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Terminology

• Coarse-grained Concurrency —  
synchronisation between threads via locks; 

• Fine-grained Concurrency —  
synchronisation via RMW operations (e.g., CAS).



Some FG concurrent programs
• Spin-lock
• Ticketed lock
• Bakery lock
• Filter lock
• Lock-free atomic snapshot
• Treiber stack
• Michael stack
• HSY elimination-based stack 
• Lock-coupling set
• Optimistic list-based set 
• Lazy concurrent list-based set
• Michael-Scott queue
• Harris et al.'s MCAS
• Concurrent counters
• Concurrent allocators
• Flat Combiner
• Concurrent producer/consumer
• Concurrent indices
• Concurrent barriers
• …



Great scalability —  
high performance on multi-core CPU architectures 

Sophisticated interference between threads —  
difficult to specify and verify formally

Using and verifying FG concurrency



Specifications in program logics

If the initial state satisfies P,   
then, after c terminates,  

the final state satisfies Q.

{ P }      { Q }

precondition postcondition

c
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FCSL: Fine-grained Concurrent Separation Logic
Nanevski, Ley-Wild, Sergey, Delbianco [ESOP’14]

and also

a verification tool, 
implemented as a DSL in Coq

a logic for specifying and verifying  
FG concurrent programs

(this talk)



• Subjective Auxiliary State

• State-Transition Systems

• Types

Key Ingredients



Concurrent construction
of a spanning tree  
of a binary graph

Running example



a

b c

ed



letrec span (x : ptr) : bool = {
  if x == null then return false; 
  else 
    b ← CAS(x->m, 0, 1); 
    if b then
      (rl,rr) ← (span(x->l) || span(x->r)); 
      if ¬rl then x->l := null;
      if ¬rr then x->r := null;
      return true;
    else return false;
}

mark the node x

run in parallel for successors

prune redundant edges

m l r

... ...

x

check the node x
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The verification goal

Prove the resulting heap to represent a spanning tree  
of the initial one

letrec span (x : ptr) : bool = {
  if x == null then return false; 
  else 
    b ← CAS(x->m, 0, 1); 
    if b then
      (rl,rr) ← (span(x->l) || span(x->r)); 
      if ¬rl then x->l := null;
      if ¬rr then x->r := null;
      return true;
    else return false;
}



• All reachable nodes are marked by the end 

• The graph modified only by the commands of span

•The initial call is done from a root node without interference

Establishing correctness of span

letrec span (x : ptr) : bool = {
  if x == null then return false; 
  else 
    b ← CAS(x->m, 0, 1); 
    if b then
      (rl,rr) ← (span(x->l) || span(x->r)); 
      if ¬rl then x->l := null;
      if ¬rr then x->r := null;
      return true;
    else return false;
}



Key Ingredients

• Subjective Auxiliary State  

• State-Transition Systems 

• Types



Capturing thread contributions

shared state (heap)

a

b c

ed



Capturing thread contributions

a

b c

ed

b

a

c

Auxiliary state 
of this thread

Auxiliary state 
of all other threads



||

Accounting for dynamic forking

span(x)

span(x->l) span(x->r)



||
s1 ⊎ s2

{ s1 ⊎ s2 }

s3

Accounting for dynamic forking

span(x)

span(x->l) span(x->r)



||

Nodes that belong to span(x->l)

||
s1

{ s1 }

{ s1 ⊎ s2 }

s2 ⊎ s3

Accounting for dynamic forking

span(x)

span(x->l) span(x->r)



||

Nodes that belong to span(x->r)

||
s2

{ s1 } { s2 }

{ s1 ⊎ s2 }

s1 ⊎ s3

Accounting for dynamic forking

span(x)

span(x->l) span(x->r)



||||
z2

{ s2 }{ s1 }

{ z1 } { z2 }

{ s1 ⊎ s2 }

z1 ⊎ z3

Accounting for dynamic forking

span(x)

span(x->l) span(x->r)



z1 ⊎ z2

||

Nodes that belong to span(x) at the end

|| { s2 }{ s1 }

{ z1 } { z2 }

{ s1 ⊎ s2 }

{ z1 ⊎ z2 }

z3

Accounting for dynamic forking

span(x)

span(x->l) span(x->r)

span(x)
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• All reachable nodes are marked by the end 

• The graph modified only by the commands of span

•The initial call is done from a root node without interference

letrec span (x : ptr) : bool = {
  if x == null then return false; 
  else 
    b ← CAS(x->m, 0, 1); 
    if b then
      (rl,rr) ← (span(x->l) || span(x->r)); 
      if ¬rl then x->l := null;
      if ¬rr then x->r := null;
      return true;
    else return false;
}

Establishing correctness of span



Transition 1: marking a node

a

b c

ed

mark
(b)

a

b c

ed

b

marked by this thread 
(Guarantee)



Transition 1: marking a node

a

b c

ed

mark(b)T a

b c

ed

b

marked by other thread 
(Rely)



Transition 2: pruning an edge

nullify(b->r)
a

b c

ed

b

a

b c

ed

No other thread can do it!

b



span (x : ptr) : bool {
  if x == null then return false; 
  else 
    b ← CAS(x->m, 0, 1); 
    if b then
      (rl,rr) ← (span(x->l) || span(x->r)); 
      if ¬rl then x->l := null;
      if ¬rr then x->r := null;
      return true;
    else return false;
}

Pseudocode implementation



Program Definition span : span_tp :=
 ffix (fun (loop : span_tp) (x : ptr) =>
   Do (if x == null then ret false else
      b <-- trymark x;
      if b then
        xl <-- read_child x Left;
        xr <-- read_child x Right;
        rs <-- par (loop xl) (loop xr);
        (if ~~rs.1 then nullify x Left else ret tt);;
        (if ~~rs.2 then nullify x Right else ret tt);;
        ret true
      else ret false)).

Transition-aware commands
(equivalent to CAS, write, etc.)

FCSL/Coq implementation
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• Subjective Auxiliary State —  
  capturing thread-specific contributions

• State-Transition Systems —  
  specification of concurrent protocols

• Dependent Types

Key Ingredients



span_tp

FCSL/Coq implementation

Program Definition span : span_tp :=
 ffix (fun (loop : span_tp) (x : ptr) =>
   Do (if x == null then ret false else
      b <-- trymark x;
      if b then
        xl <-- read_child x Left;
        xr <-- read_child x Right;
        rs <-- par (loop xl) (loop xr);
        (if ~~rs.1 then nullify x Left else ret tt);;
        (if ~~rs.2 then nullify x Right else ret tt);;
        ret true
      else ret false)).

Specification 
(loop invariant)

(about 200 LOC)Next Obligation. Qed.



Definition         (x : ptr) := 
  {i (g1 : graph (joint i))}, STsep [SpanTree]
   
    (fun s1 => i = s1 ⋀ (x == null ⋁ x ∈ dom (joint s1)), 
   
     fun (r : bool) s2 => exists g2 : graph (joint s2), 
       subgraph g1 g2 ⋀
       if r then x != null ⋀ 
                 exists (t : set ptr),
                   self s2 = self i ⊎ t ⋀ 
                   tree g2 x t ⋀
                   maximal g2 t ⋀ 
                   front g1 t (self s2 ⊎ other s2) 
       else (x == null ⋁ mark g2 x) ⋀ 
            self s2 = self i).

Specification for span
starting node

span_tp
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Specification for span
concurrent protocol

span_tp



Definition span_tp (x : ptr) := 
  {i (g1 : graph (joint i))}, STsep [SpanTree]
   
    (fun s1 => i = s1 ⋀ (x == null ⋁ x ∈ dom (joint s1)), 
   
     fun (r : bool) s2 => exists g2 : graph (joint s2), 
       subgraph g1 g2 ⋀
       if r then x != null ⋀ 
                 exists (t : set ptr),
                   self s2 = self i ⊎ t ⋀ 
                   tree g2 x t ⋀
                   maximal g2 t ⋀ 
                   front g1 t (self s2 ⊎ other s2) 
       else (x == null ⋁ mark g2 x) ⋀ 
            self s2 = self i).

Specification for span
precondition



Definition span_tp (x : ptr) := 
  {i (g1 : graph (joint i))}, STsep [SpanTree]
   
    (fun s1 => i = s1 ⋀ (x == null ⋁ x ∈ dom (joint s1)), 
   
     fun (r : bool) s2 => exists g2 : graph (joint s2), 
       subgraph g1 g2 ⋀
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            self s2 = self i).

Specification for span

postcondition
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letrec span (x : ptr) : bool = {
  if x == null then return false; 
  else 
    b ← CAS(x->m, 0, 1); 
    if b then
      (rl,rr) ← (span(x->l) || span(x->r)); 
      if ¬rl then x->l := null;
      if ¬rr then x->r := null;
      return true;
    else return false;
}

• All reachable nodes are marked by the end 

• The graph modified only by the commands of span

•The initial call is done from a root node without interference

Establishing correctness of span
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Definition span_tp (x : ptr) := 
  {i (g1 : graph (joint i))}, STsep [SpanTree]
   
    (fun s1 => i = s1 ⋀ (x == null ⋁ x ∈ dom (joint s1)), 
   
     fun (r : bool) s2 => exists g2 : graph (joint s2), 
       subgraph g1 g2 ⋀
       if r then x != null ⋀ 
                 exists (t : set ptr),
                   self s2 = self i ⊎ t ⋀ 
                   tree g2 x t ⋀
                   maximal g2 t ⋀ 
                   front g1 t (self s2 ⊎ other s2) 
       else (x == null ⋁ mark g2 x) ⋀ 
            self s2 = self i).

Specification for span

Open world assumption
(assuming other-interference)



a

x c

ed

tree g2 a t          ⋀ maximal g2 t ⋀

is_root a g1         ⋀ subgraph g1 g2

⋀ t = self s2  ⋀front g1 t (self s2)

⇒ spanning t g1

No interference for the top call

{follow from postcondition  
and graph connectivity
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Composing programs and proofs

CAS-lock Ticketed lock

Allocator

Counter

Abstract lock

Treiber stack

Producer/ConsumerSequential stack
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More in the paper and TR

• Specifying and verifying locks, stacks, snapshots,                                                                                                                                                      
allocators, higher-order universal constructions  
and their clients

• Composing concurrent protocols

• Proof layout and reasoning about stability

• Semantic model and embedding into Coq

• Evaluation and proof sizes



To take away

• Subjective Auxiliary State — recording thread-specific contributions;

• State-Transition Systems — specification of concurrent protocols;

• Types — mechanization and compositionality.

FCSL — an expressive logic for FG concurrency, 
implemented as an interactive verification tool. 

software.imdea.org/fcsl

Thanks!
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Abstract
Efficient concurrent programs and data structures rarely employ
coarse-grained synchronization mechanisms (i.e., locks); instead,
they implement custom synchronization patterns via fine-grained
primitives, such as compare-and-swap. Due to sophisticated inter-
ference scenarios between threads, reasoning about such programs
is challenging and error-prone, and can benefit from mechanization.

In this paper, we present the first completely formalized frame-
work for mechanized verification of full functional correctness of
fine-grained concurrent programs. Our tool is based on the re-
cently proposed program logic FCSL. It is implemented as an
embedded domain-specific language in the dependently-typed lan-
guage of the Coq proof assistant, and is powerful enough to rea-
son about programming features such as higher-order functions
and local thread spawning. By incorporating a uniform concurrency
model, based on state-transition systems and partial commutative
monoids, FCSL makes it possible to build proofs about concurrent
libraries in a thread-local, compositional way, thus facilitating scal-
ability and reuse: libraries are verified just once, and their specifi-
cations are used ubiquitously in client-side reasoning. We illustrate
the proof layout in FCSL by example, and report on our experience
of using FCSL to verify a number of concurrent programs.
Categories and Subject Descriptors D.3.1 [Programming Lan-
guages]: Formal Definitions and Theory; F.3.1 [Logics and Mean-
ings of Programs]: Specifying and Verifying and Reasoning about
Programs
General Terms Algorithms, Theory, Verification
Keywords Compositional program verification, concurrency, sep-
aration logic, mechanized proofs, dependent types.

