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We present a theory for slicing imperative probabilistic programs, containing random assignments and “observe”
statements for conditioning. We represent such programs as probabilistic control-flow graphs (pCFGs) whose
nodes modify probability distributions. This allows direct adaptation of standard machinery such as data
dependence, postdominators, relevant variables, etc. to the probabilistic setting. We separate the specification
of slicing from its implementation:

(1) first we develop syntactic conditions that a slice must satisfy (they involve the existence of another

disjoint slice such that the variables of the two slices are probabilistically independent of each other);

(2) next we prove that any such slice is semantically correct;

(3) finally, we give an algorithm to compute the least slice.

To generate smaller slices, we may in addition take advantage of knowledge that certain loops will terminate
(almost) always.

Our results carry over to the slicing of structured imperative probabilistic programs, as handled in recent
work by Hur et al. For such a program we can define its slice which has the same “normalized” semantics as
the original program; the proof of this property is based on a result proving the adequacy of the semantics of
pCFGs wrt. the standard semantics of structured imperative probabilistic programs.
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1 INTRODUCTION

The task of program slicing [Tip 1995; Weiser 1984] is to remove the parts of a program that are
irrelevant in a given context. This article addresses slicing of imperative probabilistic programs
which, in addition to the usual control structures, contain “random assignment” and “observe” (or
conditioning) statements. The former assign random values from a given distribution to variables.
The latter remove undesirable combinations of values, a feature which can be used to bias (or
condition) the variables according to real world observations. The excellent survey by Gordon et al.
[2014] depicts how probabilistic programs can be used in a variety of contexts, such as: encoding
applications from machine learning, biology, security; representing probabilistic models (Bayesian
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Networks, Markov Chains); estimating probability distributions through probabilistic inference
algorithms (like the Metropolis-Hastings algorithm for Markov Chain Monte Carlo sampling); etc.

Program slicing of deterministic imperative programs is increasingly well understood [Amtoft
2008; Ball and Horwitz 1993; Danicic et al. 2011; Podgurski and Clarke 1990; Ranganath et al. 2007].
A basic notion is that if the slice contains a program point which depends on some other program
points then these also should be included in the slice; here “depends” typically encompasses data
dependence and control dependence. However, Hur et al. [2014] recently demonstrated that in the
presence of random assignments and conditionings, standard notions of data and control dependence
no longer suffice for semantically correct (backward) slicing. They develop a denotational framework
in which they prove correct an algorithm for program slicing. In contrast, this article shows how
classical notions of dependence can be extended to give a semantic foundation for the (backward)
slicing of imperative probabilistic programs.

The article’s key contributions are:

o A formulation of probabilistic slicing in terms of probabilistic control-flow graphs (pCFGs) (Sec-
tion 3) that allows direct adaptation of standard machinery such as data and control dependence,
postdominators, relevant variables, etc. to the probabilistic setting.

To allow us to state and prove the correctness of slicing, we provide a novel semantics of pCFGs

(Section 4): the semantic function »®¥") transforms a probability distribution at node v into a

probability distribution at node v’ (much as the “Semantics 2” presented for a structured language

in the seminal work by Kozen [1981]) so as to model what happens when “control” moves from

v to v’ in the control-flow graph. In Section 8 we discuss some choices involved in the design of

the semantics.

e Syntactic conditions for correctness (Section 5) that in a non-trivial way extend classical work
on program slicing [Danicic et al. 2011] and whose key feature is that they involve two disjoint
slices; in order for the first to be a correct final result of slicing, the other must contain any
“observe” nodes sliced away and all nodes on which they depend. We show that the variables of
one slice are probabilistically independent of the variables of the other, and this leads directly to
the correctness of probabilistic slicing (Theorem 6.6 in Section 6).

(A program’s behavior is its final probability distribution; we demand equality modulo a constant

factor so as to allow the removal of “observe” statements that do not introduce any bias in the final

distribution. This will be the case if the variables tested by “observe” statements are independent,
in the sense of probability theory, of the variables relevant for the final value.)

o An algorithm (Section 9), with running time at most cubic in the size of the program, that (given
an approximation of which loops terminate with probability 1) computes a slice which is optimal
in that it is contained in any other syntactic slice of the program.

Our approach separates the specification of slicing from algorithms to compute (optimal) slices.

The former is concerned with defining syntactic conditions for when a slice is correct, in that the

behavior of the sliced program is equivalent to that of the original. The latter is concerned with

how to compute a slice that satisfies the syntactic conditions and which is as small as possible; this
slice is automatically a semantically correct slice —no separate proof is necessary. (It is obviously
undecidable to compute the least semantically correct slice.)

This separation of concerns distinguishes our approach from the approach of Hur et al. [2014]
which (to the best of our knowledge) is the main prior work on slicing of imperative probabilistic
programs. That article does not state whether their algorithm computes slices that are in some sense
the least possible; neither does it address the complexity of the algorithm. Their work incorporates
powerful optimizations; in Section 10, we show that simple syntactic pre-processing may in some
cases allow our approach to produce similar small slices.
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Compared to the conference version of this article [Amtoft and Banerjee 2016], the additional
contributions are:

o We allow to slice away certain loops if they are known (through some analysis, or an oracle, or
deductive methods [Mclver et al. 2018]) to terminate with probability 1.

e We show (Section 7) that our results apply to the slicing of structured imperative probabilistic
programs; this involves establishing the adequacy of the semantics of pCFGs with respect to the
“classical” semantics (based on expectation functions) of structured programs [Gordon et al. 2014;
Hur et al. 2014]. In particular, we show that slicing based on our syntactic conditions (for the
corresponding pCFG) will preserve the normalized semantics of a structured program.

We prove all non-trivial results; some proofs are in the main text but most are relegated to

Appendix B. Our development is based on domain theory whose basic concepts we recall in

Appendix A.

2 MOTIVATING EXAMPLES
2.1 Imperative Probabilistic Programs

Whereas in deterministic languages, a variable has only one value at a given time, we consider a
simple imperative language where a variable may have many different values at a given time, each
with a certain probability. (Determinism is a special case where one value has probability one, and
all others have probability zero.) We assume, to keep our development simple, that each possible
value is an integer. A more general development, somewhat orthogonal to the aims of this article,
would allow real numbers and would employ measure theory (as explained in [Panangaden 2009]).

Similarly to [Gordon et al. 2014], probabilities are introduced by the construct x := random(y/)
which assigns to variable x a value with probability given by the random distribution i which in
our setting is a mapping from Z (the set of integers) to [0, 1] such that ),z ¥/(z) = 1. A program
phrase modifies a distribution into another distribution, where a distribution assigns a probability
to each possible store. This was first formalized by Kozen [1981] in a denotational setting. As also
in [Gordon et al. 2014], we shall use the construct observe(B) to “filter out” values which do not
satisfy the boolean expression B. That is, the resulting distribution assigns zero probability to all
stores not satisfying B, while stores satisfying B keep their probability.

Slicing may be viewed as picking a set Q of “program points” and then removing from the
program the program points not in Q. In order for Q to be a “correct” slice, it must satisfy certain
conditions as we shall soon discuss.

The examples in this section all use a uniform random distribution ¥4 over {0, 1, 2,3} where
V4(0) = Yu(1) = Yu(2) = Yu(3) = i whereas 4(i) = 0 for i ¢ {0, 1, 2,3}. The examples all consider
whether it is correct to let Q contain exactly x := random(/4) and return(x), and thus slice into
a program P, containing exactly these two instructions. The semantics of Py is straightforward:
after execution, the probability of each possible store is given by the distribution A’ defined as
N{x—i})= i ifi € {0, 1, 2, 3}; otherwise A’({x — i}) = 0.

2.2 |Initial Examples

Example 2.1. Consider the program P; given by

x := random(y/4)
y := random(¢/y)
observe(y > 2)
return(x)

B W N =

The distribution produced by the first two assignments will assign probability % : }1 = % to
each possible store {x — i, y > j} with i,j € {0, 1,2,3}. In the final distribution Dy, a store
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{x — i, y — j} with j < 2 is impossible, and for each i € {0, 1, 2,3} there are thus only two
possible stores that associate x with i: the store {x — i, y — 2}, and the store {x — i, y — 3}.
Restricting to the variable x that is ultimately returned,

: 1 1 1
Dl({x'_’i})=ZD1({X|—>i, y|—>j})=E+_=_
j=2

16 8
ifi € {0, 1, 2,3} (otherwise, D;({x + i}) = 0). We see that the probabilities in D; do not add up
to 1 which reflects that the purpose of an observe statement is to cause undesired parts of the
current distribution to “disappear” (which may give certain branches more relative weight than
other branches). We also see that D; equals A’ except for a constant factor: D; = 0.5 - A’. That is,
A’ gives the same relative distribution over the values of x as D; does. We shall therefore say that
P, is a correct slice of P;.

Example 2.2. Consider the program P, given by

x := random(y4)

y := random(¢/4)
observe(x +y > 5)
4: return(x)

W N =

Here the final distribution D, allows only 3 stores: {x — 2, y > 3}), {x > 3, y — 2}) and {x —
3, y — 3}), all with probability %, and hence D;({x — 2}) = % and Dy({x +— 3}) = % + % = %.
Thus the program is biased towards x having value 2 or 3; in particular we cannot write D5 in the

form cA’. Hence it is incorrect to slice P, into P,.

Example 2.3. Consider the program Ps; given by

x := random(y4)
ifx>2
z := random(y4)
observe(z > 3)
5: return(x)

B W N =

Since three quarters of the distribution disappears when x > 2, P; is biased in that it is more likely
to return 0 or 1 than 2 or 3; in fact, the final distribution Djs is given by Ds3({x +— i}) = i when
i€{0,1} and Ds({x — i}) =D3;({x — i, z+> 3}) = % when i € {2,3}. (And, when i ¢ {0, 1, 2, 3},
Ds({x — i}) = 0.) Hence it is incorrect to slice P; into P,.

2.3 Why Standard Approaches Do Not Work

We shall now explain why slicing is particularly challenging when done in a probabilistic setting.

First note that the effect of an observe statement, which is to filter out undesired values, might
also be achieved by means of a loop that does not terminate for those values. In particular, observe(B)
may be thought of as equivalent to while =B do skip, and we shall show (Example 4.30) that our
semantics (Section 4) will indeed not distinguish between these two constructs (like the semantics
in [Gordon et al. 2014; Hur et al. 2014] but unlike the semantics in [Bichsel et al. 2018]; see Section 8
for a further discussion). In principle, we could thus do our development without the observe
construct, but we shall keep it as it is an important special case with a simple semantics.

Now let us consider our previous examples, with observe replaced by loops, and argue that it
will not suffice to use standard techniques for slicing programs with loops. Such techniques [Ball
and Horwitz 1993; Podgurski and Clarke 1990] come in two flavors: those that are “non-termination
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sensitive” in that the sliced program must terminate exactly when the original does, and those
that allow “irrelevant” loops to be sliced away which may cause the sliced program to terminate
even when the original does not. In both cases, we need a slice to be closed under data dependence
and control dependence; to achieve non-termination sensitive slicing, we also need the slice to be
closed under weak control dependence [Podgurski and Clarke 1990]. (These concepts are informally
described below.)

