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Goal I:	  Modular	  Reasoning	  
• Modular  verification  technique  for  concurrent  objects
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Goal II:	  Handle	  Concurrency-‐Aware	  objects

• Specifying  Concurrency-‐Aware  objects
• Multiple  operations  linearize  at  the  same  point  in  time

• Example:  java.util.concurrent.Exchanger
• allow  threads  to  pair  up  and  swap  elements

ex(3)  
𝑡":

𝑡#:

𝑡$:

ex(10)

ex(7)

⊳(true,10)  

⊳(true,3)  

⊳(false,7)  



Verification	  challenge:	  Elimination	  Stack

Elimination stack  [Hendler et  al.  SPAA  ‘04]
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simultaneously!

push(1)  ||  push(7)  ||  v=pop()  

Abstract  representation  of  the  stack

push(7)  

7

push(1)  

push(7)  

v=pop() v=1



Research	  problems
• How  do  we  define  the  behavior  of  Concurrency-‐Aware  
objects?
• Multiple  operations  linearize  at  the  same  point  in  time
• E.g.,  Exchanger,  elimination  array,…

• How  do  we  provide  a  specification  which  is  amenable  for  
formal  proofs?

• How  do  we  reason  about  composed  concurrent  objects?
• Information  hiding-‐ compositional  reasoning  
• Mixing  CA-‐objects  and  linearizableobjects



Challenge	  I:	  specifying	  CA-‐objects
Linearizabilty?  

“Good  specs.”:  intuitive,  expressive,…,  prefix-‐closed*,  …
*	  𝑆𝑃𝐸𝐶	  is  prefix-‐closed  if    ∀𝐻, 𝐻",𝐻#.𝐻 ∈ 𝑆𝑃𝐸𝐶 ∧ 𝐻 = 𝐻"𝐻# ⟹ 𝐻" ∈ 𝑆𝑃𝐸𝐶	  

ex(3)  
𝑡":

𝑡#:

𝑡$:

ex(10)

ex(7)

⊳(true,10)  

⊳(true,3)  

⊳(false,7)  

ex(3)  
𝑡":

𝑡#:

𝑡$:

ex(10)

ex(7)

⊳(true,10)  

⊳(true,3)  

⊳(false,7)  



ex(3)  
𝑡":

𝑡#:

𝑡$:

ex(10)

ex(7)

⊳(true,10)  

⊳(true,3)  

⊳(false,7)  

Sequential	  specification	  for	  Exchanger?

Sequential  specifications  for  Exchanger are  
• Too  lax
• Too  strict

“Good  specs.”:  intuitive,  expressive,…,  prefix-‐closed*,  …
*	  𝑆𝑃𝐸𝐶	  is  prefix-‐closed  if    ∀𝐻, 𝐻",𝐻#.𝐻 ∈ 𝑆𝑃𝐸𝐶 ∧ 𝐻 = 𝐻"𝐻# ⟹ 𝐻" ∈ 𝑆𝑃𝐸𝐶	  



Concurrency-‐Aware	  Specifications

• CA-‐specification:  a  prefix  closed  set  of  concurrency-‐aware
histories

Sequential  History

Concurrency-‐Aware  history

Concurrent  history

…
expressive intuitive



Concurrency-‐Aware	  specification	  for	  
Exchanger

ex(3)  
𝑡":

𝑡#:

𝑡$:

ex(10)

ex(7)

⊳(true,10)  

⊳(true,3)  

⊳(false,7)  

ex(3)  
𝑡":

𝑡#:

𝑡$:

ex(10)

ex(7)

⊳(true,10)  

⊳(true,3)  

⊳(false,7)  



Concurrency-‐Aware	  Linearizability

Generalizes  linearizability  by  using  
CA-‐histories  as  the  specification  
instead  of  sequential  histories  

Concurrency-‐Aware  history



Goal:	  Modular	  Reasoning

• Linearizability allows  for compositional  reasoning
• Reason  about  subcomponents  in  term  of  their  interfaces