1. Introduction
It has been long recognized that efficient concurrency is of crucial
importance for high-performant software. Unfortunately, proving
correctness of concurrent programs, in which several computations
can be executed in parallel, is difficult due to the large number
of possible interactions between concurrent processes/threads on
shared data structures.

One way to deal with the complexity of verifying concurrent
code is to employ the mechanisms of so-called coarse-grained syn-
chronization, i.e., locks. By making use of locks in the code, the
programmer ensures mutually-exclusive thread access to critical

Permission to make digital or hard copies of all or part of this work for personal or
classroom use is granted without fee provided that copies are not made or distributed
for profit or commercial advantage and that copies bear this notice and the full citation
on the first page. Copyrights for components of this work owned by others than ACM
must be honored. Abstracting with credit is permitted. To copy otherwise, or republish,
to post on servers or to redistribute to lists, requires prior specific permission and/or a
fee. Request permissions from permissions@acm.org.
PLDI’15, June 13–17, 2015, Portland, OR, USA.
Copyright © 2015 ACM 978-1-4503-3468-6/15/06. . . $15.00.
http://dx.doi.org/10.1145/2737924.2737964

resources, therefore, reducing the proof of correctness of concur-
rent code to the proof of correctness of sequential code. While
sound, this approach to concurrency prevents one from taking full
advantage of parallel computations. An alternative is to implement
shared data structures in a fine-grained (i.e., lock-free) manner, so
the threads manipulating such structures would be reaching a con-
sensus via the active use of non-blocking read-modify-write opera-
tions (e.g., compare-and-swap) instead of locks.

Despite the clear practical advantages of the fine-grained ap-
proach to the implementation of concurrent data structures, it re-
quires significant expertise to devise such structures and establish
correctness of their behavior.

In this paper, we focus on program logics as a generic ap-
proach to specify a program and formally prove its correctness wrt.
the given specification. In such logics, program specifications (or
specs) are represented by Hoare triples {P} c {Q}, where c is
a program being described, P is a precondition that constrains a
state in which the program is safe to run, and Q is a postcondition,
describing a state upon the program’s termination. Modern logics
are sufficiently expressive: they can reason about programs oper-
ating with first-class executable code, locally-spawned threads and
other features omnipresent in modern programming. Verifying a
program in a Hoare-style program logic can be done structurally,
i.e., by means of systematically applying syntax-directed inference
rules, until the spec is proven.

Importantly, logic-based verification of fine-grained concur-
rency requires reasoning about a number of concepts that don’t
have direct analogues in reasoning about sequential or coarse-
grained concurrent programs:
(1) Custom resource protocols. Each shared data structure (i.e.,

a resource) that can be used by several threads concurrently,
requires a specific “evolution protocol”, in order to enforce
preservation of the structure’s consistency. In contrast to the
coarse-grained case, where the protocol is fixed to be lock-
ing/unlocking, a fine-grained resource comes with its own no-
tion of consistency and protocol.

(2) Interference and stability. Absent locking, local reasoning
about a shared resource from a single thread’s perspective
should manifest the admissible changes that can be made by
other threads that interfere with the current one. Every thread-
local assertion about a fine-grained data structure’s state should
be stable, i.e., invariant under possible concurrent modifications
of the resource.

(3) Helping. This concurrent pattern appears in fine-grained pro-
grams due to relaxing the mutual exclusion policy; thus sev-
eral threads can simultaneously operate with a single shared re-
source. The “helping” happens when a thread is scheduled for
a task involving the resource, but the task is then accomplished
by another thread; however, the result of the work, once the task
is completed, is ascribed to the initially assigned thread.

In addition, Hoare-style reasoning about coarse- or fine-grained
concurrency requires a form of (4) auxiliary state to partially ex-
pose the internal threads’ behavior and relate local program asser-
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Some statistics

Program Libs Conc Acts Stab Main Total Build

CAS-lock 63 291 509 358 27 1248 1m 1s

Ticketed lock 58 310 706 457 116 1647 2m 46s

CG increment 26 - - - 44 70 8s

CG allocator 82 - - - 192 274 14s

Pair snapshot 167 233 107 80 51 638 4m 7s

Treiber stack 56 323 313 133 155 980 2m 41s

Spanning tree 348 215 162 217 305 1247 1m 11s

Flat combiner 92 442 672 538 281 2025 10m 55s

Seq. stack 65 - - - 125 190 1m 21s

FC-stack 50 - - - 114 164 44s

Prod/Cons 365 - - - 243 608 2m 43s

Table 1: Statistics for implemented programs: lines of code
for program-specific libraries (Libs), definitions of concur-
roids and decorations (Conc), actions (Acts), stability lem-
mas (Stab), spec and proof sizes of the main functions
(Main), total LOC count (Total), and build times (Build).

CAS-lock Ticketed lock

Abstract lock

CG incrementor

CG Allocator

Flat combiner

FC stackTreiber stack

Sequential stack Producer/Consumer

Figure 5: Dependencies between concurrent libraries.

given specs via a PCM of time-stamped action histories in
the spirit of linearizability [Herlihy and Wing 1990], as well
as several client programs: a sequential stack (obtained from
Treiber stack via hiding), FC-based stack, and a Treiber
stack-based concurrent Producer/Consumer.

Table 1 presents some statistics wrt. implemented pro-
grams in terms of LOCs and build times. The program suite
was compiled on a 2.7 GHz Intel Core i7 OS X machine with
8 Gb RAM, using Coq 8.4pl4 and Ssreflect 1.4. We didn’t
rely on any advanced proof automation in the proof scripts,
which would, probably, decrease line counts at the expense
of increased compilation times. Notably, for those programs
that required implementing new primitive concurroids (e.g.,
locks or Treiber stack), a large fraction of an implementa-
tion is due to proofs of properties of transitions and actions,
as well as stability-related lemmas, while the sizes of proofs
of the main programs’ specs are always relatively small.

Our development is inherently compositional, as illus-
trated by the dependency diagram on Figure 5. For exam-
ple, both lock implementations are instances of the abstract
lock interface, which is used to implement and verify the
allocator, which is then employed by a Treiber stack, used
as a basis for sequential stack and producer/consumer im-
plementations. In principle, we could implement an abstract
interface for stacks, too, to unify the Treiber stack and the
FC-stack, although, we didn’t carry out this exercise.
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CAS-lock 3 3
Ticketed lock 3 3
CG increment 3 3L 3L
CG allocator 3 3L 3L
Pair snapshot 3
Treiber stack 3 3L 3L 3
Spanning tree 3 3
Flat combiner 3 3L 3L 3
Seq. stack 3 3L 3L 3
FC-stack 3 3L 3L 3
Prod/Cons 3 3L 3L 3

Table 2: Primitive concurroids (in column headings) em-
ployed by different programs. Two lock concurroids, for
CAS-based and ticketed locks, are interchangeable, as they
implement the same abstract interface (indicated by 3L).

As hinted by Table 1, not every concurrent program re-
quires implementing a new primitive concurroid: typically
this is done only for libraries, so library clients can reason
out of the specifications. Table 2 shows that the reuse of con-
curroids is quite high, and most of the programs make con-
sistent use of the concurroid for thread-local state and locks
(abstracted through the corresponding interface), as well as
of those required by the used libraries (e.g., Treiber or FC).

7. Related and future work
Using the Coq proof assistant as a uniform platform for im-
plementation of logic-based program verification tools is a
well-established approach, which by now has been success-
fully employed in a number of projects on certified com-
pilers [Leroy 2006; Appel et al. 2014] and verified low-
level code [Shao 2010; Chlipala 2011; Jensen et al. 2013],
although, with no specific focus on abstractions for fine-
grained concurrency, such as protocols and auxiliary state.
Related program logics. The FCSL logic has been designed
as a generalization of the classical Concurrent Separation
Logic by O’Hearn [2007], combining the ideas of local con-
current protocols with arbitrary interference [Jones 1983;
Feng 2009] and compositional auxiliary state [Ley-Wild
and Nanevski 2013] with the possibility to compose pro-
tocols. Other concurrency logics, close to FCSL in their
expressive power, are iCAP [Svendsen and Birkedal 2014],
CoLoSL [Raad et al. 2014], and CaReSL [Turon et al. 2013].

iCAP leverages the idea, originated by Jacobs and Piessens
[2011], of parametrizing specs for fine-grained concurrent
data types by client-provided auxiliary code, which can be
seen as a “callback”. A form of composition of concurrent
resources can be encoded in iCAP using fractional permis-
sions [Bornat et al. 2005] and view-shifts [Dinsdale-Young
et al. 2013]. Since iCAP doesn’t have explicit subjective di-
chotomy of the auxiliary state, encoding of thread-specific
contributions in it is less direct comparing to FCSL.
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Encoding VC in FCSL

Program Definition my_prog: STSep (p, q) := 
Do c.

• Program c’s weakest pre- and strongest postconditions are (p*, q*)  
inferred from the types of basic commands (ret,  par,  bind);

• Do encodes the application of the rule of consequence (p*, q*) ⊑ (p, q);

• Such consequence is proven sound with respect to denotational semantics.

• The client constructs the proof of (p*, q*) ⊑ (p, q) interactively;

• The obligations are reduced via structural lemmas (inference rules).