First assume that we go for slicing that is non-termination sensitive, and let us consider the
program P; in Example 2.1 with observe replaced by a loop. But then line 4 is weakly control
dependent on line 3, since from line 3 it is possible to avoid line 4 by looping forever. As we want
the slice to contain line 4, it must thus also contain line 3, even though we earlier argued that line 3
can safely be sliced away. Hence non-termination sensitive slicing cannot readily be adapted for
our purposes.

Next assume that we go for slicing that is non-termination insensitive, and let us consider the
program P, in Example 2.2 with observe replaced by a loop. Line 4 is data dependent on line
1 (since line 4 uses x which is defined in line 1), but not on line 2 or line 3. Also, line 4 is not
control dependent on line 3, since there is no way to terminate from line 3 without reaching line
4. This shows that by using data dependence and (non-weak) control dependence, as done in
non-termination insensitive slicing, lines 2 and 3 can be eliminated. But we argued that this will
not be semantically correct, since line 3 in effect changes the distribution of x. It may appear there
is an easy fix: modify the notion of data dependence so that an observe statement observe(B) is
considered an implicit (random) assignment to the variables occurring in B. This will work for P,
in that then line 3 will have to be in the slice. But the fix does not work for P; in Example 2.3 where
line 5 is data dependent on line 1 but not dependent on any other lines, in particular line 5 does
not depend on line 4 even if line 4 is considered an implicit (random) assignment to z. Yet it is not
semantically correct to remove lines 2—4. We conclude that non-termination insensitive slicing
cannot readily be adapted for our purposes.

The above considerations strongly suggest, as already observed by Hur et al. [2014], that to slice
imperative probabilistic programs we need a new perspective on dependences.

2.4 Our Approach

A basic intuition behind our approach is that an observe statement can be removed if it does not
depend on something on which the returned variable x also depends. This is the case in Example 2.1,
whereas in Example 2.2, the observe statement is data dependent on the assignment to x, and in
Example 2.3, the observe statement is control dependent on line 2 which is data dependent on the
assignment to x.
More formally, this suggests the following tentative correctness condition for the set Q picked
by slicing:
e Q is “closed under dependence”, i.e., if a program point in Q depends on another program point
then that program point also belongs to Q;
e Q is part of a “slicing pair”: any observe statement that is sliced away belongs to a set Qp that is
also closed under dependence and is disjoint from Q.
The above condition will be made precise in Definition 5.6 (Figure 4) which contains a further
requirement, motivated by the next example which addresses potentially non-terminating loops.

2.5 Examples with Various Degrees of Loop Termination
Example 2.4. Consider the program P, given by
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1: x:=random(¢/y)
2: y:=0

3: ifx>2

4: while y < 3
5: C

6 : return(x)

where C is a (random) assignment. If C is “y := y + 1” then the loop terminates after at most 3
iterations. In the resulting distribution D’, for i € {0, 1} we have D’({x — i}) = D'({x — i, y >
0}) = %, and for i € {2,3} wehave D’({x — i}) =D'({x — i, y > 3}) = i. For all i we thus have
D’'({x — i}) = A’({x — i}), and we see that it is correct to slice P4 into Py.

But if C is “y := 1” then the program will not terminate when x > 2 (and hence the if construct
encodes observe(x < 2)). Thus the resulting distribution Dy is given by Dy({x +— i}) = i when
i € {0,1} and Dy({x +— i}) = 0 when i ¢ {0, 1}. Thus it is incorrect to slice P, into Py. Indeed,
Definition 5.6 rules out such a slicing.

Now assume that C is “y := random(i/4)”. Then the loop may iterate arbitrarily many times, but
will yet terminate with probability 1. Again, it is correct to slice P, into Py.

3 PROBABILISTIC CONTROL-FLOW GRAPHS

To reason about the slicing of imperative probabilistic programs, we shall assume they are repre-
sented as control-flow graphs. This section precisely defines the kind of probabilistic control-flow
graphs (pCFGs) we consider, as well as some key concepts that are needed to define the seman-
tics (Section 4) and conditions for slicing (Section 5). These concepts are mostly standard (see,
e.g., [Ball and Horwitz 1993; Podgurski and Clarke 1990]) and while defined for non-probabilistic
programs, still apply in a probabilistic setting. Some of the concepts involve flow of data, such as
data dependence (Definition 3.9) and relevant variables (Definition 3.10), while others involve only
control aspects, such as postdomination (Definition 3.1 and Lemma 3.2). We omit (standard) control
dependence since in Section 5 we shall take a recent alternative approach, but we do introduce a
notion (Definition 3.14) which we have found useful for reasoning about control flow graphs.

Just as in the non-probabilistic case, a control-flow graph consists of a set V of nodes. There is
a unique end node with no outgoing edges; from all nodes there must be a path to the end node.
Each node v € V \ {end} has a label Lab(v); also end may have a label which will then be of the
form return(E) with E an arithmetic expression.

A branching node has a label containing a boolean expression and has two outgoing edges, one
to its true-successor and one to its false-successor.

All other nodes (apart from branching nodes and the end node) have exactly one outgoing edge,
to its successor. In the non-probabilistic case, a node with exactly one outgoing edge is labeled with
either x := E (x a program variable) or with skip. But in the probabilistic case, for a pCFG, such a
node may also be labeled by
e observe(B) with B a boolean expression, or
e x := random(y) with ¢ a random distribution, where for simplicity we shall assume, unlike

say [Hur et al. 2014], that the random distribution  contains no program variables. We do not

believe this to be a severe restriction since a random assignment that uses a random distribution

employing program variables can often be encoded using variable-free random distributions.
We assume that one of the nodes is designated start (that node is always numbered 1 in our
examples), and require that from start there are paths to all other nodes.

Figure 1 depicts pCFGs that represent the programs P; and P, from Examples 2.3 and 2.4.
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1: x := random(4) 1: x := random()

a 2:x>2 2:y:=0
e 3: z := random(1/,) 3ix>2
4: observe(z > 3) 4:y<3

e 5: return(x) 5:y = ?2?

6: return(x)

Fig. 1. The pCFGs for P (left) and P4 (right) from Examples 2.3 and 2.4.

We write fv(E) for the free variables of E which (as there is no notion of bound variables) includes
all variables that occur in E, similarly for fv(B). We let Def(v) be the variable occurring on the left
hand side if v is a (random) assignment, and let Use(v) be the variables used in v, that is: if v is an
assignment then those occurring on the right hand side; if v is an observe node or a branching
node then those occurring in the boolean expression; and if v is return(E) then fv(E). We demand
that all variables be defined before they are used: for all nodes v € V, for all x € Use(v), and for all
paths 7 from start to v, there must exist vy € & with vy # v such that x € Def(vp).

Definition 3.1 (Postdomination). We say that v; postdominates v, also written (v, v;) € PD, if
v; occurs on all paths from v to end; if also v; # v, v; is a proper postdominator of v.

It is easy to see that the relation “postdominates” is reflexive, transitive, and (since all nodes
have a path to the end node) antisymmetric. We say that v, is the first proper postdominator of
v if whenever v, is another proper postdominator of v then all paths from v to v; contain v;.

LEMMA 3.2. For any v withv # end, there is a unique first proper postdominator of v.

See Appendix B for the proof of this lemma, and of subsequent results not proved in main text.
We shall use the term FPPD(v) for the unique first proper postdominator of v. In Figure 1(right),
FPPD(1) = 2 (while also nodes 3 and 6 are proper postdominators of 1) and FPPD(3) = 6.

Definition 3.3 (LAP). For (v,v’) € PD, we define LAP(v, v’) as the maximum length of an acyclic
path from v to v’. (The length of a path is the number of edges.)

Thus LAP(v, v) = 0 for all nodes v. As expected, we have:

LEmMA 34. If (v,v1) € PD and (vi,v2) € PD (and thus (v,v;) € PD) then LAP(v,v;) =
LAP(v, v1) + LAP(vq, v7).

To reason about cycles, it is useful to pinpoint the kind of nodes that cause cycles:

Definition 3.5 (Cycle-inducing). A node v is cycle-inducing if with v’ = FPPD(v) there exists a
successor v; of v such that LAP(v;, v’) > LAP(v, v”).

Note that if v is cycle-inducing then v must be a branching node (since if v has only one successor
then that successor is v”).

Example 3.6. In Figure 1(right), there are two branching nodes, 3 and 4, both having node 6
as their first proper postdominator. Node 4 is cycle-inducing, since 5 is a successor of 4 with
LAP(5,6) = 2 > 1 = LAP(4, 6). On the other hand, node 3 is not cycle-inducing, since LAP(3, 6) = 2
which is strictly greater than LAP(4, 6) (= 1) and LAP(6, 6) (= 0).

LEMMA 3.7. Ifv is cycle-inducing then there exists a cycle that contains v but not FPPD(v).
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Proor. With v’ = FPPD(v), by assumption there exists a successor v; of v such that LAP(v;, v”) >
LAP(v, v’); observe that v’ is a postdominator of v;. Let & be an acyclic path from v; to v” with
length LAP(v;, v’); then the path v is a path from v to v’ that is longer than LAP(v;, v’), and
thus also longer than LAP(v, v”). This shows that vz cannot be acyclic; hence v € 7 and thus v
contains a cycle involving v but not v’. O

LEmMA 3.8. All cycles will contain at least one node which is cycle-inducing.

Proor. Let a cycle 7 be given. For each v € =, define f(v) as LAP(v, end). There must exist
V0, U1 € 7 such that v; is a successor of vy and f(v;) > f(vg) (since otherwise we can infer
f) <...< f(v)forall v € x). With v’ = FPPD(v,) we then have (by Lemma 3.4)

LAP(vy,v') = f(v1) = f(v') 2 f(vo) = f(v) = LAP(vy, v")

which shows that vy is cycle inducing. O

dd
Definition 3.9 (Data dependence). We say that v, is data dependent on vy, written v; — vy, if
there exists x € Use(v,) N Def(v;), and there exists a path 7 (with at least one edge) from v; to v,
such that x ¢ Def(v) for all nodes v that are interior in 7.

dd dd
In Figure 1(right), 2 — 4 and 5 — 4. A set of nodes Q is closed under data dependence if
dd
whenever v; € Q and v; — v, then also v; € Q.

Definition 3.10 (Relevant variable). We say that x is relevant to Q before v, written x € rvg(v),
if there exists v” € Q such that x € Use(v’), and a path 7 from v to v’ such that x ¢ Def(v;) for all
v €\ {v'}.

For example, in Figure 1(left), rviy 51(4) = {x, z} but rvy 51(3) = {x}. The following two lemmas
follow from the above definition.

LEMMA 3.11. Assume v is an assignment, of the form x := E, with successor v’. If v € Q then
rvg(v) = (rvo(v) \ {x}) U fv(E).

This follows since the variables free in E are relevant before v (as v € Q), and all variables
relevant after v are also relevant before v except for x as it is being redefined.

LEMMA 3.12. Assume that v is a branching node, with condition B and with successors vy and v;. If
v € Q then
rvo(v) = fu(B) U rvp(vy) U rvp(vy).

