az @ayg, from A:{alaaz,a@,az]ﬁ}
a1—0b®b, )
as —-ob®bR® Db,
ag—ob®b,
as —ob,
a1 —occ,
az—OC®C®C,
a3 —©oc® c,
a4 —©C, -
(bRbRRL) R (cR®cR®c®c)—oa; ®az R az ® aq,
(bRbRIRD) R (cRc®cRc)—oe 3" s(a)

- e | ' ' scA

2

—from § = {a1 — 2,a9 — 3,a3 — 2,a4 — 1}

=4
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AT
The PARTITION problem

a1 X as @ az X ay
101—0b®b

(b®b)QasRasz R ay
lal—oc@)c@c

bRD)R(cRcRc)Raz R ay
| az—ob®b
(bRb)R(cR®cR®c)® (b®b) ®ay
aqg—oc
(b®b)®(c®c®c)®(b®b)®c
=mul (DRIRIRD) ®(c®c®c® c)

¢ ADV,




The PARTITION problem

l(b®b®b®b)®(c®c®c®c)—oa1®a2®a3®a4
a1 ¥ az ®agz X ay
l a1 —oc®c
(c®c)Raz ®az @ ay
l a1 —Ob®b®b
(c®c)Q(BRbRB) ® az ® ay
l as —oc®c
(cRc)R(BRbRb) R (c®c) R ay




The PARTITION problem

10,4—06

(c®c) QDI R(c®c)RDb
—mul (bRbRDRD) R (cRcRcR c)

l(b@b@b@b)@(c@c@c@c)—oe

€

So, we have obtained a Horn program for the sequent I'parrrTIoN




Summary

« Have obtained direct encodings of two NP-
complete problems into Horn programs

* A lot of work should be done:
— More encodings

— First-order extensions
— Implementations, etc.
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