has type STSep (p*, q*)Notation for do (_ : (p*, q*) ⊑ (p, q)) c 



Next Obligation.
apply: gh=>_ [s1 g1][<- Dx] C1; case: ifP Dx=>/= [/eqP -> _|_ Dx].
- apply: val_ret=>s2 M; case: (menvs_coh M)=>_ /sp_cohG g2; exists g2. 
  by split; [apply: subgr_steps M | rewrite (menvs_loc M)].
apply: step; apply: (gh_ex s1); apply: (gh_ex g1); apply: val_do=>//.
case; last first.
- move=>i1 [gi1][Sgi Si Mxi _] Ci1. 
  apply: val_ret=>i2 M; case: (menvs_coh M)=>_ /sp_cohG g2; exists g2.
  split; first by apply: subgr_trans Sgi (subgr_steps _ _ M).
  by rewrite -(menvs_loc M) (mark_steps g2 M Mxi).
move=>i1 [gi1][Sgi Si Mxi /(_ (erefl _)) Cti] Ci1.
have Dxi : x \in dom (self i1).
- by move/validL: (cohVSO Ci1); rewrite Si um_domPtUn inE eq_refl => ->.
apply: step; apply: (gh_ex i1); apply: (gh_ex gi1); apply: val_do=>//.
move=>_ i2 [gi2][Sgi2 Si2 ->] Ci2.
apply: step; apply: (gh_ex i2); apply: (gh_ex gi2); apply: val_do.
- by rewrite Si2.
move=>_ i3 [gi3][/(subgr_transT Sgi2) Sgi3 Si3 ->] Ci3.
rewrite (subgrM Sgi2 Dxi); rewrite {Sgi2 gi2 i2 Ci2}Si2 in Si3 *.
apply: step.
have Spl : sself [:: sp_getcoh sp] i3 = self i3 \+ Unit by rewrite unitR.
set i3r := sp ->> [Unit, joint i3, self i3 \+ other i3].
have gi3r : graph (joint i3r) by rewrite getE.
apply: (par_do (r1:=span_post (edgl gi1 x) i3 gi3) 
               (r2:=span_post (edgr gi1 x) i3r gi3r) _ Spl)=>//=.
- apply: (gh_ex i3); apply: (gh_ex gi3); apply: val_do=>//.
  - rewrite unitL -(cohE Ci3) -(subgrD Sgi3); split=>//. 
    by apply: (@edgeG _ _ x); rewrite inE eq_refl. 
- apply: (gh_ex i3r); apply: (gh_ex gi3r); apply: val_do=>// Ci3r.
  rewrite getE -(subgrD Sgi3); split=>//.
  by apply: (@edgeG _ _ x); rewrite !inE eq_refl orbT.
case=>{Spl} [rl rr] i4 gsl gsr Ci4 _ _ Si' 
  [gi4][Sg X1][gi4'][Sg'] /=; move: X1.
rewrite /subgraph !getE in gi4 gi4' Sg Sg' *. 
rewrite {}/i3r !getE in gi3r Sg' *. 
rewrite -{gi3r}(proof_irrelevance gi3 gi3r) in Sg' *.
rewrite -{gi4'}(proof_irrelevance gi4 gi4') in Sg' *.
rewrite -(subgrM Sgi3 Dxi) in Mxi Cti *; rewrite -{}Si3 in Si Dxi.
move: (subgr_transT Sgi Sgi3)=>{Sgi3 i1 gi1 Ci1 Sgi} Sgi.
have Fxr tr u : {subset dom tr <= dom gsr} -> 
  front (edge gi3) tr u -> front (edge g1) tr u.
- move=>S; apply: front_mono; first by move=>z; rewrite (subgrD Sgi).
  move=>y /S Dsr; rewrite (subgrN Sgi) // -(sp_markE gi3 y Ci3).
  apply/negP; case: Sg'=>_ _ S' _ _ _ /S'.
  move: (cohVSO Ci4); rewrite Si' -joinA joinCA.
  by case: validUn=>// _ _ /(_ _ Dsr) /negbTE ->. 
have Fxl tl u : valid (#x \+ self s1 \+ tl) -> 
    {subset dom tl <= dom gsl} ->
    front (edge gi3) tl u -> front (edge g1) tl u.
- move=>V S; apply: front_mono; first by move=>z; rewrite (subgrD Sgi).
  move=>y Dy; rewrite /= (subgrN Sgi) // -(sp_markE gi3 y Ci3) Si.
  rewrite domUn inE -Si (cohVSO Ci3) /= negb_or Si. 
  rewrite joinC in V; case: validUn V=>// _ _ /(_ _ Dy) -> _.  
  apply/negP; case: Sg=>_ _ O _ _ _ /O. 
  move: (cohVSO Ci4); rewrite Si' -joinA. 
  by case: validUn (S _ Dy)=>// _ _ N /N /negbTE ->.
have {Sg Sg'} Sgi' : subgraphT gi3 gi4. 
- case: Sg Sg'=>D S O M N Ed [_ S' O' _ _ _]; split=>//.
  - by move=>z /S X; rewrite Si' domUn inE -Si' 
    (validL (cohVSO Ci4)) X.
  move=>z Dz; have: z \in dom (self i3 \+ other i3).
  - by rewrite domUn inE (cohVSO Ci3) Dz orbT.
  move/(O' z); rewrite domUn inE; case/andP=>_ /orP [|//].
  move/(O z): Dz; rewrite domUn inE; case/andP=>_ /orP [L R|//].
  move: (validL (cohVSO Ci4)); rewrite Si'.
  by case: validUn L=>//_ _ /(_ _ R) /negbTE ->.
case: (Sgi')=>_ S _ E _ _; rewrite -{}E // in Mxi Cti *.
move/S: Dxi=>{S} Dxi /=; rewrite {}Si.
move: (subgr_transT Sgi Sgi')=>{Sgi Sgi'} Sgi.
case: rl; last first. 
- case=>Sl Ml X; rewrite {Fxl gsl}Sl -joinA in Si' X *.
  apply: step; apply: (gh_ex i4); apply: (gh_ex gi4).

  apply: (gh_ex (self s1 \+ gsr)).
  apply: val_do=>//; case=>i5 [gi5][Sgi5 Si5 Cti5] Ci5. 
  rewrite -Si5 in Si' Dxi.
  case: rr X; last first.
  - case=>Sr Mr; rewrite {gsr}Sr unitR in Si' Fxr Sgi5. 
    apply: step; apply: (gh_ex i5); apply: (gh_ex gi5).
    apply: (gh_ex (self s1)); apply: val_do=>//; case=>i6 [gi6][Sgi6 Si6].
    rewrite {}Cti5 => /= Cti' Ci6.
    move/(subgr_trans (meetpp _) Sgi5): Sgi6=>{Sgi5} Sgi6.
    rewrite -{}Si6 {gi5 Ci5} in Si' Si5 Dxi. 
    apply: val_ret=>i7 M; case: (menvs_coh M)=>_ Ci7; 
    move: (sp_cohG Ci7)=>gi7.
    move: (subgr_trans (meetpT _) Sgi6 (subgr_steps _ gi7 M))=>{Sgi6} Sgi7.
    rewrite -(marked_steps gi6 gi7 M Dxi) in Cti'.
    rewrite (menvs_loc M) in Si5 Si' Dxi.
    exists gi7; split=>//.
    - by apply/subgrX; apply: subgr_trans Sgi Sgi7. 
    exists (#x); rewrite joinC.
    have X : edge gi7 x =1 pred0.
    - by move=>z; rewrite inE Cti' inE andbC; case: eqP.
    split=>//; first by [apply: tree0]; first by apply: max0.
    apply: frontPt; last by rewrite domUn inE (cohVSO Ci7) Dxi.
    move=>z; rewrite inE Cti inE; case/and3P=>_ Nz D.
    rewrite (sp_markE _ _ Ci7); apply: subgr_marked Sgi7 _.
    by case/orP: D Nz Ml Mr => /eqP -> /negbTE ->.
  case=>tr [Sr Nr Tr Mr Fr]; rewrite {gsr}Sr unitL in Fxr Fr Sgi5 Si' *. 
  rewrite joinCA joinA -(joinA (#x)) -Si' Si5 in Fr.
  move/Fxr: Fr => /(_ (fun x k => k)) {i3 gi3 Ci3 Fxr} Fr. 
  apply: step; apply: val_ret=>i6 M; 
  apply: val_ret=>i7 /(menvs_trans M)=>{M} M.
  case: (menvs_coh M)=>_ Ci7; move: (sp_cohG Ci7)=>gi7. 
  rewrite -(marked_steps gi5 gi7 M Dxi) in Cti5.
  rewrite (menvs_loc M) in Dxi Si' Si5. 
  move/validL: (cohVSO Ci7)=>/= V; rewrite Si' in V.
  move: (subgr_trans (meetpT _) Sgi5 (subgr_steps _ gi7 M))=>{Sgi5} Sgi5.
  exists gi7; split=>{i5 gi5 Ci5 M}.
  - apply/subgrX; move/subgrX: Sgi Sgi5; apply: subgr_trans.
    by move=>z; rewrite inE /= domUn inE (validR V) orbC orKb.
  exists (#x \+ tr); rewrite joinCA; move: (subgrD Sgi5) => Di.
  have Ci : {in dom tr, forall y : ptr, contents gi4 y = contents gi7 y}.
  - move=>z Dz /=; rewrite (subgrM Sgi5) // -Si5 Si' !domUn !inE.  
    by rewrite domUn inE Dz V (validR V) /= !orbT. 
  have E: edge gi7 x =1 pred1 (edgr gi4 x).
  - move=>z /=; rewrite Cti5 inE -Di -(subgrD Sgi).
    by rewrite Dx !(eq_sym z); case: eqP=>//= <-; case: eqP Nr.
  split=>//.
  - by apply: tree1 E (tree_mono Di Ci Tr) (max_mono Di Ci Mr).
  - by apply: max1 E (proj1 Tr) (max_mono Di Ci Mr).
  apply: frontUn; last first.
  - apply: front_leq Fr=>z; rewrite !domUn !inE (cohVSO Ci7) /= Si5.
    by case/andP=>_  /orP [->//|] /(subgrO Sgi5) ->; rewrite orbT.
  apply: frontPt; last by rewrite domUn inE (cohVSO Ci7) Dxi.
  move=>z; rewrite inE Cti inE; case/and3P=>_ Nz D.
  case/orP: D Nz Ml Nr=>/eqP -> /negbTE -> /=.
  - by move/(subgr_marked Sgi5); rewrite (sp_markE _ _ Ci7).
  rewrite domUn inE (cohVSO Ci7) Si' joinA domUn inE -joinA V.
  by rewrite (proj1 Tr) orbT.
case=>tl [Sl Nl Tl Ml Fl]; rewrite {gsl}Sl in Si' Fl Fxl *.
have V : valid (#x \+ self s1 \+ tl \+ gsr). 
- by move/validL: (cohVSO Ci4); rewrite Si'. 
have S: {subset dom tl <= dom (#x \+ self s1 \+ tl)}.
- by move=>z; rewrite domUn inE (validL V) orbC => ->.
move/(Fxl _ _ (validL V) S): Fl=>{Fxl} Fl X.
apply: step; apply: val_ret=>i5 M.
case: (menvs_coh M)=>_ Ci5; move: (sp_cohG Ci5)=>gi5. 
rewrite -!(joinA (#x)) in Si' V Fl. 
have Si5: self i4 = self i5 by rewrite (menvs_loc M).
move: (Dxi)=>Dxi'; rewrite Si5 in Si' Dxi'.
move: (subgr_steps gi4 gi5 M)=>{M} Sgi5.
case: rr X; last first.
- case=>Sr Mr; rewrite {gsr Fxr}Sr unitL unitR in V Si' Si5 Fl.