LeEmMA 3.13. For all nodes v, and all node sets Q, and Q,,

* 10,00, (v) = v, (v) U rvg, (v).
o v, (V) N rvg,(v) = 0 if Q1 N Q; = O when Q1 and Q, are both closed under data dependence.

Proor. The first claim is obvious. For the second claim, assume that Q; and Q; are closed under
data dependence, and let us prove the contrapositive: we shall show Q; N Q, # 0, assuming that
there exists x € rvg, (v) N rvg,(v), that is: there exists v; € Q; with x € Use(v;) and a path from
v to v; that does not define x until possibly v;, and there exists v; € Q, with x € Use(v;) and a
path from v to v, that does not define x until possibly v,. As we have demanded that x is defined
before it is used, and that from start there are paths to all nodes, we infer that there is a path =
from start to v where at least one of the nodes in 7 defines x; let v, be the last such node. As Q;
and Q; are closed under data dependence, we infer that v, € Q; and v, € Q, yielding the desired
Ql N Q2 # 0. O
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Next, a concept we have discovered useful for the subsequent development:

Definition 3.14 (Staying outside until). With v’ a postdominator of v, and Q a set of nodes, we
say that v stays outside Q until v’ iff for all paths 7 from v to v’ the following property holds: if
v’ occurs in 7 only at the end, then no node in Q \ {v’} will occur in 7.

Trivially, v stays outside Q until v for all Q and v. In Figure 1(right), node 4 stays outside {1,6}
until 6, but does not stay outside {1, 5, 6} until 6. Observe that rv{; 6)(4) = {x} = rvy; ¢}(6) which
is an instance of a general property:

LEMMA 3.15. Ifv stays outside Q until v’ and Q is closed under data dependence then rvp(v) =
rvo(v).

Proor. The claim is trivial if v = v/, so assume v # v’. We shall show inclusions each way.

First assume that x € rvp(v). Thus there exists vy € Q with x € Use(vp) and a path 7 from v
to vy such that x ¢ Def(v;) for all v; € & \ {vy}. Since v’ postdominates v, and v stays outside Q
until v’, we infer that v’ belongs to 7 and thus a suffix of 7 is a path from v’ to vy which shows
that x € rvp(v”).

Conversely, assume that x € rvg(v”). Thus there exists vy € Q with x € Use(vy) and a path 7’
from v’ to vy such that x ¢ Def(v;) for all v; € 7"\ {vp}. With & an acyclic path from v to v, the
concatenation of 7 and 7’ is a path from v to vy which will show the desired x € rvg(v), provided
that & does not contain a node v; # v’ with x € Def(v;). Towards a contradiction, assume that

dd
such a node does exist; with v; the last such node we would have v; — vy so from vy € Q and Q
closed under data dependence we could infer v; € Q which contradicts the assumption that v stays
outside Q until v’. O

4 SEMANTICS

In this section we shall define the meaning of the pCFGs introduced in the previous section, in
terms of a semantics that manipulates distributions which assign probabilities to stores (Section 4.1).
Section 4.2 defines what it means for sets of variables to be independent wrt. a given distribution.

The semantics of pCFGs is defined in a number of steps: first (Section 4.3) we define distribution
transformers for traversing one edge of the pCFG, and next (Section 4.4) we present a functional, the
fixed point of which provides the meaning of a pCFG. The semantics also applies to sliced programs
and hence provides the meaning of slicing. We conclude by worked out examples (Section 4.5) that
show how to use the semantics to reason about the termination of loops.

Our semantics is different in flavor to the semantics of “structured” imperative probabilistic
programs given in [Gordon et al. 2014] (and [Hur et al. 2014]) which is a variation of one of the
semantics proposed in [Kozen 1985]. In Section 7.3, however, we show that for a pCFG that is the
translation of a structured imperative probabilistic program, the two semantics are adequately
related.

4.1 Stores and Distributions

Let U be the universe of variables. A store s is a partial mapping from U to Z. We write s[x > z] for
the store s’ that is like s except s’(x) = z, and write dom(s) for the domain of s. We write S(R) for the
set of stores with domain R, (and write Sy for S(U)). If s; € S(Ry) and s, € S(Ry) with Ry N R, = 0,
we may define s; @ s, with domain Ry U R; the natural way. If s € S(R”) and R € R’ we define s|g as

the restriction of s to R. With R a subset of U, we say that s; agrees with s, on R, written s; R g, iff
R C dom(s;) N dom(sz) and for all x € R, s1(x) = sy(x). We assume that there is a function [[ ]| such
that [[E]ls is the integer result of evaluating E in store s and [B]s is the boolean result of evaluating
B in store s (the free variables of E and B must be in dom(s)).
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e

A distribution D € D (we shall later also use the letter A) is a mapping from Sy to RS, the non-
negative reals augmented with co. We define } D as } s, D(s) which is well-defined even without
measure theory, since Sy is a countable set due to our assumption that values are integers (as U can
be assumed finite). Recall that for a random distribution i, used in random assignments, we require
22z ¥(2z) = 1; similarly, we might expect D to be a probability distribution in that ), D = 1. But we
also need to consider distributions D with ), D < 1, since a branching node “splits” a distribution,
and since we saw in Section 2 that parts of a distribution may “disappear” due to observe nodes
or non-terminating loops. On the other hand, we never need to consider distributions D with
>, D > 1. We may therefore implicitly assume that we consider only subprobability distributions,
that is, distributions D with }; D < 1 (and thus D(s) < 1 for all s € Sy). This assumption is justified
by, e.g., Lemma 4.29 which ensures that the semantics transforms a subprobability distribution into
a subprobability distribution.

We write D = 0 when D(s) = 0 for all s. We define D; + D, by stipulating (D; + Dz)(s) =
Di(s) + Da(s), and for ¢ > 0 we define ¢D by stipulating (¢D)(s) = ¢D(s). Note that D; + D, may
not be a subprobability distribution even if D; and D, both are (similarly for ¢D) unless we put
some extra restrictions on D; and D,. We find it convenient to develop our theory for general
distributions, rather than only for subprobability distributions, so as not to clutter the presentation
with checks that say D; + D; is well-defined.

Similarly, it is convenient to include co and consider RY) since it forms a a pointed cpo with the
usual ordering, as 0 is the bottom element and the supremum operator yields the least upper bound
(which could be o0) of a chain. (We refer to Appendix A for the basics of domain theory.) Hence
also the set D of distributions forms a pointed cpo, with ordering defined pointwise (D; < D,
iff D1(s) < Ds(s) for all stores s), with 0 the bottom element, and the least upper bound defined
pointwise. With Dg, the distributions with finite sum, that is D € Dg, iff )} D < co (and hence
D(s) < co for all s € Sy), we shall state many of our results only for D € Dg, (then our proofs do
not have to worry about divisions by o).

The following result is often convenient; in particular, it shows that the least upper bound of a
chain {Dy | k} of subprobability distributions is a subprobability distribution.

LEMMA 4.1. Assume that {Dy | k} is a chain of (not necessarily subprobability) distributions. With
S a (countable) set of stores, we have

Z (limg— 0 Di)(s) = limp—c0 Z Di(s).
seS seS

As suggested by the calculation in Example 2.1, we can extend D from a function from stores in
Su to a function on arbitrary stores:

Definition 4.2. For s € S(R), let D(s) = 3, r D(sp).

S0€Sy | so=s

Observe that D() = Y, D. The equation in Definition 4.2 holds also when sy does not range over
Sul

LEmMA 4.3. IfR C R’ then fors € S(R) we have
D(s) = Z D(s").
s’eS(R’) | ss

If R” = R this is trivial (as the right hand side is then the sum of the singleton set {D(s)}); if
R =0 we get D(0) = Xy c5(r) D(s’) and thus (by renaming)

LemMA 4.4. For all distributions D, and all R, 3 D = ¥ c5(g) D(5)-

ACM Transactions on Programming Languages and Systems, Vol. 1, No. 1, Article 1. Publication date: January 2019.



A Theory of Slicing for Imperative Probabilistic Programs 1:11

Definition 4.5 (agrees with). We say that D agrees with D, on R, written Dy L D,, if D1(s) = Dy(s)
for all s € S(R).

For example, D, tx) D, holds when Di({x — 7, y +> 5}) = 1 and D;({x — 7, y > 8}) = 1 but
D, D, are 0 otherwise. Agreement on a set implies agreement on a subset:

LEMMA 4.6. IfD; & D, and R C R’ then D, £ D,.
Proor. For s € S(R) we infer from Lemma 4.3 that
Di)= D, Dish= Y. Dus') = Da(s),
s’eS(R’) | s’gs s’eS(R’) | s'§s
O

Definition 4.7 (concentrated). We say that a distribution D is concentrated if there exists sy € Sy
such that D(s) = 0 for all s € Sy with s # so; for that s, we say that D is concentrated on s.

(Thus the distribution 0 is concentrated on everything.)

4.2 Probabilistic Independence
Some variables of a distribution D may be independent of other variables. That is, knowing the
values of the former gives no extra information about the values of the latter, or vice versa. Formally:

Definition 4.8 (independence). Let Ry and R, be disjoint sets of variables. We say that R; and R,
are independent in D iff for all s; € S(R;) and s; € S(Rz), we have

D(sy ®s;) ) D = Dlsy)D(s2). (1)

To motivate the definition, first observe that if >, D = 1 it amounts to the well-known definition
of probabilistic independence; next observe that if 0 < ), D < oo it still amounts to that definition
but for “normalized” probabilities:

D(s; ®s2)  D(sy) ) D(sz)
XD YD XD
Trivially, R; and R, are independentin Dif D=00orR; =@ or R, = 0.

LEMMA 4.9. IfR; and R, are independent in D, so are {x1} and {x2} for all x; € Ry, x, € R;.

Example 4.10. In Example 2.1, {x} and {y} are independent in D;. To see this, first note that D,
produces a non-zero value for only 8 stores: for i = 0. .. 3, these are the stores {x — i,y > 2},
{x > i,y 3}

1 1
Forie€ {0,1,2,3} and j € {2,3} we have D;({x — i, y — j}) = m and thus D;({x — i}) = 3

and D;{y — j}) = i As ZDl = ; Dy(s) = 8- % = % we have the desired equality
o 1 o .
Di({x =i y = j}) ) Di = = = Dul{x = i}) - Di({y = ).
The equality holds trivially if i ¢ {0,1,2,3} or j ¢ {2, 3} since then D;({x — i, y — j}) = 0 and
either D;({x — i}) = 0 or D;({y — j}) = 0.

Example 4.11. In Example 2.2, {x} and {y} are not independent in D,: D;({x +— 3, y —
3}) X D; = 2. while Dy({x > 3})D2({y — 3}) = 7.