Elimination  stack

Treiber
stack

Elimination  
array

exchanger

exchanger

exchanger



Goal:	  Modular	  Reasoning

• Linearizability allows  for compositional  reasoning
• Reason  about  subcomponents  in  term  of  their  interfaces

Elimination  stack

Atomic  
stack

Elimination  
array

push(k)  {
atomic  {
…

}
}

pop()  {
atomic  {
…

}
}



Goal:	  Modular	  Reasoning

• Compositional  reasoning  with  CA-‐objects
• Reason  about  subcomponents  in  term  of  their  interfaces
• Reason  about  concurrency-‐aware  subcomponent  of  “standard”  
linearizable objects

push(2)  

push(7)  

v=pop() v=2

𝐸. 𝑡", 𝑥𝑐ℎ𝑔 2 ⊳ ∞
𝑡$,𝑥𝑐ℎ𝑔 ∞ ⊳ 2

𝑆.𝑝𝑢𝑠ℎ 2 𝑆.𝑝𝑜𝑝()

∞ is  a  dummy  value  used  to  
indicate  pop()  operation  



ES.push(7)  

Challenge:	  Handling	  
joint	  linearization	  points	  

push(1)  ||  push(7)  ||  v=pop()  
push(1)  

push(7)  

v=pop() v=1

ES.push(1)   S.push(1)   AR.ex(1)  
E.ex(1)  

S.push(7)   ⊳ true

⊳ false ⊳ (true,  ∞)
⊳ (true,  ∞)⊳ true

⊳ true

ES.pop()  
S.pop()   ⊳ falseAR.ex(∞)  

E.ex(∞)   ⊳ (true,1)
⊳ (true,1)

⊳ 1

How  can  
we  express  

that?!



ES.push(7)  

Challenge:	  Handling	  
joint	  linearization	  points	  

push(1)  ||  push(7)  ||  v=pop()  
push(1)  

push(7)  

v=pop() v=1

ES.push(1)   S.push(1)   AR.ex(1)  
E.ex(1)  

S.push(7)   ⊳ true

⊳ false ⊳ (true,  ∞)
⊳ (true,  ∞)⊳ true

⊳ true

ES.pop()  
S.pop()   ⊳ falseAR.ex(∞)  

E.ex(∞)   ⊳ (true,1)
⊳ (true,1)

⊳ 1

How  can  
we  express  

that?!

t": 𝑟" = 𝑒𝑥𝑐ℎ𝑎𝑛𝑔𝑒 𝑣" {
atomic  {
...

}
}



ES.push(7)  

Challenge:	  Handling	  
joint	  linearization	  points	  

push(1)  ||  push(7)  ||  v=pop()  
push(1)  

push(7)  

v=pop() v=1

ES.push(1)   S.push(1)   AR.ex(1)  
E.ex(1)  

S.push(7)   ⊳ true

⊳ false ⊳ (true,  ∞)
⊳ (true,  ∞)⊳ true

⊳ true

ES.pop()  
S.pop()   ⊳ falseAR.ex(∞)  

E.ex(∞)   ⊳ (true,1)
⊳ (true,1)

⊳ 1

How  can  
we  express  

that?!

t": 𝑟" = 𝑒𝑥𝑐ℎ𝑎𝑛𝑔𝑒 𝑣" ||  t#: 𝑟# = 𝑒𝑥𝑐ℎ𝑎𝑛𝑔𝑒 𝑣# 	  {
atomic  {
…
𝑟" = true, v# ;
…
𝑟# = true, v" ;
...

}
}



Our	  solution

• Auxiliary  variable  𝒯:  logs  the  sequence  of  operations  

• Adaptation  function  𝐹M:  adapt  operations  on  
subcomponents  of  object  𝑜 to  their  affect  on  𝑜



Our	  solution

• Record  interaction  using  a  “history”  auxiliary  variable  𝒯

	  𝐸.
𝑡",𝑥𝑐ℎ𝑔 2 ⊳ 5
𝑡#,𝑥𝑐ℎ𝑔 5 ⊳ 2 	  	  	  	  𝐸.