  apply: step; apply: (gh_ex i5); apply: (gh_ex gi5).
  apply: (gh_ex (self s1 \+ tl)); apply: val_do=>//. 
  case=>i6 [gi6][Sgi6 Si6 Cti6] Ci6. 
  rewrite (subgrM Sgi5) // in Cti6; rewrite -{}Si6 in Si' Si5 Dxi'. 
  move/(subgr_trans (meetTp _) Sgi5): Sgi6=>{Sgi5 i5 gi5 Ci5} Sgi5.
  apply: val_ret=>i7 M; case: (menvs_coh M)=>_ Ci7; move: (sp_cohG Ci7)=>gi7.
  rewrite -(marked_steps gi6 gi7 M Dxi') in Cti6.
  rewrite (menvs_loc M) in Si' Si5 Dxi'.
  move: (subgr_trans (meetpT _) Sgi5 (subgr_steps _ gi7 M))=>{Sgi5} Sgi5.
  exists gi7; split.
  - apply/subgrX; move/subgrX: Sgi Sgi5; apply: subgr_trans. 
    by move=>z; rewrite inE /= domUn inE (validR V) /= orbC orKb. 
  exists (#x \+ tl); rewrite joinCA; move: (subgrD Sgi5)=>Di.
  have Ci : {in dom tl, forall y, contents gi4 y = contents gi7 y}.
  - move=>z Dz; rewrite /= (subgrM Sgi5) // Si5 Si' !domUn !inE.  
    by rewrite domUn inE Dz V (validR V) /= !orbT. 
  have E : edge gi7 x =i pred1 (edgl gi4 x).
  - move=>z; rewrite /= inE /= -Di Cti6 inE -(subgrD Sgi) Dx /= inE.
    by rewrite !(eq_sym z) orbC; case: eqP=>//= <-; case: eqP Nl.
  split=>//.
  - by apply: tree1 E (tree_mono Di Ci Tl) (max_mono Di Ci Ml).
  - by apply: max1 E (proj1 Tl) (max_mono Di Ci Ml).
  apply: frontUn; last first.
  - apply: front_leq Fl=>z; rewrite joinA !domUn !inE (cohVSO Ci7) /= -Si'. 
    by case/andP=>_  /orP [->//|] /(subgrO Sgi5) ->; rewrite orbT.
  apply: frontPt; last by rewrite domUn inE (cohVSO Ci7) Dxi'.
  move=>z; rewrite inE Cti inE; case/and3P=>_ Nz D.
  case/orP: D Nz Mr Nl=>/eqP -> /negbTE -> /=; last first.
  - by move/(subgr_marked Sgi5); rewrite (sp_markE _ _ Ci7).
  rewrite domUn inE (cohVSO Ci7) Si' joinA domUn inE -joinA V.
  by rewrite (proj1 Tl) orbT.
case=>tr [Sr Nr Tr Mr Fr]; rewrite {gsr}Sr unitL in V Fl Fxr Si' Fr.
move/Fxr: Fr=>/(_ (fun x k => k)) {Fxr} Fr.
rewrite -(joinA _ tl) in Si' V.
rewrite (joinA (_ \+ tl)) joinA -(joinA _ tl) in Fl.
rewrite joinCA joinA -(joinA _ tl) -(joinA _ (self _)) in Fr. 
have W : valid (tl \+ tr).
- by move: (cohVSO Ci5); rewrite Si'; move/validL/validR/validR.
apply: step; apply: val_ret=>i6 M.
apply: val_ret=>i7 /(menvs_trans M)=>{i6 M} M.
case: (menvs_coh M)=>_ Ci7; move: (sp_cohG Ci7)=>gi7.
move: (subgr_transT Sgi5 (subgr_steps _ gi7 M))=>{Sgi5} Sgi5.
rewrite (menvs_loc M) {i5 gi5 Ci5 M} in Si5 Si' Dxi'. 
exists gi7; split.
- by apply/subgrX; apply/subgrX; apply: subgr_trans Sgi Sgi5.
exists (#x \+ (tl \+ tr)); rewrite joinCA; move: (subgrD Sgi5)=>Di.
have [Cil Cir] : {in dom tl, forall y, contents gi4 y = contents gi7 y} /\
                 {in dom tr, forall y, contents gi4 y = contents gi7 y}.
- split=>z Dz /=; rewrite (subgrM Sgi5) //= Si5;
  move/validL: (cohVSO Ci7); rewrite Si' (joinA (#x)) joinC;
  by rewrite domUn inE (domUn tl) inE W Dz => -> //=; rewrite orbT.
have E: edge gi7 x =i pred2 (edgl gi4 x) (edgr gi4 x).
- move=>z /=; rewrite inE /= -Di (subgrM Sgi5) //. 
  case: edgeP Nl Nr=>//= _ xl xr _ _ _ _ /negbTE Nl /negbTE Nr.
  by rewrite inE !(eq_sym z); case: eqP=>// <-; rewrite Nl Nr.
split=>//.
- by apply: tree2 E (tree_mono Di Cil Tl) (max_mono Di Cil Ml)
                    (tree_mono Di Cir Tr) (max_mono Di Cir Mr) W.
- by apply: max2 E (proj1 Tl) (max_mono Di Cil Ml) 
                   (proj1 Tr) (max_mono Di Cir Mr).
apply: frontUn; last first.
- apply: frontUn; [apply: front_leq Fl | apply: front_leq Fr]=>z;
  rewrite -Si' !domUn !inE (cohVSO Ci7); 
  by case/andP=>_  /orP [->//|] /(subgrO Sgi5) ->; rewrite orbT.
apply: frontPt; last by rewrite domUn inE (cohVSO Ci7) Dxi'.
move=>z; rewrite inE Cti inE; case/and3P=>_ _ X. 
move: (cohVSO Ci7); rewrite Si' (joinA (#x)) -(joinC (tl \+ tr)).
rewrite -(joinA (tl \+ tr)) domUn inE domUn inE W => -> /=. 
by case/orP: X=>/eqP ->; rewrite ?(proj1 Tl) ?(proj1 Tr) ?orbT.
Qed.

Proof of  span : span_tp



Next Obligation.
apply: gh=>_ [s1 g1][<- Dx] C1; case: ifP Dx=>/= [/eqP -> _|_ Dx].
- apply: val_ret=>s2 M; case: (menvs_coh M)=>_ /sp_cohG g2; exists g2. 
  by split; [apply: subgr_steps M | rewrite (menvs_loc M)].
apply: step; apply: (gh_ex s1); apply: (gh_ex g1); apply: val_do=>//.
case; last first.
- move=>i1 [gi1][Sgi Si Mxi _] Ci1. 
  apply: val_ret=>i2 M; case: (menvs_coh M)=>_ /sp_cohG g2; exists g2.
  split; first by apply: subgr_trans Sgi (subgr_steps _ _ M).
  by rewrite -(menvs_loc M) (mark_steps g2 M Mxi).
move=>i1 [gi1][Sgi Si Mxi /(_ (erefl _)) Cti] Ci1.
have Dxi : x \in dom (self i1).
- by move/validL: (cohVSO Ci1); rewrite Si um_domPtUn inE eq_refl => ->.
apply: step; apply: (gh_ex i1); apply: (gh_ex gi1); apply: val_do=>//.
move=>_ i2 [gi2][Sgi2 Si2 ->] Ci2.
apply: step; apply: (gh_ex i2); apply: (gh_ex gi2); apply: val_do.
- by rewrite Si2.
move=>_ i3 [gi3][/(subgr_transT Sgi2) Sgi3 Si3 ->] Ci3.
rewrite (subgrM Sgi2 Dxi); rewrite {Sgi2 gi2 i2 Ci2}Si2 in Si3 *.
apply: step.
have Spl : sself [:: sp_getcoh sp] i3 = self i3 \+ Unit by rewrite unitR.
set i3r := sp ->> [Unit, joint i3, self i3 \+ other i3].
have gi3r : graph (joint i3r) by rewrite getE.
apply: (par_do (r1:=span_post (edgl gi1 x) i3 gi3) 
               (r2:=span_post (edgr gi1 x) i3r gi3r) _ Spl)=>//=.
- apply: (gh_ex i3); apply: (gh_ex gi3); apply: val_do=>//.
  - rewrite unitL -(cohE Ci3) -(subgrD Sgi3); split=>//. 
    by apply: (@edgeG _ _ x); rewrite inE eq_refl. 
- apply: (gh_ex i3r); apply: (gh_ex gi3r); apply: val_do=>// Ci3r.
  rewrite getE -(subgrD Sgi3); split=>//.
  by apply: (@edgeG _ _ x); rewrite !inE eq_refl orbT.
case=>{Spl} [rl rr] i4 gsl gsr Ci4 _ _ Si' 
  [gi4][Sg X1][gi4'][Sg'] /=; move: X1.
rewrite /subgraph !getE in gi4 gi4' Sg Sg' *. 
rewrite {}/i3r !getE in gi3r Sg' *. 
rewrite -{gi3r}(proof_irrelevance gi3 gi3r) in Sg' *.
rewrite -{gi4'}(proof_irrelevance gi4 gi4') in Sg' *.
rewrite -(subgrM Sgi3 Dxi) in Mxi Cti *; rewrite -{}Si3 in Si Dxi.
move: (subgr_transT Sgi Sgi3)=>{Sgi3 i1 gi1 Ci1 Sgi} Sgi.
have Fxr tr u : {subset dom tr <= dom gsr} -> 
  front (edge gi3) tr u -> front (edge g1) tr u.
- move=>S; apply: front_mono; first by move=>z; rewrite (subgrD Sgi).
  move=>y /S Dsr; rewrite (subgrN Sgi) // -(sp_markE gi3 y Ci3).
  apply/negP; case: Sg'=>_ _ S' _ _ _ /S'.
  move: (cohVSO Ci4); rewrite Si' -joinA joinCA.
  by case: validUn=>// _ _ /(_ _ Dsr) /negbTE ->. 
have Fxl tl u : valid (#x \+ self s1 \+ tl) -> 
    {subset dom tl <= dom gsl} ->
    front (edge gi3) tl u -> front (edge g1) tl u.
- move=>V S; apply: front_mono; first by move=>z; rewrite (subgrD Sgi).
  move=>y Dy; rewrite /= (subgrN Sgi) // -(sp_markE gi3 y Ci3) Si.
  rewrite domUn inE -Si (cohVSO Ci3) /= negb_or Si. 
  rewrite joinC in V; case: validUn V=>// _ _ /(_ _ Dy) -> _.  
  apply/negP; case: Sg=>_ _ O _ _ _ /O. 
  move: (cohVSO Ci4); rewrite Si' -joinA. 
  by case: validUn (S _ Dy)=>// _ _ N /N /negbTE ->.
have {Sg Sg'} Sgi' : subgraphT gi3 gi4. 
- case: Sg Sg'=>D S O M N Ed [_ S' O' _ _ _]; split=>//.
  - by move=>z /S X; rewrite Si' domUn inE -Si' 
    (validL (cohVSO Ci4)) X.
  move=>z Dz; have: z \in dom (self i3 \+ other i3).
  - by rewrite domUn inE (cohVSO Ci3) Dz orbT.
  move/(O' z); rewrite domUn inE; case/andP=>_ /orP [|//].
  move/(O z): Dz; rewrite domUn inE; case/andP=>_ /orP [L R|//].
  move: (validL (cohVSO Ci4)); rewrite Si'.
  by case: validUn L=>//_ _ /(_ _ R) /negbTE ->.
case: (Sgi')=>_ S _ E _ _; rewrite -{}E // in Mxi Cti *.
move/S: Dxi=>{S} Dxi /=; rewrite {}Si.
move: (subgr_transT Sgi Sgi')=>{Sgi Sgi'} Sgi.
case: rl; last first. 
- case=>Sl Ml X; rewrite {Fxl gsl}Sl -joinA in Si' X *.
  apply: step; apply: (gh_ex i4); apply: (gh_ex gi4).