LEmMA 4.12. If D is concentrated then Ry and R, are independent in D for all disjoint Ry, R,.
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4.3 Distribution Transformers

To deal with traversing a single edge in the pCFG, we shall define a number of functions with

functionality D — D. Each such distribution transformer f will be

e additive: if D; + D, is a distribution then f(D; + D;) = f(Dq) + f(D;) (this reflects that a
distribution is not more than the sum of its components);

o multiplicative: f(cD) = cf(D) for all distributions D and all real ¢ with 0 < ¢ < oo;

o continuous: f(limg_e Di) = limg_c f(Dx) when {Dy | k} is a chain of distributions (this is a
key property for functions on cpos, cf. Appendix A);

e non-increasing: ), f(D) < 3, D for all distributions D (this reflects that distribution may disappear,
as we have seen in our examples, but cannot be created ex nihilo).

Some functions will even be

o lossless: 3, f(D) = 3, D for all distributions D (if D is such that this equation holds we say that f
is lossless for D).

Distribution transformers for observe nodes are not lossless (unless the condition is always true).
To show that a function is lossless, it suffices to consider concentrated distributions:

LEMMA 4.13. Let f € D — D be continuous and additive. Assume that for all D that are concen-
trated, f is lossless for D. Then f is lossless.

For a boolean expression B, we define selectp by letting selectg(D) = D’ where
D’(s) = D(s) if[B]s
D'(s) = 0 otherwise

LEMMA 4.14. For all B, selectp is continuous, additive, multiplicative, and non-increasing; also, for
all D we have
selectg(D) + select_g(D) = D.

Assignments. For a variable x and an expression E, we define assign,.._p by letting assign,._(D)
be a distribution D’ such that for each s’ € S,

D'(s) = Z D(s)

s€Sy | s'=s[x[E]ls]

That is, the “new” probability of a store s’ is the sum of the “old” probabilities of the stores that
become like s’ after the assignment (this will happen for a store s if s’ = s[x +— [E]s]).

LEMMA 4.15. Assume that assign._g(D) = D’ and x ¢ R. Then D 2D
LEMMA 4.16. Each assign,._g is additive, multiplicative, non-increasing, and lossless.

Proor. That assign,._ is lossless, and hence non-increasing, follows from Lemma 4.15, with
R = 0. Additivity and multiplicativity are trivial. O

LEMMA 4.17. assign,._p is continuous.

Random Assignments. For a variable x and a random distribution /, we define rassign,_,, by
letting rassign ., (D) be a distribution D’ such that for each s” € Sy,

D= > Y @)DE)

s€eSy | s’U\éx}s

LEMMA 4.18. Assume that rassign,._p(D) = D’ and x ¢ R. Then D Ep.
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LEMMA 4.19. Each rassign,._p is additive, multiplicative, non-increasing, and lossless.

Proor. That rassign,.._g is lossless, and hence non-increasing, follows from Lemma 4.18, with
R = 0. Additivity and multiplicativity are trivial. O

LEMMA 4.20. rassign,._p is continuous.

4.4 Fixed-point Semantics

Having expressed the semantics of a single edge, we shall now express the semantics of a full
pCFG. Our goal is to compute “modification functions” to express how a distribution is modified as
“control” moves from start to end. To accomplish this, we shall solve a more general problem: for
each (v, v’) € PD, state how a given distribution is modified as “control” moves from v to v’ along
paths that may contain multiple branches and even loops but which do not contain v’ until the end.

We would have liked to have a definition of the modification function that is inductive in
LAP(v, v’), but this is not possible due to cycle-inducing nodes (cf. Definition 3.5). For such nodes,
the semantics cannot be expressed by recursive calls on the successors, but the semantics of (at
least) one of the successors will have to be provided as an argument. This motivates that our main
semantic function be a functional that transforms a modification function into another modification
function, with the desired meaning being the fixed point (cf. Lemma A.2 in Appendix A) of this
functional.

We shall now specify a functional Hx which is parametrized on a set X of nodes; the idea is that
only the nodes in X are taken into account. To get a semantics for the original program, we must
let X be the set V of all nodes; to get a semantics for a sliced program, we must let X be the set Q
of nodes included in the slice.

Hx operates on PD — D — D and we shall show (Lemma 4.23) that it even operates on
PD — D —. D (we let —. denote the set of continuous functions) which, as stated in Lemma A.1
in Appendix A, is a pointed cpo:

LEmMA 4.21. PD — (D —. D) is a pointed cpo, with the ordering given pointwise, and with least
element 0 given as A(vy, v;).AD.0.

Definition 4.22 (Hx ). The functionality of Hx is given by
Hx :(PD—->D — D) — (PD—- D — D)

where, given
ho:PD—>D —>D
we define
h=Hx(hy):PD—>D—D

by letting h(v,v’), written h(*>¥), be stipulated by the rules in Figure 2 that are inductive in
LAP(v, v").

We shall now briefly explain a couple of the clauses from Figure 2. Clause 3a expresses that only
nodes in X are taken into account whereas other nodes are treated as if labeled skip.

Clause 3e says that for a branching node v, the distribution is split into a true-part which is
given as input to the true-successor vy, and a false-part given as input to the false-successor vy;
the results are eventually combined. We must make sure it is well-defined to apply the semantic
function to a successor v; and since h'®>?") is defined inductively in LAP(v, v) we cannot call h(V#-?")
if LAP(v;,v’) > LAP(v,v’); in that case, we will have to use the function hj given as input to the
functional Hy.
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(1) if v’ = v then h(®¥)(D) = D;
(2) otherwise, if v* # v”" with v”’ = FPPD(v) then

"o

KO (D) = K (D))
(this is well-defined by Lemma 3.4);
(3) otherwise, that is if v" = FPPD(v):

(a) if v ¢ X or Lab(v) = skip then h*>*)(D) = D;

(b) if v € X with Lab(v) of the form x := E then h®-?)(D) = assign,.._p(D);

(c) if v € X with Lab(v) of the form x := random(y}) then h(*-?)(D) = rassign,._,, (D);

(d) if v € X with Lab(v) of the form observe(B) then h®-*)(D) = selectg(D);

(e) otherwise, that is if v is a branching node with condition B, we compute h(”>%") as follows:
with vy the true-successor of v and v, the false-successor of v, let D; = selectg(D) and
D, = select-p(D); we then let h(*-¥)(D) be D] + D where for each i € {1,2}, D] is
computed as
e if LAP(v;,v") < LAP(v,0’) then D} = h®-2)(D,);
e if LAP(v;,v") > LAP(v, v") (and thus v is cycle-inducing) then D] = @0 (Dy).

Fig. 2. The rules for defining Hx (ho)(v,v”) : D — D, written p©:?"),

LEMMA 4.23. Assume that hy'>?") is continuous for all (v,v") € PD and let h = Hx(hg). Then
h(®-2") is continuous for all (v,v’) € PD.

Proor. This follows by an easy induction in LAP(v, v’), using Lemmas 4.14, 4.17 and 4.20, and
the fact that the composition of two continuous functions is continuous. O

Thus Hx is a mapping from PD — (D —. D) to itself.
LEMMA 4.24. The functional Hx is continuous on PD — (D —. D).
Lemmas 4.21 and 4.24, together with Lemma A.2 in Appendix A, give

PROPOSITION 4.25. The functional Hx has a least fixed point (belonging to PD — (D —. D)),
called fix(Hx), and given as limy_,o H’;((O), that is the limit of the chain {H;‘((O) | k} (where H;(O)
denotes k applications of Hx to the modification function that maps all distributions to 0).

We can now define the meaning of the original program:

Definition 4.26 (Meaning of Original Program). Given a pCFG, with V the set of its nodes, we
define its meaning w as w = fix(Hy). Thus w = limg_, wx Where wr = H{‘,(O) (thus wy = 0).

Thus for all k > 0 we have w; = Hy(wk-1). Intuitively speaking, wy is the meaning of the
program assuming that control is allowed to loop, that is move “backwards”, at most k — 1 times.
(This is somewhat similar to the work by Barraclough et al. [2010] who to reason about slicing
in the presence of non-termination present a semantics where while-loops may iterate at most k
times; they define slicing to be correct if it preserves that semantics for arbitrarily large k, but not
necessarily in the “limit” as we require.)

Recall that we view a slice as a set Q of nodes to be included in the sliced program:

Definition 4.27 (Meaning of Sliced Program). Given a pCFG, and given a slice Q, we define the
meaning of the sliced program as ¢ = fix(Hp). Thus ¢ = limy_,« ¢ Where ¢y = HE(O).

Example 4.28. Consider Example 2.1, with Q containing nodes 1 and 4. Thus nodes 2 and 3 are
treated like skip nodes, and for D we thus have ¢(>9(D) = rassign,._y, (D).
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1: x := random(4) 1: x := random()

a 2:x>2 2:y:=0
e 3: z := random(1/,) 3ix>2
4: observe(z > 3) 4:y<3

e 5: return(x) 5:y = ?2?

6: return(x)

Fig. 3. The pCFGs for Ps (left) and P4 (right) from Examples 2.3 and 2.4 (copied from Figure 1).

The following result is applicable to the original program as well as to the sliced program:

LEmMMA 4.29. Given a set X of nodes, let h = fix(Hx), and for each k > 0 let hy, = H;‘((O). Then

for each (v,v") € PD, h@?) s additive, multiplicative and non-increasing, as is each hk(v’v,)

particular (taking X = V) each o ¥,

,in

On the other hand, A(%-?") may fail to be lossless, due to observe nodes, or due to loops with
non-zero probability of non-termination. Recall that a primary contribution of this article is to show
that if a loop is lossless it may be safe to slice it away, even if it occurs in a branch (cf. Example 2.4).

Example 4.30. Consider a pCFG where a branching node v has condition B, true-successor v’,
and false-successor v (itself). Then for all D we have
Hy (ho)@>?(D) = selectg(D) + ho'>¥"(select_5(D))
We shall now prove by induction in k that for all k > 0 and all D we have w@¥)(D) = selectg(D).
This is obvious if k = 1 (as w; = Hy(0)), and for k > 1 we inductively have (as wi = Hy(wg-1))
0@ ?UD) = selectg(D)+wy_1 ¥ (select_p(D)) = select (D) +selectg(select_z(D)) = selectgD.

We infer that for all D we have »®¥)(D) = selectg(D). This demonstrates (as mentioned in the
beginning of Section 2.3) that in our semantics, observe(B) is equivalent to while =B do skip.

The next two lemmas provide justification that Definition 3.14 is indeed useful: if v stays outside
Q until v’ then the sliced program behaves as the identity from v to v’, and so does the original
program — at least on the relevant variables — if it is lossless.

LeEMMA 4.31. Given a pCFG, a slice Q, and (v,v") € PD such that v stays outside Q untilv’. We
then have HQ(h)(v’v )(D) = D for all D € D and all modification functions h.

LEmMMA 4.32. Let (v,v") € PD. Assume that Q is closed under data dependence and that v stays
outside Q untilv’ (by Lemma 3.15 it thus makes sense to define R = rvp(v) = rvg(v’)).

For all distributions D, if ¥, ©®¥)(D) = 3, D then o*>¥)(D) 2D.

4.5 Formalizing Various Degrees of Loop Termination

We shall now again consider Example 2.4, with pCFG depicted in the right of Figure 3 (which for
the reader’s convenience we copy from Figure 1). We shall consider various possibilities for the
assignment at node 5; we shall prove that »®® is lossless when Lab(5) is an assignment y := y + 1
or a random assignment y := random(i/4), but not when it is y := 1.