𝑡",𝑥𝑐ℎ𝑔 3 ⊳ 6
𝑡$,𝑥𝑐ℎ𝑔 6 ⊳ 3 	  	  	  𝐸. 𝑡$, 𝑥𝑐ℎ𝑔 7 	  ⊳	  ⊥ 	  	  𝐸.

𝑡",𝑥𝑐ℎ𝑔 4 ⊳ 8
𝑡#,𝑥𝑐ℎ𝑔 8 ⊳ 4

𝑡":

𝑡#:

𝑡$:

𝑒𝑥 2 	  	  	  	  	  	  	  	  	  ⊳ 5

𝑒𝑥 5 	  	  	  	  	  	  	  	  	   ⊳ 2

𝑒𝑥 3 	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  ⊳ 6

𝑒𝑥 6 	  	  	  	  	  	  	  	  	   ⊳ 3 𝑒𝑥 7 	  	  	  	  	   ⊳⊥

𝑒𝑥 4 	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  ⊳ 8

𝑒𝑥 8 	  	  	  	  	  	   ⊳ 4

𝒯=



Our	  solution	  

• Record  interaction  using  a  “history”  auxiliary  variable  𝒯

𝐸.
𝑡",𝑥𝑐ℎ𝑔 2 ⊳ 5
𝑡#,𝑥𝑐ℎ𝑔 5 ⊳ 2 	  	  	  	  𝐸.

𝑡",𝑥𝑐ℎ𝑔 3 ⊳ 6
𝑡$,𝑥𝑐ℎ𝑔 6 ⊳ 3 	  	  	  𝐸. 𝑡$,𝑥𝑐ℎ𝑔 7 	  ⊳	  ⊥ 	  	  𝐸.

𝑡",𝑥𝑐ℎ𝑔 4 ⊳ 8
𝑡#,𝑥𝑐ℎ𝑔 8 ⊳ 4

𝒯UVW = 𝑇 	  tid: 𝑟 = 𝑥𝑐ℎ𝑔 𝑣 	  {∃𝑡], 𝑣]. 𝑟 = 𝑡𝑟𝑢𝑒, 𝑣] ∧ 𝒯UVW = 𝑇 ⋅ 𝐸. tid, 𝑥𝑐ℎ𝑔 v ⊳ 𝑣]
𝑡], 𝑥𝑐ℎ𝑔 v] ⊳ 𝑣

∧ 𝑡] ≠ tid
∨ (𝑟 = 𝑓𝑎𝑙𝑠𝑒, 𝑣 ∧ 𝒯UVW = 𝑇 ⋅ 𝐸. (tid, 𝑥𝑐ℎ𝑔(𝑣) ⊳ 𝑣) )}

𝑡$:

𝑒𝑥 3 	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  ⊳ 6

𝑒𝑥 6 	  	  	  	  	  	  	  	  	   ⊳ 3 𝑒𝑥 7 	  	  	  	  	   ⊳⊥

𝒯=



• Adaptation  function  𝑭𝑶

ES.push(7)  

Our	  solution	   push(1)  ||  push(7)  ||  v=pop()  
push(1)  

push(7)  

v=pop() v=1

ES.push(1)  
S.push(1)   AR.ex(1)  

E.ex(1)  

S.push(7)   ⊳ true

⊳ false
⊳ (true,  ∞)

⊳ (true,  ∞)
⊳ true

⊳ true

ES.pop()  

S.pop()   ⊳ false AR.ex(∞)   E.ex(∞)   ⊳ (true,1)
⊳ (true,1)

⊳ 1



• Adaptation  function  𝑭𝑶

ES.push(7)  

Our	  solution	   push(1)  ||  push(7)  ||  v=pop()  
push(1)  

push(7)  

v=pop() v=1

ES.push(1)  
S.push(1)   AR.ex(1)  