  apply: (gh_ex (self s1 \+ gsr)).
  apply: val_do=>//; case=>i5 [gi5][Sgi5 Si5 Cti5] Ci5. 
  rewrite -Si5 in Si' Dxi.
  case: rr X; last first.
  - case=>Sr Mr; rewrite {gsr}Sr unitR in Si' Fxr Sgi5. 
    apply: step; apply: (gh_ex i5); apply: (gh_ex gi5).
    apply: (gh_ex (self s1)); apply: val_do=>//; case=>i6 [gi6][Sgi6 Si6].
    rewrite {}Cti5 => /= Cti' Ci6.
    move/(subgr_trans (meetpp _) Sgi5): Sgi6=>{Sgi5} Sgi6.
    rewrite -{}Si6 {gi5 Ci5} in Si' Si5 Dxi. 
    apply: val_ret=>i7 M; case: (menvs_coh M)=>_ Ci7; 
    move: (sp_cohG Ci7)=>gi7.
    move: (subgr_trans (meetpT _) Sgi6 (subgr_steps _ gi7 M))=>{Sgi6} Sgi7.
    rewrite -(marked_steps gi6 gi7 M Dxi) in Cti'.
    rewrite (menvs_loc M) in Si5 Si' Dxi.
    exists gi7; split=>//.
    - by apply/subgrX; apply: subgr_trans Sgi Sgi7. 
    exists (#x); rewrite joinC.
    have X : edge gi7 x =1 pred0.
    - by move=>z; rewrite inE Cti' inE andbC; case: eqP.
    split=>//; first by [apply: tree0]; first by apply: max0.
    apply: frontPt; last by rewrite domUn inE (cohVSO Ci7) Dxi.
    move=>z; rewrite inE Cti inE; case/and3P=>_ Nz D.
    rewrite (sp_markE _ _ Ci7); apply: subgr_marked Sgi7 _.
    by case/orP: D Nz Ml Mr => /eqP -> /negbTE ->.
  case=>tr [Sr Nr Tr Mr Fr]; rewrite {gsr}Sr unitL in Fxr Fr Sgi5 Si' *. 
  rewrite joinCA joinA -(joinA (#x)) -Si' Si5 in Fr.
  move/Fxr: Fr => /(_ (fun x k => k)) {i3 gi3 Ci3 Fxr} Fr. 
  apply: step; apply: val_ret=>i6 M; 
  apply: val_ret=>i7 /(menvs_trans M)=>{M} M.
  case: (menvs_coh M)=>_ Ci7; move: (sp_cohG Ci7)=>gi7. 
  rewrite -(marked_steps gi5 gi7 M Dxi) in Cti5.
  rewrite (menvs_loc M) in Dxi Si' Si5. 
  move/validL: (cohVSO Ci7)=>/= V; rewrite Si' in V.
  move: (subgr_trans (meetpT _) Sgi5 (subgr_steps _ gi7 M))=>{Sgi5} Sgi5.
  exists gi7; split=>{i5 gi5 Ci5 M}.
  - apply/subgrX; move/subgrX: Sgi Sgi5; apply: subgr_trans.
    by move=>z; rewrite inE /= domUn inE (validR V) orbC orKb.
  exists (#x \+ tr); rewrite joinCA; move: (subgrD Sgi5) => Di.
  have Ci : {in dom tr, forall y : ptr, contents gi4 y = contents gi7 y}.
  - move=>z Dz /=; rewrite (subgrM Sgi5) // -Si5 Si' !domUn !inE.  
    by rewrite domUn inE Dz V (validR V) /= !orbT. 
  have E: edge gi7 x =1 pred1 (edgr gi4 x).
  - move=>z /=; rewrite Cti5 inE -Di -(subgrD Sgi).
    by rewrite Dx !(eq_sym z); case: eqP=>//= <-; case: eqP Nr.
  split=>//.
  - by apply: tree1 E (tree_mono Di Ci Tr) (max_mono Di Ci Mr).
  - by apply: max1 E (proj1 Tr) (max_mono Di Ci Mr).
  apply: frontUn; last first.
  - apply: front_leq Fr=>z; rewrite !domUn !inE (cohVSO Ci7) /= Si5.
    by case/andP=>_  /orP [->//|] /(subgrO Sgi5) ->; rewrite orbT.
  apply: frontPt; last by rewrite domUn inE (cohVSO Ci7) Dxi.
  move=>z; rewrite inE Cti inE; case/and3P=>_ Nz D.
  case/orP: D Nz Ml Nr=>/eqP -> /negbTE -> /=.
  - by move/(subgr_marked Sgi5); rewrite (sp_markE _ _ Ci7).
  rewrite domUn inE (cohVSO Ci7) Si' joinA domUn inE -joinA V.
  by rewrite (proj1 Tr) orbT.
case=>tl [Sl Nl Tl Ml Fl]; rewrite {gsl}Sl in Si' Fl Fxl *.
have V : valid (#x \+ self s1 \+ tl \+ gsr). 
- by move/validL: (cohVSO Ci4); rewrite Si'. 
have S: {subset dom tl <= dom (#x \+ self s1 \+ tl)}.
- by move=>z; rewrite domUn inE (validL V) orbC => ->.
move/(Fxl _ _ (validL V) S): Fl=>{Fxl} Fl X.
apply: step; apply: val_ret=>i5 M.
case: (menvs_coh M)=>_ Ci5; move: (sp_cohG Ci5)=>gi5. 
rewrite -!(joinA (#x)) in Si' V Fl. 
have Si5: self i4 = self i5 by rewrite (menvs_loc M).
move: (Dxi)=>Dxi'; rewrite Si5 in Si' Dxi'.
move: (subgr_steps gi4 gi5 M)=>{M} Sgi5.
case: rr X; last first.
- case=>Sr Mr; rewrite {gsr Fxr}Sr unitL unitR in V Si' Si5 Fl.

  apply: step; apply: (gh_ex i5); apply: (gh_ex gi5).
  apply: (gh_ex (self s1 \+ tl)); apply: val_do=>//. 
  case=>i6 [gi6][Sgi6 Si6 Cti6] Ci6. 
  rewrite (subgrM Sgi5) // in Cti6; rewrite -{}Si6 in Si' Si5 Dxi'. 
  move/(subgr_trans (meetTp _) Sgi5): Sgi6=>{Sgi5 i5 gi5 Ci5} Sgi5.
  apply: val_ret=>i7 M; case: (menvs_coh M)=>_ Ci7; move: (sp_cohG Ci7)=>gi7.
  rewrite -(marked_steps gi6 gi7 M Dxi') in Cti6.
  rewrite (menvs_loc M) in Si' Si5 Dxi'.
  move: (subgr_trans (meetpT _) Sgi5 (subgr_steps _ gi7 M))=>{Sgi5} Sgi5.
  exists gi7; split.
  - apply/subgrX; move/subgrX: Sgi Sgi5; apply: subgr_trans. 
    by move=>z; rewrite inE /= domUn inE (validR V) /= orbC orKb. 
  exists (#x \+ tl); rewrite joinCA; move: (subgrD Sgi5)=>Di.
  have Ci : {in dom tl, forall y, contents gi4 y = contents gi7 y}.
  - move=>z Dz; rewrite /= (subgrM Sgi5) // Si5 Si' !domUn !inE.  
    by rewrite domUn inE Dz V (validR V) /= !orbT. 
  have E : edge gi7 x =i pred1 (edgl gi4 x).
  - move=>z; rewrite /= inE /= -Di Cti6 inE -(subgrD Sgi) Dx /= inE.
    by rewrite !(eq_sym z) orbC; case: eqP=>//= <-; case: eqP Nl.
  split=>//.
  - by apply: tree1 E (tree_mono Di Ci Tl) (max_mono Di Ci Ml).
  - by apply: max1 E (proj1 Tl) (max_mono Di Ci Ml).
  apply: frontUn; last first.
  - apply: front_leq Fl=>z; rewrite joinA !domUn !inE (cohVSO Ci7) /= -Si'. 
    by case/andP=>_  /orP [->//|] /(subgrO Sgi5) ->; rewrite orbT.
  apply: frontPt; last by rewrite domUn inE (cohVSO Ci7) Dxi'.
  move=>z; rewrite inE Cti inE; case/and3P=>_ Nz D.
  case/orP: D Nz Mr Nl=>/eqP -> /negbTE -> /=; last first.
  - by move/(subgr_marked Sgi5); rewrite (sp_markE _ _ Ci7).
  rewrite domUn inE (cohVSO Ci7) Si' joinA domUn inE -joinA V.
  by rewrite (proj1 Tl) orbT.
case=>tr [Sr Nr Tr Mr Fr]; rewrite {gsr}Sr unitL in V Fl Fxr Si' Fr.
move/Fxr: Fr=>/(_ (fun x k => k)) {Fxr} Fr.
rewrite -(joinA _ tl) in Si' V.
rewrite (joinA (_ \+ tl)) joinA -(joinA _ tl) in Fl.
rewrite joinCA joinA -(joinA _ tl) -(joinA _ (self _)) in Fr. 
have W : valid (tl \+ tr).
- by move: (cohVSO Ci5); rewrite Si'; move/validL/validR/validR.
apply: step; apply: val_ret=>i6 M.
apply: val_ret=>i7 /(menvs_trans M)=>{i6 M} M.
case: (menvs_coh M)=>_ Ci7; move: (sp_cohG Ci7)=>gi7.
move: (subgr_transT Sgi5 (subgr_steps _ gi7 M))=>{Sgi5} Sgi5.
rewrite (menvs_loc M) {i5 gi5 Ci5 M} in Si5 Si' Dxi'. 
exists gi7; split.
- by apply/subgrX; apply/subgrX; apply: subgr_trans Sgi Sgi5.
exists (#x \+ (tl \+ tr)); rewrite joinCA; move: (subgrD Sgi5)=>Di.
have [Cil Cir] : {in dom tl, forall y, contents gi4 y = contents gi7 y} /\
                 {in dom tr, forall y, contents gi4 y = contents gi7 y}.
- split=>z Dz /=; rewrite (subgrM Sgi5) //= Si5;
  move/validL: (cohVSO Ci7); rewrite Si' (joinA (#x)) joinC;
  by rewrite domUn inE (domUn tl) inE W Dz => -> //=; rewrite orbT.
have E: edge gi7 x =i pred2 (edgl gi4 x) (edgr gi4 x).
- move=>z /=; rewrite inE /= -Di (subgrM Sgi5) //. 
  case: edgeP Nl Nr=>//= _ xl xr _ _ _ _ /negbTE Nl /negbTE Nr.
  by rewrite inE !(eq_sym z); case: eqP=>// <-; rewrite Nl Nr.
split=>//.
- by apply: tree2 E (tree_mono Di Cil Tl) (max_mono Di Cil Ml)
                    (tree_mono Di Cir Tr) (max_mono Di Cir Mr) W.
- by apply: max2 E (proj1 Tl) (max_mono Di Cil Ml) 
                   (proj1 Tr) (max_mono Di Cir Mr).
apply: frontUn; last first.
- apply: frontUn; [apply: front_leq Fl | apply: front_leq Fr]=>z;
  rewrite -Si' !domUn !inE (cohVSO Ci7); 
  by case/andP=>_  /orP [->//|] /(subgrO Sgi5) ->; rewrite orbT.
apply: frontPt; last by rewrite domUn inE (cohVSO Ci7) Dxi'.
move=>z; rewrite inE Cti inE; case/and3P=>_ _ X. 
move: (cohVSO Ci7); rewrite Si' (joinA (#x)) -(joinC (tl \+ tr)).
rewrite -(joinA (tl \+ tr)) domUn inE domUn inE W => -> /=. 
by case/orP: X=>/eqP ->; rewrite ?(proj1 Tl) ?(proj1 Tr) ?orbT.
Qed.
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Next Obligation.
apply: gh=>_ [s1 g1][<- Dx] C1; case: ifP Dx=>/= [/eqP -> _|_ Dx].
- apply: val_ret=>s2 M; case: (menvs_coh M)=>_ /sp_cohG g2; exists g2. 
  by split; [apply: subgr_steps M | rewrite (menvs_loc M)].
apply: step; apply: (gh_ex s1); apply: (gh_ex g1); apply: val_do=>//.
case; last first.
- move=>i1 [gi1][Sgi Si Mxi _] Ci1. 
  apply: val_ret=>i2 M; case: (menvs_coh M)=>_ /sp_cohG g2; exists g2.
  split; first by apply: subgr_trans Sgi (subgr_steps _ _ M).
  by rewrite -(menvs_loc M) (mark_steps g2 M Mxi).
move=>i1 [gi1][Sgi Si Mxi /(_ (erefl _)) Cti] Ci1.
have Dxi : x \in dom (self i1).
- by move/validL: (cohVSO Ci1); rewrite Si um_domPtUn inE eq_refl => ->.
apply: step; apply: (gh_ex i1); apply: (gh_ex gi1); apply: val_do=>//.
move=>_ i2 [gi2][Sgi2 Si2 ->] Ci2.
apply: step; apply: (gh_ex i2); apply: (gh_ex gi2); apply: val_do.
- by rewrite Si2.
move=>_ i3 [gi3][/(subgr_transT Sgi2) Sgi3 Si3 ->] Ci3.
rewrite (subgrM Sgi2 Dxi); rewrite {Sgi2 gi2 i2 Ci2}Si2 in Si3 *.
apply: step.
have Spl : sself [:: sp_getcoh sp] i3 = self i3 \+ Unit by rewrite unitR.
set i3r := sp ->> [Unit, joint i3, self i3 \+ other i3].
have gi3r : graph (joint i3r) by rewrite getE.
apply: (par_do (r1:=span_post (edgl gi1 x) i3 gi3) 
               (r2:=span_post (edgr gi1 x) i3r gi3r) _ Spl)=>//=.
- apply: (gh_ex i3); apply: (gh_ex gi3); apply: val_do=>//.
  - rewrite unitL -(cohE Ci3) -(subgrD Sgi3); split=>//. 
    by apply: (@edgeG _ _ x); rewrite inE eq_refl. 
- apply: (gh_ex i3r); apply: (gh_ex gi3r); apply: val_do=>// Ci3r.
  rewrite getE -(subgrD Sgi3); split=>//.
  by apply: (@edgeG _ _ x); rewrite !inE eq_refl orbT.
case=>{Spl} [rl rr] i4 gsl gsr Ci4 _ _ Si' 
  [gi4][Sg X1][gi4'][Sg'] /=; move: X1.
rewrite /subgraph !getE in gi4 gi4' Sg Sg' *. 
rewrite {}/i3r !getE in gi3r Sg' *. 
rewrite -{gi3r}(proof_irrelevance gi3 gi3r) in Sg' *.
rewrite -{gi4'}(proof_irrelevance gi4 gi4') in Sg' *.
rewrite -(subgrM Sgi3 Dxi) in Mxi Cti *; rewrite -{}Si3 in Si Dxi.
move: (subgr_transT Sgi Sgi3)=>{Sgi3 i1 gi1 Ci1 Sgi} Sgi.
have Fxr tr u : {subset dom tr <= dom gsr} -> 
  front (edge gi3) tr u -> front (edge g1) tr u.
- move=>S; apply: front_mono; first by move=>z; rewrite (subgrD Sgi).
  move=>y /S Dsr; rewrite (subgrN Sgi) // -(sp_markE gi3 y Ci3).
  apply/negP; case: Sg'=>_ _ S' _ _ _ /S'.
  move: (cohVSO Ci4); rewrite Si' -joinA joinCA.
  by case: validUn=>// _ _ /(_ _ Dsr) /negbTE ->. 
have Fxl tl u : valid (#x \+ self s1 \+ tl) -> 
    {subset dom tl <= dom gsl} ->
    front (edge gi3) tl u -> front (edge g1) tl u.
- move=>V S; apply: front_mono; first by move=>z; rewrite (subgrD Sgi).
  move=>y Dy; rewrite /= (subgrN Sgi) // -(sp_markE gi3 y Ci3) Si.
  rewrite domUn inE -Si (cohVSO Ci3) /= negb_or Si. 
  rewrite joinC in V; case: validUn V=>// _ _ /(_ _ Dy) -> _.  
  apply/negP; case: Sg=>_ _ O _ _ _ /O. 
  move: (cohVSO Ci4); rewrite Si' -joinA. 
  by case: validUn (S _ Dy)=>// _ _ N /N /negbTE ->.
have {Sg Sg'} Sgi' : subgraphT gi3 gi4. 
- case: Sg Sg'=>D S O M N Ed [_ S' O' _ _ _]; split=>//.
  - by move=>z /S X; rewrite Si' domUn inE -Si' 
    (validL (cohVSO Ci4)) X.
  move=>z Dz; have: z \in dom (self i3 \+ other i3).
  - by rewrite domUn inE (cohVSO Ci3) Dz orbT.
  move/(O' z); rewrite domUn inE; case/andP=>_ /orP [|//].
  move/(O z): Dz; rewrite domUn inE; case/andP=>_ /orP [L R|//].
  move: (validL (cohVSO Ci4)); rewrite Si'.
  by case: validUn L=>//_ _ /(_ _ R) /negbTE ->.
case: (Sgi')=>_ S _ E _ _; rewrite -{}E // in Mxi Cti *.
move/S: Dxi=>{S} Dxi /=; rewrite {}Si.
move: (subgr_transT Sgi Sgi')=>{Sgi Sgi'} Sgi.
case: rl; last first. 
- case=>Sl Ml X; rewrite {Fxl gsl}Sl -joinA in Si' X *.
  apply: step; apply: (gh_ex i4); apply: (gh_ex gi4).