It is convenient to define, for integers i, j and for real r > 0, the concentrated distribution D;’ j
by stipulating that (as U = {x, y})

D;,j(s)
D;,j(s)

rifs={xw—i, ymj}

0 otherwise
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For all initial distributions Dy with Y, Dy = 1, it will be the case that with Ds = »3(Dy) we have

Z DO .25

i€{0,1,2,3}

since y becomes zero in line 2. This shows that &1:®(D,) does not depend on Dy (as long as D is a
probability distribution) and may hence be considered the “meaning” of the program; to compute it,
we need to compute 3%)(Ds) and for that purpose (cf. clause (3¢) in Figure 2) we need to compute
w*9(D,) where Dy = select,»5(Ds3) is given by
Dy= ) DI,
i=2,3

For slicing purposes, our main interest is to investigate, for the various instantiations mentioned in
Example 2.4, whether % is lossless: by Lemma 4.13, that will hold iff %9 is lossless for each
Dj ;. Our first goal is to find an equation for w(4’6)(D; ;). withiand r > 0 given; we shall use that
LAP(5,6) > LAP(4, 6) (cf. Example 3.6) and our calculations will depend on j

First consider j > 3. Then selecty<3(D ;) = 0 and select_, <3)(D; J) =Dj thus we see from
clause (3e) in Figure 2 (substituting wg_; for ho) that for k > 1 we have

wk(‘l’é)(Di”j) = wp-1*0(0) + wk(é’@(D;j) =Dj

and we thus infer that

Vi23: oD} ) =D}, )
Similarly, clause (3¢) in Figure 2 also gives us
Vi <3.Vk 2 1: w0 D)) = wp SO(D])). 3)

Also, clause (2) in Figure 2 (and the definition of wy) gives us
Vk > 0,VD € Dist : wi>9(D) = w0 (wi>?(D)). (4)
We shall now look at the various cases for the assignment at node 5.
y:=1 Forall k > 1,and all j < 3, we have wk(5’4)(D{’j) = D} | and by line (4) thus wk(5’6>(le’j) =
wk(“"”)(D{l) (which also holds for k > 0). Thus from line (3) we get that wk(“’ﬁ)(D;’j) =
a)k_l(‘l"")(DlT’l) forall k > 1 and j < 3. As wy = 0, we see by induction that wk(“"")(le’j) =0
forall k > 0 and j < 3, and for all j < 3 we thus have
w(4’6)(D;,j) -0

which confirms that from node 4 the probability of termination is zero (actually termination
is impossible) and that certainly »*® is not lossless.
y:=y+1TForall k > 1, and all j < 3, we have wk(5’4)(D’ ) = Dj,,, and by line (4) thus

w® 6)(D’ )= wk(4 6)(D’ ;+1) (which also holds for k > O) Thus from line (3) we get that
we® 6)(D{j) = wp® 6)(Dir,j+1) for all k > 1 and j < 3. We infer that for all j < 3, and all
k >3-,
oD ) = 03+ UD 5) =
and thus we infer that for all j < 3 we have

0)(4’6)(D£j) — Dlr s

which together with line (2) confirms that o* is lossless, as we would expect since any
loop from node 4 eventually (and soon) terminates.
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y := random(y/4) For all k > 1, and all j < 3, we have
a>*(D] ;) = 0.25- (D + D, + D, + D} 5)

and by line (4), together with the fact (Lemma 4.29) that w; () is additive and multiplicative,
thus

w>O(D] ) = 0.25 - (DY) + w0 0D ;) + (D] ,) + w0 OU(D] )

(which also holds for k > 0) so from line (3) we get that

Vk > 1,j<3: 0D} ;) =0.25- Z w1 D] )] (5)
q=0,1,2,3
One can easily prove by induction in k that if j; < 3 and j; < 3 then a)k(“’é)(D;jl) =
a)k(“’é)(D;h) so if we define Dy = a)k<4’6)(le’0) we have wk(“"s)(Dir’j) = Dy forall j < 3. We
shall now establish

limg 0o Dy = D:"’:; (6)

which together with line (2) will demonstrate that »(*% is lossless, which tells us that any
loop from node 4 will terminate with probability 1.

To show equation (6), observe that line (5) makes it easy to prove by induction that Di(s) =
0 =Dj 4(s) for all k > 0 when s # {x - i, y > 3}, and also gives the recurrences

Do(s3) = 0
Di(s3) = 0
Di(s3) = 0.75-Dr_1(s3) +0.25-r fork > 2

when s3 = {x — i, y > 3}. We must prove that limk_c Di(s3) = r (as Dj 4(s3) = r) but this
follows, with a = 0.75 and b = 0.25, from a general result:

LEmMA 4.33. If {x; | i} is a sequence of non-negative reals, satisfying xo, = x; = 0 and
Xk = axg_1 + br fork > 1 wherea, b, r are non-negative reals withb > 0 and a+ b = 1, then
limiseox;=r.

Proor. Observe that: (i) {x; | i} is a chain (as can be seen by induction since xy = x; < x,
and if x;p < xp4q then xpy1 < xpy2); (i) x; < r for all i since if x, > r for some k then
Xks1 = axg + br = (1 = b)xg + br = xp + b(r — x;) < xj which contradicts {x; | i}
being a chain; (iii) thus lim;_ x; < oo and since lim;_o X; = a - limj_,o x; + br we get
b - lim;j_0o x; = (1 — a)lim;_co x; = br from which we infer the desired lim; . x; = r. ]

5 CONDITIONS FOR SLICING

With Q a slice, we now develop conditions for Q that ensure semantic correctness. It is standard
to require Q to be closed under data dependence, cf. Def. 3.9, and additionally also under some
kind of “control dependence”, a concept on which we elaborate in this section, and then study the
extra conditions needed in our probabilistic setting. Eventually, Definition 5.6 gives conditions that
involve not only Q but also another slice Q, containing all observe nodes to be sliced away. As
stated in Proposition 6.4, these conditions are sufficient to establish probabilistic independence of
Q and Q. This in turn is crucial for establishing the correctness of slicing, as stated in Theorem 6.6.
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5.1 Weak Slice Sets

Danicic et al. [2011] showed that various kinds of control dependence can all be elegantly expressed
within a general framework whose core is the following notion:

Definition 5.1 (next visible). With Q a set of nodes, and v a node, a node v’ is a next visible in Q
of viff v’ € Q U {end}, and v’ occurs on all paths from v to a node in Q U {end}.

A node v can have at most one next visible in Q. It thus makes sense to write v’ = nexto(v) if v’
is a next visible in Q of v. If v € Q U {end} then nexto(v) = v, and if v’ = nextp(v) then v’ isa
postdominator of v. We say that Q provides next visibles iff nexty(v) exists for all nodes v.

In the pCFG for P5 (Figure 3(left)), letting QO = {1, 3,5}, node 5 is a next visible in Q of 4: all paths
from 4 to a node in Q will contain 5. But no node is a next visible in Q of 2: node 3 is not since
there is a path from 2 to 5 not containing 3, and node 5 is not since there is a path from 2 to 3 not
containing 5. Therefore Q cannot be a suitable slice: node 1 is not a branching node and hence can
have only one successor in the sliced program, but we have no reason to choose either of the nodes
3 and 5 over the other as that successor. This motivates the following definition:

Definition 5.2 (weak slice set). We say that Q is a weak slice set iff it provides next visibles, and
is closed under data dependence.

While the importance of “provides next visible” was recognized already in [Amtoft 2008; Ran-
ganath et al. 2007], Danicic et al. were the first to realize that it is the key property (together with
data dependence) to ensure semantically correct slicing; they call the property “weakly committing”
(thus our use of “weak”). In this article we have found it convenient to employ definitions slightly
different from theirs, in particular we always consider end as “visible”, and we demand nextg(v) to
exist also when v is not reachable from Q.

Observe that the empty set is a weak slice set, since it is vacuously closed under data dependence,
and since for all v we have end = nextg(v); also the set V of all nodes is a weak slice set since it is
trivially closed under data dependence, and since for all v we have v = nexty(v). The property of
being a weak slice set is also closed under union:

LEmMA 5.3. IfQq and Q, are weak slice sets, also Q1 U Q3 is a weak slice set.
The following result is frequently used:

LEMMA 5.4. Assume that Q and v are such that nextg(v) exists, and thatv ¢ Q U {end}. Then v
stays outside Q until FPPD(v).

Proor. Let v’ = FPPD(v) and assume, to get a contradiction, that 7 is a path from v to v’ where
v’ occurs only at the end and which contains a node in Q \ {v’}; let v, be the first such node. We
infer that vy # v (as v ¢ Q) and vy # v’, and that vy = nexty(v). Thus v, is a proper postdominator
of v, which entails (since v’ = FPPD(v)) that v’ occurs on all paths from v to vy. For the path 7 it
is thus the case that v’ occurs before vy, which contradicts our assumption that v’ occurs only at
the end. O

A weak slice set that covers all cycles must include all nodes that are cycle-inducing (cf. Defini-
tion 3.5):

LEMMA 5.5. Assume that Q provides next visibles, and that each cycle contains a node in Q. Then
all cycle-inducing nodes belong to Q.

Proor. Let v be a cycle-inducing node, and let v” = FPPD(v) and v"" = nextp(v). By Lemma 3.7
there is a cycle 7 which contains v but not v’. By assumption, there exists v; that belongs to = and

ACM Transactions on Programming Languages and Systems, Vol. 1, No. 1, Article 1. Publication date: January 2019.



A Theory of Slicing for Imperative Probabilistic Programs 1:19

also to Q. Since there is a path within & from v to vy, v”” will occur on that path; hence v”” belongs
to z, and v” € Q (as a cycle cannot contain end).

We know that v”’ is a postdominator of v. Assume, to get a contradiction, that v”’ is a proper
postdominator of v; then v’ will occur on all paths from v to v/, and hence v’ belongs to 7 which
is a contradiction. We infer v”/ = v and thus the desired v € Q. O

5.2 Adapting to the Probabilistic Setting

As already motivated through Examples 2.1-2.4, the key challenge in slicing imperative probabilistic
programs is how to handle observe nodes. In Section 2 we hinted at some tentative conditions a
slice Q should satisfy; we can now phrase them more precisely:

(1) Q must be a weak slice set, and there exists another weak slice set Q, such that

(2) Q and Qy are disjoint and

(3) all observe nodes belong to either Q or Q.
In applications, we shall also demand that Q contains the “slicing criterion”, that is the nodes of
interest. For imperative probabilistic programs, the slicing criterion will often be the singleton set
{end} where end is labeled return(x), and in our subsequent development we shall indeed require
end € Q (even though this requirement is not needed for the statement of correctness, Theorem 6.6,
in Section 6). In particular, the algorithm BSP for computing an optimal slice (Figure 14) incorporates
this requirement (but could be easily modified to accommodate another slicing criterion).

We shall now see how these conditions work out for our example programs (represented as
pCFGs).