E.ex(1)  

S.push(7)   ⊳ true

⊳ false
⊳ (true,  ∞)

⊳ (true,  ∞)
⊳ true

⊳ true

ES.pop()  

S.pop()   ⊳ false AR.ex(∞)   E.ex(∞)   ⊳ (true,1)
⊳ (true,1)

⊳ 1

𝑭𝑬𝑺(𝑺.↓ )
𝑭𝑨𝑹(𝑬.↓ )
𝑭𝑬𝑺(𝑨𝑹.↓ )



Our	  solution	  
• Adaptation  function  𝑭𝑶

• Each  component  defines  how  subcomponents  adapt:
• Elimination  stack  to  Treiberstack  (A):  

𝐹kl 𝑆. 𝑡, 𝑝𝑢𝑠ℎ 𝑛 ⊳ 𝑡𝑟𝑢𝑒 	  ≜ 𝐸𝑆. 𝑡, 𝑝𝑢𝑠ℎ 𝑛 ⊳ 𝑡𝑟𝑢𝑒
𝐹kl 𝑆. 𝑡, 𝑝𝑜𝑝() ⊳ (𝑡𝑟𝑢𝑒, 𝑛) 	  ≜ (𝐸𝑆. {𝑡, 𝑝𝑜𝑝() ⊳ 𝑛})

• Elimination  array  to  Exchanger  (B):  
𝐹no 𝐸[𝑖]. 𝕊 	   ≜ 𝐴𝑅. 𝕊

• Elimination  stack  to  Elimination  array  (C):  

𝐹kl 𝐴𝑅. 𝑡, 𝑒𝑥 𝑛 ⊳ 𝑡𝑟𝑢𝑒,∞
𝑡′, 𝑒𝑥 ∞ ⊳ 𝑡𝑟𝑢𝑒, 𝑛 	  

≜ 𝐸𝑆. 𝑡, 𝑝𝑢𝑠ℎ 𝑛 ⊳ 𝑡𝑟𝑢𝑒 w 𝐸𝑆. 𝑡′, 𝑝𝑜𝑝() ⊳ (𝑡𝑟𝑢𝑒, 𝑛)

Elimination  stack

Treiber
stack

Elimination  
array

exchanger

exchanger

exchanger
A

B

C

(𝑛 ≠ ∞)



Our	  solution	  
• Adaptation  function  𝑭𝑶

𝐸. 𝑡", 𝑥𝑐ℎ𝑔 2 ⊳ ∞
𝑡$,𝑥𝑐ℎ𝑔 ∞ ⊳ 2

𝐴𝑅. 𝑡", 𝑥𝑐ℎ𝑔 2 ⊳ ∞
𝑡$,𝑥𝑐ℎ𝑔 ∞ ⊳ 2𝑆. 𝑡#,𝑝𝑢𝑠ℎ 7 ⊳ T 	  	  𝑆. 𝑡",𝑝𝑢𝑠ℎ 2 ⊳ F 	  	  𝑆. {(𝑡$,𝑝𝑜𝑝() ⊳ F)}

push(1)  ||  push(7)  ||  v=pop()  
push(1)  

push(7)  

v=pop() v=1

𝒯|k

𝒯|no = 𝐹no(𝒯|k)𝒯|l

𝑬𝑺. 𝒕𝟐, 𝒑𝒖𝒔𝒉 𝟕 ⊳ 𝐓 	  	  𝑬𝑺. 𝒕𝟏, 𝒑𝒖𝒔𝒉 𝟐 ⊳ 𝐓 	  ⋅ 𝑬𝑺. {(𝒕𝟑, 𝒑𝒐𝒑() ⊳ 𝟐)}

𝐹kl(𝒯|l) 𝐹kl(𝒯|no)