  apply: (gh_ex (self s1 \+ gsr)).
  apply: val_do=>//; case=>i5 [gi5][Sgi5 Si5 Cti5] Ci5. 
  rewrite -Si5 in Si' Dxi.
  case: rr X; last first.
  - case=>Sr Mr; rewrite {gsr}Sr unitR in Si' Fxr Sgi5. 
    apply: step; apply: (gh_ex i5); apply: (gh_ex gi5).
    apply: (gh_ex (self s1)); apply: val_do=>//; case=>i6 [gi6][Sgi6 Si6].
    rewrite {}Cti5 => /= Cti' Ci6.
    move/(subgr_trans (meetpp _) Sgi5): Sgi6=>{Sgi5} Sgi6.
    rewrite -{}Si6 {gi5 Ci5} in Si' Si5 Dxi. 
    apply: val_ret=>i7 M; case: (menvs_coh M)=>_ Ci7; 
    move: (sp_cohG Ci7)=>gi7.
    move: (subgr_trans (meetpT _) Sgi6 (subgr_steps _ gi7 M))=>{Sgi6} Sgi7.
    rewrite -(marked_steps gi6 gi7 M Dxi) in Cti'.
    rewrite (menvs_loc M) in Si5 Si' Dxi.
    exists gi7; split=>//.
    - by apply/subgrX; apply: subgr_trans Sgi Sgi7. 
    exists (#x); rewrite joinC.
    have X : edge gi7 x =1 pred0.
    - by move=>z; rewrite inE Cti' inE andbC; case: eqP.
    split=>//; first by [apply: tree0]; first by apply: max0.
    apply: frontPt; last by rewrite domUn inE (cohVSO Ci7) Dxi.
    move=>z; rewrite inE Cti inE; case/and3P=>_ Nz D.
    rewrite (sp_markE _ _ Ci7); apply: subgr_marked Sgi7 _.
    by case/orP: D Nz Ml Mr => /eqP -> /negbTE ->.
  case=>tr [Sr Nr Tr Mr Fr]; rewrite {gsr}Sr unitL in Fxr Fr Sgi5 Si' *. 
  rewrite joinCA joinA -(joinA (#x)) -Si' Si5 in Fr.
  move/Fxr: Fr => /(_ (fun x k => k)) {i3 gi3 Ci3 Fxr} Fr. 
  apply: step; apply: val_ret=>i6 M; 
  apply: val_ret=>i7 /(menvs_trans M)=>{M} M.
  case: (menvs_coh M)=>_ Ci7; move: (sp_cohG Ci7)=>gi7. 
  rewrite -(marked_steps gi5 gi7 M Dxi) in Cti5.
  rewrite (menvs_loc M) in Dxi Si' Si5. 
  move/validL: (cohVSO Ci7)=>/= V; rewrite Si' in V.
  move: (subgr_trans (meetpT _) Sgi5 (subgr_steps _ gi7 M))=>{Sgi5} Sgi5.
  exists gi7; split=>{i5 gi5 Ci5 M}.
  - apply/subgrX; move/subgrX: Sgi Sgi5; apply: subgr_trans.
    by move=>z; rewrite inE /= domUn inE (validR V) orbC orKb.
  exists (#x \+ tr); rewrite joinCA; move: (subgrD Sgi5) => Di.
  have Ci : {in dom tr, forall y : ptr, contents gi4 y = contents gi7 y}.
  - move=>z Dz /=; rewrite (subgrM Sgi5) // -Si5 Si' !domUn !inE.  
    by rewrite domUn inE Dz V (validR V) /= !orbT. 
  have E: edge gi7 x =1 pred1 (edgr gi4 x).
  - move=>z /=; rewrite Cti5 inE -Di -(subgrD Sgi).
    by rewrite Dx !(eq_sym z); case: eqP=>//= <-; case: eqP Nr.
  split=>//.
  - by apply: tree1 E (tree_mono Di Ci Tr) (max_mono Di Ci Mr).
  - by apply: max1 E (proj1 Tr) (max_mono Di Ci Mr).
  apply: frontUn; last first.
  - apply: front_leq Fr=>z; rewrite !domUn !inE (cohVSO Ci7) /= Si5.
    by case/andP=>_  /orP [->//|] /(subgrO Sgi5) ->; rewrite orbT.
  apply: frontPt; last by rewrite domUn inE (cohVSO Ci7) Dxi.
  move=>z; rewrite inE Cti inE; case/and3P=>_ Nz D.
  case/orP: D Nz Ml Nr=>/eqP -> /negbTE -> /=.
  - by move/(subgr_marked Sgi5); rewrite (sp_markE _ _ Ci7).
  rewrite domUn inE (cohVSO Ci7) Si' joinA domUn inE -joinA V.
  by rewrite (proj1 Tr) orbT.
case=>tl [Sl Nl Tl Ml Fl]; rewrite {gsl}Sl in Si' Fl Fxl *.
have V : valid (#x \+ self s1 \+ tl \+ gsr). 
- by move/validL: (cohVSO Ci4); rewrite Si'. 
have S: {subset dom tl <= dom (#x \+ self s1 \+ tl)}.
- by move=>z; rewrite domUn inE (validL V) orbC => ->.
move/(Fxl _ _ (validL V) S): Fl=>{Fxl} Fl X.
apply: step; apply: val_ret=>i5 M.
case: (menvs_coh M)=>_ Ci5; move: (sp_cohG Ci5)=>gi5. 
rewrite -!(joinA (#x)) in Si' V Fl. 
have Si5: self i4 = self i5 by rewrite (menvs_loc M).
move: (Dxi)=>Dxi'; rewrite Si5 in Si' Dxi'.
move: (subgr_steps gi4 gi5 M)=>{M} Sgi5.
case: rr X; last first.
- case=>Sr Mr; rewrite {gsr Fxr}Sr unitL unitR in V Si' Si5 Fl.