For programs Py, P,, the control flow is linear and hence all nodes have a next visible, no matter
the choice of Q; thus a node set is a weak slice set iff it is closed under data dependence.

For P; we may choose Q = {1,4} and Qp = {2, 3} as they are disjoint, and both closed under data
dependence. As can be seen from Definitions 4.27 and 4.22, the resulting sliced program has the
same meaning as the program that results from P; by replacing all nodes not in Q by skip, that is

x = random(/4);
skip;

skip;

return(x)

B W N =

which is obviously equivalent to P, as defined in Section 2.

Next consider the program P, where Q should contain 4 and hence (by data dependence) also
contain 1. Now assume, in order to remove the observe node (and produce P,), that Q does not
contain 3. Then Qy must contain 3, and (as Qp is closed under data dependence) also 1. But then Q
and Qy are not disjoint, which contradicts our requirements. Thus Q does contain 3, and hence also
2. That is, Q = {1, 2, 3, 4}. We see that the only possible slicing is the trivial one.

Any slice for P; (Figure 3) will also be trivial. From 5 € Q we infer (by data dependence) that
1 € Q. Assume, to get a contradiction, that 4 ¢ Q. As 4 is an observe node we must thus have
4 € Qy, and for node 2 to have a next visible in Qp we must then also have 2 € Qy which by data
dependence implies 1 € Qg which contradicts Q and Q, being disjoint. This shows 4 € Q which
implies 3 € Q (by data dependence) and 2 € Q (as otherwise 2 has no next visible in Q).

For P4, we need 6 € Q and by data dependence thus also 1 € Q; actually, our tentative conditions
can be satisfied by choosing Q = {1, 6} and Qy = 0, as forall v # 1 we would then have 6 = nexto(v).
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Definition 5.6 (slicing pair). Let Q, Qo be sets of nodes in a given pCFG. (Q, Qo) is a slicing pair iff
(1) Q, Qg are both weak slice sets with end € Q;
(2) Q, Qp are disjoint;
(3) all observe nodes are in Q U Qy; and
(4) for all cycle-inducing nodes v, either
(a) v € QU Q,, or

(b) w@FPPP@) js1ossless (in which case we shall say that v is lossless).

Fig. 4. The definition of a slicing pair.

From Definitions 4.27 and 4.22 we see that the resulting sliced program has the same meaning as

1: x :=random(yy);

2: skip;

3: skip;

6: return(x)

Yet, in Example 2.4 we saw that in general (as when node C is labeled y := 1) this is not a correct
slice of P4. This reveals a problem with our tentative correctness conditions; they do not take into
account that observe nodes may be “encoded” as non-terminating loops.

To repair that, we shall demand that just like all observe nodes must belong to either Q or Qo,
also all cycles must touch either Q or Qy, except if the cycle is known to terminate with probability
1. Allowing this exception is an added contribution to the conference version of this article [Amtoft
and Banerjee 2016].

Observe that all cycles touch either Q or Qy iff all cycle-inducing nodes belong to Q or Qp: “only
if” follows from Lemma 5.5 (and 5.3), and “if” follows from Lemma 3.8.

We have motivated adding condition 4 in the (final) definition of what is a correct slice, listed in
Figure 4 and a main technical contribution of this article.

For Example 2.4, we saw in Example 3.6 that 4 is the only cycle-inducing node, and we must
demand either 4 € Q U Qy or that w(*% is lossless. Recalling the findings in Section 4.5, we see that:

(1) If node 5 is labeled y := y + 1 or y := random(y/4) then we don’t need 4 € Q U Q,, and thus

({1, 6}, 0) is a valid slicing pair.
(2) If node 5 is labeled y := 1 then we must require 4 € Q U Qy. But 4 € Qy is impossible, as then
3 € Qy (since otherwise 3 has no next visible in Qy) which by data dependence implies 1 € Q,
which contradicts Q N Qy = 0, since 1 € Q. Thus 4 € Q, and then 3 € Q (since otherwise 3
has no next visible in Q) and 2,5 € Q (by data dependence). We see that Q contains all nodes,
giving a trivial slice.
Let us next look at the pCFG in Figure 11(right) (on page 32) and see if we can remove nodes 4 and 6.
As they are not lossless, we need 4, 6 € Qy; as node 3 must have a next visible in Qy, also 3 € Q. As
8 = end € Q, by data dependence also 5,7 € Q; as node 3 must have a next visible in Q, also 3 € Q.
But this conflicts with QN Qy = 0. We thus cannot remove the loops in Figure 11(right), even though
that would be possible by standard slicing techniques if nodes 1,2 were deterministic assignments
(say reading from input). Thus our approach is not a conservative extension of standard slicing;
this may appear somewhat disconcerting but is not unexpected given that in Section 2.3 we argued
that the probabilistic setting requires a radically different approach to slicing.

As one may intuitively expect, a distribution transformer is lossless if the corresponding path

stays clear of observe-nodes and of non-lossless cycles:
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LEMMA 5.7. Assume Q' is a node set which contains all observe nodes, and that for each cycle-
inducing node vy, either vy € Q' or wW-FPPP@0) s lossless. If v stays outside Q' until v’ then

S w@?)ND) = 3. D forall D.

We can now state a key result which shows that nodes not in a slicing pair are not relevant for
computing the final result:

LEMMA 5.8. Assume that (Q, Qo) is a slicing pair, and that v stays outside Q U Qq until v’. With
R = rvoug,(v) = rvoug, (V) (equality holds by Lemma 3.15), we have @YD) R D for all D.

Proor. With the given assumptions, Lemma 5.7 is applicable (with Q' = Q U Q) to establish
that for all D we have ¥, 0®%)(D) = 3. D. The claim now follows from Lemma 4.32. )

6 SLICING AND ITS CORRECTNESS

In this section, we shall embark on proving the semantic correctness of the slicing conditions
developed in Section 5. Doing so involved at least two major challenges: rephrasing the fixed
point semantics so as to facilitate proofs by induction, and stating a result about probabilistic
independence strong enough to justify the removal of (for example) non-terminating loops. We
shall address these challenges in the next two subsections, and then in Section 6.3 present the
correctness result.

6.1 Alternative Convergence Towards Fixed Point

A proof of semantic correctness will involve reasoning about the behavior of »®-%") for (v, v’) € PD,
but which reasoning principle should we employ? Just doing induction in LAP(v, v") will obviously
not work for a cycle-inducing node; instead, the following approach is often feasible:

(1) prove results about wy®?") by induction in k, where for each k we do an inner induction
on LAP(v,v’) (possible since w41 = Hy(wk) where Hv(wk)(v'vl) is defined inductively in
LAP(v, v"));

(2) lift the results about wi¥?") to results about the limit (*>?").

Unfortunately, this approach does not work for a property such as losslessness as this property
will hold only in the limit. To see why this is a problem for proving the correctness of slicing, again
consider the pCFG for P4 depicted in Figure 3(right), with Lab(5) given by y := random(/4). We
saw in Section 4.5 that then w®*9 is lossless, obviously implying that also 19 is lossless, so for
all Dy with Y. Dy = 1 we will have »»9(Dy)({x + i}) = 0.25 for i € {0, 1,2,3}. With ¢ and ¢y
as in Definition 4.27, using Q = {1, 6} since ({1, 6}, @) is a slicing pair (cf. Section 5.2), we will
also have ¢1-9(Dy)({x — i}) = ¢ (Do)({x — i}) = 0.25 for all i € {0,1,2,3} and all k > 0.

Thus we have the expected correctness result 0 10(Dy) iz $1-9(Dy). To prove such a result in
general, it would be helpful if one could prove a similar relation for wy and ¢y, in particular that

for each k > 0 there exists ¢ such that w16 (Dy) . ¢ 19 (Dy). But for the given example this
cannot be the case, since for each k > 0 we have w9 (Dy)({x +— 1}) = 0.25 (forcing ¢ = 1) but
wrT9(Do)({x > 3}) < 0.25 (forcing ¢ < 1).

To fix this problem, we shall introduce a family (k > 0) of functions

Yk : PD = (D — D)

such that we can prove that {y; | k} is a chain with limy_,. yx = w, Of course, already {wy | k} is
such a chain, but we shall define yi in a way such that certain properties (cf. Lemma 6.9) hold from
the beginning of the fixed point iteration, not just at the limit. This is achieved by this inductive
definition:
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Definition 6.1. Given (as implicit parameter) a slicing pair (Q, Qy), for k > 0 define yi by:

1@ = 0¥ if v stays outside Q U Q, until v’
@) = 0 otherwise
Yk = Hy(yk-1)fork >0

LEMMA 6.2. Assume that v stays outside Q U Qo untilv’. Then y %) = o) for all k > 0.

In the above example, since 3 stays outside {1, 6} until 6, for all k > 0 we have ;> = -

and thus for all D, also }/k(l’6)(D0) fz} gbk(l 6)(Do). We see that (for this example) we accomplish

our goal, that the correctness result should hold not just in the limit but also for each iteration, by

working with yx rather than with wy. (recall that we did not have w19 (Dy) () ¢ 19(Dy)).

Observe that y,(*?) < y,(®¥) holds for all (v,v’) € PD since by Lemma 6.2 we have equality
when v stays outside Q U Qq until v’, and the left hand side is 0 otherwise. Thus yy < y; which
enables us (since Hy is monotone) to infer inductively that {yx | k} is a chain. Moreover, since
0 = wy < yo < w trivially holds, we can inductively (since w is a fixed point of Hy) infer that
ok < ¥k < o for all k > 0. This allows us to deduce that limy_,« yx = w; we have thus proved:

ProprosITION 6.3. The sequence {yy | k} is a chain, with limy_,c Y = ©.

6.2 Probabilistic Independence

A main contribution of this article is that we have provided (in Definition 5.6) syntactic conditions
for probabilistic independence, in that the Q-relevant variables are probabilistically independent
(as defined in Definition 4.8) of the Qop-relevant variables, assuming they are at start (which will
be the case if say no variables are relevant there). This follows from

PROPOSITION 6.4 (INDEPENDENCE). Let (Q, Qo) be a slicing pair, and let D € Dg, be given with
D’ = 0®¥)(D) (thus also D’ € Dgy). Ifrvo(v) and rvg, (v) are independent in D then rvp(v’) and
rvo,(v') are independent in D’.