Our	  solution	  
Object-‐local  views  of  the  trace

𝐸. 𝑡", 𝑥𝑐ℎ𝑔 2 ⊳ ∞
𝑡$,𝑥𝑐ℎ𝑔 ∞ ⊳ 2𝑆. 𝑡#,𝑝𝑢𝑠ℎ 7 ⊳ T 	  	  𝑆. 𝑡",𝑝𝑢𝑠ℎ 2 ⊳ F 	  	  𝑆. {(𝑡$,𝑝𝑜𝑝() ⊳ F)}

push(1)  ||  push(7)  ||  v=pop()  
push(1)  

push(7)  

v=pop() v=1

𝒯k𝒯l



Our	  solution	  

𝐸. 𝑡", 𝑥𝑐ℎ𝑔 2 ⊳ ∞
𝑡$,𝑥𝑐ℎ𝑔 ∞ ⊳ 2

𝐴𝑅. 𝑡", 𝑥𝑐ℎ𝑔 2 ⊳ ∞
𝑡$,𝑥𝑐ℎ𝑔 ∞ ⊳ 2

𝑆. 𝑡#,𝑝𝑢𝑠ℎ 7 ⊳ T 	  	  𝑆. 𝑡",𝑝𝑢𝑠ℎ 2 ⊳ F 	  	  𝑆. {(𝑡$,𝑝𝑜𝑝() ⊳ F)}

push(1)  ||  push(7)  ||  v=pop()  
push(1)  

push(7)  

v=pop() v=1

𝒯no = 𝐹no(𝒯k)

𝑭𝑨𝑹(𝑬.↓ )

Object-‐local  views  of  the  trace

𝒯k𝒯l



Object-‐local  views  of  the  trace

Our	  solution	  

𝐸. 𝑡", 𝑥𝑐ℎ𝑔 2 ⊳ ∞
𝑡$,𝑥𝑐ℎ𝑔 ∞ ⊳ 2

𝐴𝑅. 𝑡", 𝑥𝑐ℎ𝑔 2 ⊳ ∞
𝑡$,𝑥𝑐ℎ𝑔 ∞ ⊳ 2

𝑆. 𝑡#,𝑝𝑢𝑠ℎ 7 ⊳ T 	  	  𝑆. 𝑡",𝑝𝑢𝑠ℎ 2 ⊳ F 	  	  𝑆. {(𝑡$,𝑝𝑜𝑝() ⊳ F)}

push(1)  ||  push(7)  ||  v=pop()  
push(1)  

push(7)  

v=pop() v=1

𝒯k𝒯l

𝑬𝑺. 𝒕𝟐, 𝒑𝒖𝒔𝒉 𝟕 ⊳ 𝐓 	  	  𝑬𝑺. 𝒕𝟏, 𝒑𝒖𝒔𝒉 𝟐 ⊳ 𝐓 	  ⋅ 𝑬𝑺. {(𝒕𝟑, 𝒑𝒐𝒑() ⊳ 𝟐)}

𝐹kl(𝒯l) 𝐹kl(𝒯no)

𝑭𝑬𝑺(𝑺.↓ ) 𝑭𝑬𝑺(𝑨𝑹.↓ )

𝒯kl =

𝒯no = 𝐹no(𝒯k)



Modular	  reasoning	  



Modular	  reasoning	  

𝑅, 𝐺	   ⊢



Related	  work
• Verifying  the  elimination  stack
• [Hendleret  al.  SPAA  ’04]
• [Scherer  &  Scott,  SCOOL  ‘05]
• [Vafeiadis,  PHD  thesis]
• …

• Concurrency-‐aware  linearizabilty
• Set-‐Linearizabilty [Neiger,  PODC  ’94]



Summary
• We  identify  the  class  of  concurrency-‐aware  objects
• CAL  (Concurrency-‐Aware  Linearizability)
• Syntactic  specifications

• Verification  method  
• Thread-‐modular
• Compositional  
• Translate  seemingly  instantaneous  operations  into  a  sequence  of  
indivisible  actions  of  the  clients

• First  modular  proof  of  linearizability of  the  elimination  
stack
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