  apply: step; apply: (gh_ex i5); apply: (gh_ex gi5).
  apply: (gh_ex (self s1 \+ tl)); apply: val_do=>//. 
  case=>i6 [gi6][Sgi6 Si6 Cti6] Ci6. 
  rewrite (subgrM Sgi5) // in Cti6; rewrite -{}Si6 in Si' Si5 Dxi'. 
  move/(subgr_trans (meetTp _) Sgi5): Sgi6=>{Sgi5 i5 gi5 Ci5} Sgi5.
  apply: val_ret=>i7 M; case: (menvs_coh M)=>_ Ci7; move: (sp_cohG Ci7)=>gi7.
  rewrite -(marked_steps gi6 gi7 M Dxi') in Cti6.
  rewrite (menvs_loc M) in Si' Si5 Dxi'.
  move: (subgr_trans (meetpT _) Sgi5 (subgr_steps _ gi7 M))=>{Sgi5} Sgi5.
  exists gi7; split.
  - apply/subgrX; move/subgrX: Sgi Sgi5; apply: subgr_trans. 
    by move=>z; rewrite inE /= domUn inE (validR V) /= orbC orKb. 
  exists (#x \+ tl); rewrite joinCA; move: (subgrD Sgi5)=>Di.
  have Ci : {in dom tl, forall y, contents gi4 y = contents gi7 y}.
  - move=>z Dz; rewrite /= (subgrM Sgi5) // Si5 Si' !domUn !inE.  
    by rewrite domUn inE Dz V (validR V) /= !orbT. 
  have E : edge gi7 x =i pred1 (edgl gi4 x).
  - move=>z; rewrite /= inE /= -Di Cti6 inE -(subgrD Sgi) Dx /= inE.
    by rewrite !(eq_sym z) orbC; case: eqP=>//= <-; case: eqP Nl.
  split=>//.
  - by apply: tree1 E (tree_mono Di Ci Tl) (max_mono Di Ci Ml).
  - by apply: max1 E (proj1 Tl) (max_mono Di Ci Ml).
  apply: frontUn; last first.
  - apply: front_leq Fl=>z; rewrite joinA !domUn !inE (cohVSO Ci7) /= -Si'. 
    by case/andP=>_  /orP [->//|] /(subgrO Sgi5) ->; rewrite orbT.
  apply: frontPt; last by rewrite domUn inE (cohVSO Ci7) Dxi'.
  move=>z; rewrite inE Cti inE; case/and3P=>_ Nz D.
  case/orP: D Nz Mr Nl=>/eqP -> /negbTE -> /=; last first.
  - by move/(subgr_marked Sgi5); rewrite (sp_markE _ _ Ci7).
  rewrite domUn inE (cohVSO Ci7) Si' joinA domUn inE -joinA V.
  by rewrite (proj1 Tl) orbT.
case=>tr [Sr Nr Tr Mr Fr]; rewrite {gsr}Sr unitL in V Fl Fxr Si' Fr.
move/Fxr: Fr=>/(_ (fun x k => k)) {Fxr} Fr.
rewrite -(joinA _ tl) in Si' V.
rewrite (joinA (_ \+ tl)) joinA -(joinA _ tl) in Fl.
rewrite joinCA joinA -(joinA _ tl) -(joinA _ (self _)) in Fr. 
have W : valid (tl \+ tr).
- by move: (cohVSO Ci5); rewrite Si'; move/validL/validR/validR.
apply: step; apply: val_ret=>i6 M.
apply: val_ret=>i7 /(menvs_trans M)=>{i6 M} M.
case: (menvs_coh M)=>_ Ci7; move: (sp_cohG Ci7)=>gi7.
move: (subgr_transT Sgi5 (subgr_steps _ gi7 M))=>{Sgi5} Sgi5.
rewrite (menvs_loc M) {i5 gi5 Ci5 M} in Si5 Si' Dxi'. 
exists gi7; split.
- by apply/subgrX; apply/subgrX; apply: subgr_trans Sgi Sgi5.
exists (#x \+ (tl \+ tr)); rewrite joinCA; move: (subgrD Sgi5)=>Di.
have [Cil Cir] : {in dom tl, forall y, contents gi4 y = contents gi7 y} /\
                 {in dom tr, forall y, contents gi4 y = contents gi7 y}.
- split=>z Dz /=; rewrite (subgrM Sgi5) //= Si5;
  move/validL: (cohVSO Ci7); rewrite Si' (joinA (#x)) joinC;
  by rewrite domUn inE (domUn tl) inE W Dz => -> //=; rewrite orbT.
have E: edge gi7 x =i pred2 (edgl gi4 x) (edgr gi4 x).
- move=>z /=; rewrite inE /= -Di (subgrM Sgi5) //. 
  case: edgeP Nl Nr=>//= _ xl xr _ _ _ _ /negbTE Nl /negbTE Nr.
  by rewrite inE !(eq_sym z); case: eqP=>// <-; rewrite Nl Nr.
split=>//.
- by apply: tree2 E (tree_mono Di Cil Tl) (max_mono Di Cil Ml)
                    (tree_mono Di Cir Tr) (max_mono Di Cir Mr) W.
- by apply: max2 E (proj1 Tl) (max_mono Di Cil Ml) 
                   (proj1 Tr) (max_mono Di Cir Mr).
apply: frontUn; last first.
- apply: frontUn; [apply: front_leq Fl | apply: front_leq Fr]=>z;
  rewrite -Si' !domUn !inE (cohVSO Ci7); 
  by case/andP=>_  /orP [->//|] /(subgrO Sgi5) ->; rewrite orbT.
apply: frontPt; last by rewrite domUn inE (cohVSO Ci7) Dxi'.
move=>z; rewrite inE Cti inE; case/and3P=>_ _ X. 
move: (cohVSO Ci7); rewrite Si' (joinA (#x)) -(joinC (tl \+ tr)).
rewrite -(joinA (tl \+ tr)) domUn inE domUn inE W => -> /=. 
by case/orP: X=>/eqP ->; rewrite ?(proj1 Tl) ?(proj1 Tr) ?orbT.
Qed.
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Next Obligation.
apply: gh=>_ [s1 g1][<- Dx] C1; case: ifP Dx=>/= [/eqP -> _|_ Dx].
- apply: val_ret=>s2 M; case: (menvs_coh M)=>_ /sp_cohG g2; exists g2. 
  by split; [apply: subgr_steps M | rewrite (menvs_loc M)].
apply: step; apply: (gh_ex s1); apply: (gh_ex g1); apply: val_do=>//.
case; last first.
- move=>i1 [gi1][Sgi Si Mxi _] Ci1. 
  apply: val_ret=>i2 M; case: (menvs_coh M)=>_ /sp_cohG g2; exists g2.
  split; first by apply: subgr_trans Sgi (subgr_steps _ _ M).
  by rewrite -(menvs_loc M) (mark_steps g2 M Mxi).
move=>i1 [gi1][Sgi Si Mxi /(_ (erefl _)) Cti] Ci1.
have Dxi : x \in dom (self i1).
- by move/validL: (cohVSO Ci1); rewrite Si um_domPtUn inE eq_refl => ->.
apply: step; apply: (gh_ex i1); apply: (gh_ex gi1); apply: val_do=>//.
move=>_ i2 [gi2][Sgi2 Si2 ->] Ci2.
apply: step; apply: (gh_ex i2); apply: (gh_ex gi2); apply: val_do.
- by rewrite Si2.
move=>_ i3 [gi3][/(subgr_transT Sgi2) Sgi3 Si3 ->] Ci3.
rewrite (subgrM Sgi2 Dxi); rewrite {Sgi2 gi2 i2 Ci2}Si2 in Si3 *.
apply: step.
have Spl : sself [:: sp_getcoh sp] i3 = self i3 \+ Unit by rewrite unitR.
set i3r := sp ->> [Unit, joint i3, self i3 \+ other i3].
have gi3r : graph (joint i3r) by rewrite getE.
apply: (par_do (r1:=span_post (edgl gi1 x) i3 gi3) 
               (r2:=span_post (edgr gi1 x) i3r gi3r) _ Spl)=>//=.
- apply: (gh_ex i3); apply: (gh_ex gi3); apply: val_do=>//.
  - rewrite unitL -(cohE Ci3) -(subgrD Sgi3); split=>//. 
    by apply: (@edgeG _ _ x); rewrite inE eq_refl. 
- apply: (gh_ex i3r); apply: (gh_ex gi3r); apply: val_do=>// Ci3r.
  rewrite getE -(subgrD Sgi3); split=>//.
  by apply: (@edgeG _ _ x); rewrite !inE eq_refl orbT.
case=>{Spl} [rl rr] i4 gsl gsr Ci4 _ _ Si' 
  [gi4][Sg X1][gi4'][Sg'] /=; move: X1.
rewrite /subgraph !getE in gi4 gi4' Sg Sg' *. 
rewrite {}/i3r !getE in gi3r Sg' *. 
rewrite -{gi3r}(proof_irrelevance gi3 gi3r) in Sg' *.
rewrite -{gi4'}(proof_irrelevance gi4 gi4') in Sg' *.
rewrite -(subgrM Sgi3 Dxi) in Mxi Cti *; rewrite -{}Si3 in Si Dxi.
move: (subgr_transT Sgi Sgi3)=>{Sgi3 i1 gi1 Ci1 Sgi} Sgi.
have Fxr tr u : {subset dom tr <= dom gsr} -> 
  front (edge gi3) tr u -> front (edge g1) tr u.
- move=>S; apply: front_mono; first by move=>z; rewrite (subgrD Sgi).
  move=>y /S Dsr; rewrite (subgrN Sgi) // -(sp_markE gi3 y Ci3).
  apply/negP; case: Sg'=>_ _ S' _ _ _ /S'.
  move: (cohVSO Ci4); rewrite Si' -joinA joinCA.
  by case: validUn=>// _ _ /(_ _ Dsr) /negbTE ->. 
have Fxl tl u : valid (#x \+ self s1 \+ tl) -> 
    {subset dom tl <= dom gsl} ->
    front (edge gi3) tl u -> front (edge g1) tl u.
- move=>V S; apply: front_mono; first by move=>z; rewrite (subgrD Sgi).
  move=>y Dy; rewrite /= (subgrN Sgi) // -(sp_markE gi3 y Ci3) Si.
  rewrite domUn inE -Si (cohVSO Ci3) /= negb_or Si. 
  rewrite joinC in V; case: validUn V=>// _ _ /(_ _ Dy) -> _.  
  apply/negP; case: Sg=>_ _ O _ _ _ /O. 
  move: (cohVSO Ci4); rewrite Si' -joinA. 
  by case: validUn (S _ Dy)=>// _ _ N /N /negbTE ->.
have {Sg Sg'} Sgi' : subgraphT gi3 gi4. 
- case: Sg Sg'=>D S O M N Ed [_ S' O' _ _ _]; split=>//.
  - by move=>z /S X; rewrite Si' domUn inE -Si' 
    (validL (cohVSO Ci4)) X.
  move=>z Dz; have: z \in dom (self i3 \+ other i3).
  - by rewrite domUn inE (cohVSO Ci3) Dz orbT.
  move/(O' z); rewrite domUn inE; case/andP=>_ /orP [|//].
  move/(O z): Dz; rewrite domUn inE; case/andP=>_ /orP [L R|//].
  move: (validL (cohVSO Ci4)); rewrite Si'.
  by case: validUn L=>//_ _ /(_ _ R) /negbTE ->.
case: (Sgi')=>_ S _ E _ _; rewrite -{}E // in Mxi Cti *.
move/S: Dxi=>{S} Dxi /=; rewrite {}Si.
move: (subgr_transT Sgi Sgi')=>{Sgi Sgi'} Sgi.
case: rl; last first. 
- case=>Sl Ml X; rewrite {Fxl gsl}Sl -joinA in Si' X *.
  apply: step; apply: (gh_ex i4); apply: (gh_ex gi4).