To prove this proposition, and to justify that nodes in Q, are sliced away, it turned out that we
need to prove a stronger result:

LEMMA 6.5. Let (Q, Qo) be a slicing pair. Let D € Dgy, be given with D’ = o®-?)(D). LetR = rvo(v),
R = rvg(v’), Ry = rvg,(v), and Ry = rvg,(v’). IfR and R, are independent in D then

(1) R’ and R; are independent in D’

(2) if v stays outside Q until v’ (and by Lemma 3.15 thus R’ = R) then for all s € S(R) we have

D(s) Z D’ =D'(s) Z D

(3) if v stays outside Qy until v’ (and thus Ry = Ry ) then for all sy € S(Ry) we have

D(so) Z D’ = D'(sy) Z D

We shall now briefly sketch (details in Appendix B) how part 2 of the Lemma justifies that
nodes in Qy are sliced away. For if v € Qp then v ¢ Q which by Lemma 5.4 implies (assuming
v’ = FPPD(v)) that v stays outside Q until v’. But then part 2 ensures that for the variables R
relevant for the sliced program, the distribution at v’ equals the distribution at v except for a
constant factor.
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6.3 Correctness of Slicing

We can now precisely phrase the desired correctness result, which (as hinted at in Section 2) states
that the sliced program produces the same relative distribution over the values of the relevant
variables as does the original program, and will be at least as “defined”:

THEOREM 6.6. For a given pCFG, let (Q, Qo) be a slicing pair, and let ¢ = fix(Hp) (cf- Definition 4.27)
be the meaning of the sliced program. For a given (v,v") € PD, and a given D € Dgy such that rvp(v)
and rvg,(v) are independent in D, there exists a real number ¢ (depending on v,v’ and D) with
0 < ¢ <1 such that

a)(v’v/)(D) er:(v/)

Moreover, if v stays outside Qo until v’ thenc = 1.

¢ @ ND).

It may happen that ¢ = 0, since it is possible that the original program never terminates but the
sliced program may terminate, for example if the original program starts with an observe(false)
node as such a node can be sliced away.

In Theorem 6.6, we need to assume that the Q-relevant and Qo-relevant variables are independent,
so as to allow observe nodes in Qy to be sliced away (since then such nodes will not change the
relative distribution of the Q-relevant variables), and also to allow certain branching nodes to be
sliced away.

To prove Theorem 6.6 (as done at the end of this section), we need to define a counterpart to yj
(Definition 6.1) for the sliced program:

Definition 6.7. Given a slicing pair (Q, Qp), for k > 0 define ® as follows:
®>?)(D) = Difw stays outside Q U Q, until v’
@@ ?)(D) 0 otherwise
O = Ho(®r_q)fork >0

LEMMA 6.8. {® | k} is a chain, with limg_c O = limg_e P = ¢.
Proor. By Lemma 4.31 we get ¢y < ®; < ¢; so by the monotonicity of Hp we inductively get
O < O < Ppyq forallk >0

which yields the claim. o

We can now express yj in terms of @, where we allow (so as to facilitate a proof by induction
in LAP(v, v")) the sliced program to be given a distribution that, while agreeing on the relevant
variables, may differ from the distribution given to the original program:

LEMMA 6.9. For a given pCFG, let (Q, Qo) be a slicing pair. For allk > 0, all (v,v’) € PD with
R =rvp(v) andR" = rvp(v’) and Ry = rvg,(v), all D € Dgy such that R and Ry are independent in

D, and all A € Dgy, such that D R A, we have

’ R’ ’ ’
rPUD) = e p - (A

’

v-v" are given by

B
5

Here the numbers b

Definition 6.10. For k > 0, (v,v’) € PD, and D € Dgp, the number cZ’g is given by the following
rules that are inductive in LAP(v, v’):
(1) ifv =0 thenc," ) =1
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(2) otherwise, if v” # v”" where v”’ = FPPD(v) then

v,v' _ v, 0"
%D T %D k0o (D)

(3) otherwise, if v stays outside Qg until v’ then > =1

k,D
(4) otherwise, if D = 0 then cZ’g =1else
v 2y YUD)
Cp = S5

We could have swapped the order of the first three clauses of Definition 6.10, since it is easy to
prove by induction in LAP(v, v”) that

LEMMA 6.11. Ifv stays outside Qg until v’ then cZ:g’ =1 forallk > 0 and D € Dgy,.

Since each yj is non-increasing (Lemma B.12), it is easy to prove by induction in LAP(v, v”) that
LEMMA 6.12. We have 0 < ¢’} <1 for allk > 0, (v,v) € PD, D € Dgy.

Since we know (Proposition 6.3) that {yx | k} is a chain, we get:

LEMMA 6.13. {c:’g | k} is a chain for each (v,v’) € PD and D € Dgy,.

Proof of Theorem 6.6. We are given (v,v’") € PD, and D € Dg, such that rvg(v) and rvg, (v) are
independent in D; let R” = rvp(v’). For each s” € S(R") we have the calculation

0 (D))

limg o0 Yk(v’v,)(D)(sl)

limio (cp7py - 2 (D)(s)
(Lemma 6.8) = (limg_e CZ,’E’ - g@U(D)(s").

(Proposition 6.3)
(Lemma 6.9)

0,0

. p (well-defined by Lemma 6.13) we thus have

With ¢ = limg_e €

0,0 R 0,0
0D = ¢ (D)

which yields the result since if v stays outside Qp until v’ then ¢ = 1 (by Lemma 6.11).

7 STRUCTURED PROGRAMS

Probabilistic programming is usually, as in [Gordon et al. 2014; Hur et al. 2014], expressed using
structured programs, rather than control flow graphs. In this section we shall show that our results
on slicing of pCFGs can be applied to the slicing of structured imperative probabilistic programs.

We first present (Section 7.1) the syntax and semantics of the structured imperative probabilistic
language SL we are considering and next we present (Section 7.2) a translation from SL to pCFGs;
we then show (Section 7.3) an adequacy result relating the semantics of a structured probabilistic
program to the semantics of its translation into a pCFG. We next address slicing, first defining
(Section 7.4) what it means to slice a structured imperative probabilistic program, and then stating
(Section 7.5) a result expressing the correctness of slicing.

7.1 The Structured Imperative Probabilistic Language

We shall consider a statement-based language SL that is structured in that each non-atomic statement
is built compositionally from constructs that combine sub-statements.
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S = 5,85

I : skip
l:x:=E

[: x := random(¢/)

[ : observe(B)

[ : if B then S; else S,
I : while Bdo S

P == S; return(E)

Fig. 5. The grammar defining structured imperative probabilistic statements/programs.

Syntax of SL. We mostly adopt the syntax used in, e.g., [Gordon et al. 2014; Hur et al. 2014]; the
main difference is that (primarily to facilitate the translation presented in Section 7.2) we augment
each substatement (except for sequential composition) with a label [ which is a natural number.

A program is a statement followed by the return of an expression, where a statement S is defined
by the BNF in Figure 5. That is, a statement S is either a sequential composition S; ; Sz, or consists
of a label and then either skip, an assignment x := E, a random assignment x := random(y'), a
conditioning statement observe(B), a conditional if B then S; else S,, or a while loop while B do S.
We shall assume that no label occurs more than once within a statement.

Semantics. For the semantics of the structured imperative probabilistic language we shall fol-
low Gordon et al. [2014] (and [Hur et al. 2014]) who modified (in particular to handle conditioning)
one of the semantics proposed by Kozen [1985]. The semantics (which ignores the labels) ma-
nipulates “expectation functions” where an expectation function F maps stores to RY,; we can
think of F(s) as the expected return value for store s. The semantics of a program will be given
in Definition 7.2; we shall first present the semantics of a statement S, written [[S]), which is a
transformation of expectation functions: with [S]|F’ = F, one should think of F’ as taking a store
after S and giving its expected return value, and F as taking a store before S and giving its expected
return value.

In Figure 6, we define [[S]] by a definition inductive in S. Let us explain a few cases:

e the expected return value for a store before an assignment x := E equals the expected return
value for the updated store;

o the expected return value for a store before a random assignment x := random(y/') can be found
by taking the weighted average of the expected return values for the possible updated stores;

o the expected return value for a store before a conditioning statement observe(B) is 0 if B is not
true;

o the semantics of a while loop while B do S can be found as the limit of the semantics of the kth
iteration, while B doj S, which is defined inductively in k as follows:

while Bdoy S = observe(false)
while Bdog,; S = if Bthen (S; while B doy S) else skip
Example 7.1. Consider the statement S; given by (cf. Example 2.2)

S, = 1:x :=random(yy) ; 2 : y := random(y/y) ; 3 : observe(x +y > 5)
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F = :skip[[F’ if F=F
F=|l:x:=EJF iff  F(s) = F'(s[x — [E]s]) for all s

F=[l:x:=random()[|F’ iff F(s)= Z ¥(2)F'(s|x — z]) for all s

zeZ
F =[I: observe(B)]|[F’  iff  F(s) = F’(s) for all s with [[B]]s
and  F(s) = 0 for all other s
F=[S1; SIF it  F=[Si([S]F)
F =l :if Bthen S; else S;[F"  iff  F(s) = [S{[(F)(s) for all s with [[B]]s

and  F(s) = [S2]I(F’)(s) for all other s

F =[[I : while B do S||F’ iff  F(s) = limg_00o Fi(s) for all s

where Fy(s) =0

and  Fieyi(s) = [SN(Fe)(s) if [B]ls
and  Fryi(s) = F'(s) otherwise

Fig. 6. The semantics of a structured probabilistic statement.

0o

3o- and all stores s, we have

For all F that map stores into R

[S21F s [x := random(¢/4)[|([y := random(y/4); observe(x +y > 5)[|F) s

= Z ;}([[y := random(i/y); observe(x +y > 5)[|F s[x — q])
q€0..3

= Z ;1( Z ;l(llobserve(x +y 2 5)]IF s[x = qlly = q']))

q€0..3 q’€0..3
= (FGsbx o 2lly = 31+ Flx o 3lly - 2]) + FGlx o 31y - 3D)

For a program P = S ; return(E), the expectation function at the end will map s into [E]s,
and thus the expectation function at the beginning appears to be given as [S](4s.[E]s). But this
assumes that runs that fail conditioning statements count as zero; such runs should rather not
be taken into account at all. This motivates the following definition [Gordon et al. 2014] of the
normalized semantics of a structured imperative probabilistic program:

Definition 7.2 (Normalized Semantics). Given a structured imperative probabilistic program
P =S ; return(E). With L an “initial store”, we define [P]], the normalized semantics of P, as

_ [SI(As.[EDs)(L)
= s1as 00
Note that this may not be well-defined, in case [S]|(As.1)(L) = 0 or [S(As.1)(L) = oo, and that the

choice of initial store L is irrelevant since we demand that all variables are defined before they are
used.

(7)
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To illustrate Definition 7.2, observe that P, from Example 2.2 is essentially S, ; return(x) with
S; defined as in Example 7.1 from which we see (since [x]|s = s(x)) that

1 8
—(2+3+3)= —
6! )

[S201(As.[xls) L T

[S:](As.1) L 1—16(1 141 ==

16
and hence we see by Equation (7) that

_ [S2D(As.[[xDis)(L) 8
[Py = el Il 8
[S2]1(As.1)(L) 3
This makes sense: if P, terminates then x + y > 5 which holds in 3 cases; in two cases, x = 3
whereas in one case, x = 2, for a weighted average of %.

7.2 Translating Structured Imperative Probabilistic Statements Into pCFGs

We shall present a translation T from structured imperative probabilistic programs (Section 7.1) to
PCFGs (Section 3). To allow for a deterministic translation (that does not rely on “fresh” nodes),
we shall assume functions 12v and [2v’ that map statement labels into nodes. Intuitively, if 12v(])
occurs in the translation of the statement labeled [ then it is its start node, and if 12v’(]) occurs
in the translation then it is its end node. We require uniqueness, in the sense that if [; # I, then
12v(Ly), 12v(ly), 12v’(11), and 12v’(l,) are 4 distinct nodes.