  apply: (gh_ex (self s1 \+ gsr)).
  apply: val_do=>//; case=>i5 [gi5][Sgi5 Si5 Cti5] Ci5. 
  rewrite -Si5 in Si' Dxi.
  case: rr X; last first.
  - case=>Sr Mr; rewrite {gsr}Sr unitR in Si' Fxr Sgi5. 
    apply: step; apply: (gh_ex i5); apply: (gh_ex gi5).
    apply: (gh_ex (self s1)); apply: val_do=>//; case=>i6 [gi6][Sgi6 Si6].
    rewrite {}Cti5 => /= Cti' Ci6.
    move/(subgr_trans (meetpp _) Sgi5): Sgi6=>{Sgi5} Sgi6.
    rewrite -{}Si6 {gi5 Ci5} in Si' Si5 Dxi. 
    apply: val_ret=>i7 M; case: (menvs_coh M)=>_ Ci7; 
    move: (sp_cohG Ci7)=>gi7.
    move: (subgr_trans (meetpT _) Sgi6 (subgr_steps _ gi7 M))=>{Sgi6} Sgi7.
    rewrite -(marked_steps gi6 gi7 M Dxi) in Cti'.
    rewrite (menvs_loc M) in Si5 Si' Dxi.
    exists gi7; split=>//.
    - by apply/subgrX; apply: subgr_trans Sgi Sgi7. 
    exists (#x); rewrite joinC.
    have X : edge gi7 x =1 pred0.
    - by move=>z; rewrite inE Cti' inE andbC; case: eqP.
    split=>//; first by [apply: tree0]; first by apply: max0.
    apply: frontPt; last by rewrite domUn inE (cohVSO Ci7) Dxi.
    move=>z; rewrite inE Cti inE; case/and3P=>_ Nz D.
    rewrite (sp_markE _ _ Ci7); apply: subgr_marked Sgi7 _.
    by case/orP: D Nz Ml Mr => /eqP -> /negbTE ->.
  case=>tr [Sr Nr Tr Mr Fr]; rewrite {gsr}Sr unitL in Fxr Fr Sgi5 Si' *. 
  rewrite joinCA joinA -(joinA (#x)) -Si' Si5 in Fr.
  move/Fxr: Fr => /(_ (fun x k => k)) {i3 gi3 Ci3 Fxr} Fr. 
  apply: step; apply: val_ret=>i6 M; 
  apply: val_ret=>i7 /(menvs_trans M)=>{M} M.
  case: (menvs_coh M)=>_ Ci7; move: (sp_cohG Ci7)=>gi7. 
  rewrite -(marked_steps gi5 gi7 M Dxi) in Cti5.
  rewrite (menvs_loc M) in Dxi Si' Si5. 
  move/validL: (cohVSO Ci7)=>/= V; rewrite Si' in V.
  move: (subgr_trans (meetpT _) Sgi5 (subgr_steps _ gi7 M))=>{Sgi5} Sgi5.
  exists gi7; split=>{i5 gi5 Ci5 M}.
  - apply/subgrX; move/subgrX: Sgi Sgi5; apply: subgr_trans.
    by move=>z; rewrite inE /= domUn inE (validR V) orbC orKb.
  exists (#x \+ tr); rewrite joinCA; move: (subgrD Sgi5) => Di.
  have Ci : {in dom tr, forall y : ptr, contents gi4 y = contents gi7 y}.
  - move=>z Dz /=; rewrite (subgrM Sgi5) // -Si5 Si' !domUn !inE.  
    by rewrite domUn inE Dz V (validR V) /= !orbT. 
  have E: edge gi7 x =1 pred1 (edgr gi4 x).
  - move=>z /=; rewrite Cti5 inE -Di -(subgrD Sgi).
    by rewrite Dx !(eq_sym z); case: eqP=>//= <-; case: eqP Nr.
  split=>//.
  - by apply: tree1 E (tree_mono Di Ci Tr) (max_mono Di Ci Mr).
  - by apply: max1 E (proj1 Tr) (max_mono Di Ci Mr).
  apply: frontUn; last first.
  - apply: front_leq Fr=>z; rewrite !domUn !inE (cohVSO Ci7) /= Si5.
    by case/andP=>_  /orP [->//|] /(subgrO Sgi5) ->; rewrite orbT.
  apply: frontPt; last by rewrite domUn inE (cohVSO Ci7) Dxi.
  move=>z; rewrite inE Cti inE; case/and3P=>_ Nz D.
  case/orP: D Nz Ml Nr=>/eqP -> /negbTE -> /=.
  - by move/(subgr_marked Sgi5); rewrite (sp_markE _ _ Ci7).
  rewrite domUn inE (cohVSO Ci7) Si' joinA domUn inE -joinA V.
  by rewrite (proj1 Tr) orbT.
case=>tl [Sl Nl Tl Ml Fl]; rewrite {gsl}Sl in Si' Fl Fxl *.
have V : valid (#x \+ self s1 \+ tl \+ gsr). 
- by move/validL: (cohVSO Ci4); rewrite Si'. 
have S: {subset dom tl <= dom (#x \+ self s1 \+ tl)}.
- by move=>z; rewrite domUn inE (validL V) orbC => ->.
move/(Fxl _ _ (validL V) S): Fl=>{Fxl} Fl X.
apply: step; apply: val_ret=>i5 M.
case: (menvs_coh M)=>_ Ci5; move: (sp_cohG Ci5)=>gi5. 
rewrite -!(joinA (#x)) in Si' V Fl. 
have Si5: self i4 = self i5 by rewrite (menvs_loc M).
move: (Dxi)=>Dxi'; rewrite Si5 in Si' Dxi'.
move: (subgr_steps gi4 gi5 M)=>{M} Sgi5.
case: rr X; last first.
- case=>Sr Mr; rewrite {gsr Fxr}Sr unitL unitR in V Si' Si5 Fl.

  apply: step; apply: (gh_ex i5); apply: (gh_ex gi5).
  apply: (gh_ex (self s1 \+ tl)); apply: val_do=>//. 
  case=>i6 [gi6][Sgi6 Si6 Cti6] Ci6. 
  rewrite (subgrM Sgi5) // in Cti6; rewrite -{}Si6 in Si' Si5 Dxi'. 
  move/(subgr_trans (meetTp _) Sgi5): Sgi6=>{Sgi5 i5 gi5 Ci5} Sgi5.
  apply: val_ret=>i7 M; case: (menvs_coh M)=>_ Ci7; move: (sp_cohG Ci7)=>gi7.
  rewrite -(marked_steps gi6 gi7 M Dxi') in Cti6.
  rewrite (menvs_loc M) in Si' Si5 Dxi'.
  move: (subgr_trans (meetpT _) Sgi5 (subgr_steps _ gi7 M))=>{Sgi5} Sgi5.
  exists gi7; split.
  - apply/subgrX; move/subgrX: Sgi Sgi5; apply: subgr_trans. 
    by move=>z; rewrite inE /= domUn inE (validR V) /= orbC orKb. 
  exists (#x \+ tl); rewrite joinCA; move: (subgrD Sgi5)=>Di.
  have Ci : {in dom tl, forall y, contents gi4 y = contents gi7 y}.
  - move=>z Dz; rewrite /= (subgrM Sgi5) // Si5 Si' !domUn !inE.  
    by rewrite domUn inE Dz V (validR V) /= !orbT. 
  have E : edge gi7 x =i pred1 (edgl gi4 x).
  - move=>z; rewrite /= inE /= -Di Cti6 inE -(subgrD Sgi) Dx /= inE.
    by rewrite !(eq_sym z) orbC; case: eqP=>//= <-; case: eqP Nl.
  split=>//.
  - by apply: tree1 E (tree_mono Di Ci Tl) (max_mono Di Ci Ml).
  - by apply: max1 E (proj1 Tl) (max_mono Di Ci Ml).
  apply: frontUn; last first.
  - apply: front_leq Fl=>z; rewrite joinA !domUn !inE (cohVSO Ci7) /= -Si'. 
    by case/andP=>_  /orP [->//|] /(subgrO Sgi5) ->; rewrite orbT.
  apply: frontPt; last by rewrite domUn inE (cohVSO Ci7) Dxi'.
  move=>z; rewrite inE Cti inE; case/and3P=>_ Nz D.
  case/orP: D Nz Mr Nl=>/eqP -> /negbTE -> /=; last first.
  - by move/(subgr_marked Sgi5); rewrite (sp_markE _ _ Ci7).
  rewrite domUn inE (cohVSO Ci7) Si' joinA domUn inE -joinA V.
  by rewrite (proj1 Tl) orbT.
case=>tr [Sr Nr Tr Mr Fr]; rewrite {gsr}Sr unitL in V Fl Fxr Si' Fr.
move/Fxr: Fr=>/(_ (fun x k => k)) {Fxr} Fr.
rewrite -(joinA _ tl) in Si' V.
rewrite (joinA (_ \+ tl)) joinA -(joinA _ tl) in Fl.
rewrite joinCA joinA -(joinA _ tl) -(joinA _ (self _)) in Fr. 
have W : valid (tl \+ tr).
- by move: (cohVSO Ci5); rewrite Si'; move/validL/validR/validR.
apply: step; apply: val_ret=>i6 M.
apply: val_ret=>i7 /(menvs_trans M)=>{i6 M} M.
case: (menvs_coh M)=>_ Ci7; move: (sp_cohG Ci7)=>gi7.
move: (subgr_transT Sgi5 (subgr_steps _ gi7 M))=>{Sgi5} Sgi5.
rewrite (menvs_loc M) {i5 gi5 Ci5 M} in Si5 Si' Dxi'. 
exists gi7; split.
- by apply/subgrX; apply/subgrX; apply: subgr_trans Sgi Sgi5.
exists (#x \+ (tl \+ tr)); rewrite joinCA; move: (subgrD Sgi5)=>Di.
have [Cil Cir] : {in dom tl, forall y, contents gi4 y = contents gi7 y} /\
                 {in dom tr, forall y, contents gi4 y = contents gi7 y}.
- split=>z Dz /=; rewrite (subgrM Sgi5) //= Si5;
  move/validL: (cohVSO Ci7); rewrite Si' (joinA (#x)) joinC;
  by rewrite domUn inE (domUn tl) inE W Dz => -> //=; rewrite orbT.
have E: edge gi7 x =i pred2 (edgl gi4 x) (edgr gi4 x).
- move=>z /=; rewrite inE /= -Di (subgrM Sgi5) //. 
  case: edgeP Nl Nr=>//= _ xl xr _ _ _ _ /negbTE Nl /negbTE Nr.
  by rewrite inE !(eq_sym z); case: eqP=>// <-; rewrite Nl Nr.
split=>//.
- by apply: tree2 E (tree_mono Di Cil Tl) (max_mono Di Cil Ml)
                    (tree_mono Di Cir Tr) (max_mono Di Cir Mr) W.
- by apply: max2 E (proj1 Tl) (max_mono Di Cil Ml) 
                   (proj1 Tr) (max_mono Di Cir Mr).
apply: frontUn; last first.
- apply: frontUn; [apply: front_leq Fl | apply: front_leq Fr]=>z;
  rewrite -Si' !domUn !inE (cohVSO Ci7); 
  by case/andP=>_  /orP [->//|] /(subgrO Sgi5) ->; rewrite orbT.
apply: frontPt; last by rewrite domUn inE (cohVSO Ci7) Dxi'.
move=>z; rewrite inE Cti inE; case/and3P=>_ _ X. 
move: (cohVSO Ci7); rewrite Si' (joinA (#x)) -(joinC (tl \+ tr)).
rewrite -(joinA (tl \+ tr)) domUn inE domUn inE W => -> /=. 
by case/orP: X=>/eqP ->; rewrite ?(proj1 Tl) ?(proj1 Tr) ?orbT.
Qed.
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Future work

• Implement program extraction  
(will require to have proofs of actions’ “operationality”);

•Adopt Coq 8.5 universe polymorphism to support  
higher-order heaps;

•Work out better abstractions for proving stability.