Definition 7.3 (Translation from Structured Imperative Probabilistic Statements to pCFGs). For a
structured imperative probabilistic statement S we define a pCFG T(S) by structural induction in S,
using the definition given in Figure 7 (and illustrated in Figure 8).

Definition 7.3 is such that for all structured imperative probabilistic statements S:

e T(S) has unlabeled end node;

e if v is a node in T(S) then v = [2v(l) or v = 12v’(I) for some [ occurring in S (and thus T(S;) and
T(S2) have disjoint node sets if S; and S, have disjoint labels);

o if S is a substatement of S then T(S;) is a sub-pCFG of T(S), in the sense that all nodes and edges
in T(S;) will also belong to T(S) (and if a node has a label in T(S;) it will have the same label in
T(S)).

It is easy to see by induction in S (relying on the assumption that no label occurs more than once

in S) that the translation in Definition 7.3 does indeed always define a well-formed pCFG G with

the listed properties; in particular, all nodes are reachable from start(G) (the start node), and
can reach end(G) (the end node).

LEMMA 7.4. When S is of the form | : _ then in G = T(S) it is then the case that end(G) =
FPPD(start(G)) where start(G) = [2v(l) and end(G) = 12v/(]).

Definition 7.5 (Translation from Structured Imperative Probabilistic Programs to pCFGs). For a
structured imperative probabilistic program P = S ; return(E), we define a pCFG T(P) as follows:
first construct the pCFG T(S); then label its end node (unlabeled so far) with return(E).

Example 7.6. Consider (cf. Example 2.2) the structured imperative probabilistic program P,
given by S; ; return(x) with S; defined in Example 7.1. Then G, = T(P;) will be as depicted in
Figure 9(left), but can be simplified by compression of edges from nodes labeled skip.
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Below we define T(S) by induction in S, doing a case analysis on S.

o First assume S is of the form [ : skip, or [ : x := E, or [ : x := random(y/), or  : observe(B). Then
T(S) is a pCFG with 2 nodes, v given by 12v(l) and v’ given by [2v’(l), and with one edge, from v
to v’. Here v is the start node and is labeled according to the form of S, whereas v’ is the end
node with no label.

o Next assume that S is of the form S; ; S,. Inductively, we construct a pCFG G; = T(S;) with start
node v; and unlabeled end node v;, and a pCFG G, = T(S;) with start node v; and unlabeled
end node v;. As illustrated in Figure & (left), the pCFG G = T(S) is then constructed by taking
the union of G; and G; (which by our assumptions have disjoint node sets), and augmenting the
result as follows:

- let G have start node vy, and end node v;;
- let G contain an edge from v; to v, and let the label of v] be skip.

o Next assume that S is of the form [ : if B then S; else S;. Inductively, we construct a pCFG
Gy = T(S;) with start node v; and unlabeled end node v, and a pCFG G; = T(S,) with start
node v, and unlabeled end node v;. As illustrated in Figure 8 (middle), the pCFG G = T(S) is then
constructed by taking the union of G; and G, (which by our assumptions must have disjoint
node sets), and augmenting the result as follows, where v = 12v(I) becomes the start node of G
and v’ = 12v’(l) becomes the (unlabeled) end node of G:

— let v be a branching node with condition B, true-successor vy, and false-successor vy;
- let G contain edges from v to v” and from v} to v’, and let the labels of v and v, be skip.

e Finally, assume that S is of the form [ : while B do S;. Inductively, we construct a pCFG G; = T(S1)
with start node v; and unlabeled end node v]. As illustrated in Figure 8 (right), the pCFG
G = T(S) is then constructed by augmenting G; as follows, where v = 12v(I) becomes the start
node of G and v’ = [2v’(I) becomes the (unlabeled) end node of G:

— let v be a branching node with condition B, true-successor vy, and false-successor v’;
- let G contain an edge from v] to v, and let the label of v; be skip.

Fig. 7. The rules for translating a structured imperative probabilistic statement S into a pCFG T(S).

@ T/ \F
9 @ @
5l g
@

Fig. 8. Translating sequential composition (left), conditionals (middle), while loops (right).

g
&
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1: x := random(/4)

1: x := random(y/4) 1’: skip
G 1’: skip 2:y:=0
2: x := random(,) 2’: skip
e 2" skip xz2
3’: return(x)
3: observe(x +y > 5) by <3
e 3’: return(x) £ skip
5:y:=A
e 5’: skip
6: skip

e 6’: skip

Fig. 9. Left: a pCFG G, that is T(P;) (cf. Example 2.2); Right: a pCFG G4 that is T(Py4) (cf. Example 2.4).

d
Example 7.7. Consider (cf. Example 2.4) the structured imperative probabilistic program P, 4
S4 ; return(x) where

d
Sa éfl:x::random([ﬂ;); 2:y:=0;3:if x> 2then4:whiley <3do5:y:=Aelse6: skip

Then G4 = T(P4) will be as depicted in Figure 9(right), but can be simplified by compression of edges
from nodes labeled skip which will result in a pCFG isomorphic to the one given in Figure 1(right).

For a given pCFG G, there may not exist a structured imperative probabilistic program P such
that G is isomorphic to a simplification of T(P).

7.3 Adequacy Result for the Two Semantics

To motivate how the semantics in Section 7.1 relates to the semantics in Section 4, consider S, as
defined in Example 7.1 where we saw that if F = [S,]|F’ for some F’ then for all stores s we have

F(s) = 1—16(F'(S[x = 2][y - 3]) + F'(s[x = 3]y = 2]) + F'(s[x = 3][y - 3])).

We saw in Example 7.6 that T(S,) is the pCFG G, depicted in Figure 9(left), except that node 3’ is
unlabeled. For that pCFG, it is not hard to see (cf. Example 2.2) that if D’ = 03)(D) (with o given
by Definition 4.26) for some D with )} D = 1 then

D'(s)

1
RifSE{{XI—)Z,yl—)fi}, {x >3, y—2}, {x—3, y— 3}}

D'(s)

0 otherwise.

We now observe that (with the first equality due to F(s) not depending on s since U = {x, y})

Z F(s)D(s) F(s) Z D(s) = F(s)

seSy s€Sy

1 1 1
= EF’{xHZ,y|—>3}+EF’{xn—>3,y|—>2}+RF'{Xi—>3,yl—>3}

Z F'(s)D'(s).

seSy

And this is indeed an instance of the general result (stated on an abstract level by Kozen [1985])
relating the two semantics:
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THEOREM 7.8 (ADEQUACY). Let P be a structured imperative probabilistic program, let G = T(P),
and let w be the meaning of G.

Let S be a structured imperative probabilistic statement that is part of P. Thus T(S) will be a
sub-pCFG of G; let v = start(T(S)) and v’ = end(T(S)).

For all distributions D, D’ and expectation functions F, F', if [S|F’ = F and w(”’”/)(D) =D’ then

Z F(s)D(s) = Z F'(s)D’(s). (8)

SESy s€Sy

This result shows that we do not lose any information by using the semantics in Section 4, in
that for any structured probabilistic statement S, and any expectation function F’, we can retrieve
F = [[S]IF’ from w: for given sy € Sy, define Dy such that Dy(sg) = 1 but Dy(s) = 0 otherwise; with
D) = 0@¥)(Dy) we then have

F(so) = Y F(s)Do(s) = ), F/(s)Dj(s).

SESy s€Sy

Similarly, the new semantics can be retrieved from the old: for given sy € Sy, define F’ such that
F’(s9) = 1 but F’(s) = 0 otherwise; with F = [[S]|F’ we then have

o “DYs0) = | F(s)- 0 ND)s) = Y F(s) - D(s).

SESy S€Sy

Let us explore some special cases of Theorem 7.8:

o If D’ = 0 and D(sy) > 0 for some sy € Sy then from Equation (8) we can infer F(sy) = 0. This
make sense, since for such sy the program (almost) never returns anything.

e If D is concentrated on s, and D’ is concentrated on sj, with D(sy) = D’(sy) = 1, then from
Equation (8) we can infer F(sg) = F’(s}). This makes sense, since for such sy the program will
(almost) always end up in store s.

7.4 Slicing

We shall now show how to slice structured probabilistic programs. The approach is to translate such
a program P into a pCFG for which we then find a slice (which should satisfy certain conditions
mentioned in Section 5) which we finally use to slice P. More precisely, we have

Definition 7.9 (Slicing a Structured Probabilistic Program). Given a structured probabilistic pro-
gram P = S ; return(x), and a subset L of the labels in P. Then the slice of P wrt L, written slcr(P),
is the structured probabilistic program slcy(S) ; return(x) where the slicing function slcy, defined
in Figure 10, transforms structured probabilistic statements.

Note that we do not put any requirements on L, but for the slicing to be “correct”, as expressed
in Theorem 7.13, there must exists Q, Qy such that Q “extends” L in that [ € L iff [2v(]) € Q, and
(Q, Qo) is a slicing pair (cf. Definition 5.6).

Example 7.10. Let us slice the structured probabilistic program P, from Example 7.7, where T(P;)
was depicted in Figure 9(right). Let us assume that A is y + 1; then the cycle-inducing node 4 is
lossless (as shown in Section 4.5) and hence (Q, 0) is a slicing pair for Q = {1,3’}. With L = {1},
and thus [ € Liff [2v(l) € Q, the structured probabilistic program slcy (P4) will be

1:x := random(y/y) ; 2 : skip; 3 : skip ; return(x)
which is equivalent to 1 : x := random(¢/4) ; return(x) which in Section 2.5 was mentioned as the

slice of Py when Aisy + 1.
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slep(S15 S2) = sler(S1) 5 sler(Sz)
sley(I:_) = 1:skip ifl¢lL
slcg (I : if Bthen S; else S;) = [ :if Bthenslcy(S;) else slcy(S;) ifl e L
slcg (I : while Bdo S;) = [ : while B do slcy(S;) iflel
sler,(S) = S otherwise

Fig. 10. The function slcy, slices a structured probabilistic statement S wrt. labels L.

LEMMA 7.11. For all structured probabilistic statements S, and all label sets L: start(T(slc.(S))) =
start(T(S)) and end(T(slcz(S))) = end(T(S))

PRrROOF. An easy induction in S, using Lemma 7.4. O

For a structured probabilistic program, translating its slice has the same meaning as slicing its
translation:

LEMMA 7.12. Let a structured probabilistic program P be given, and let V be the nodes in G = T(P).
For a given subset Q of V, let L = {l | 12v(l) € Q}, and let P;, = slcy(P) and G1, = T(PL).

Let ¢ be the meaning of the slice Q in G, that is (cf. Definition 4.27) ¢ = limy_ P where
Pr = HZ(O) with H defined as in Figure 2 for the graph G.

Let w be the meaning of G, that is (cf. Definition 4.26) w = limy_,« Wy Where wi = H(‘,L(O) with
H defined as in Figure 2 for the graph G, and with V|, the nodes in Gr.

Then for all S that are substatements of P: with v = start(T(S)) and v’ = end(T(S)), and by
Lemma 7.11 thus also v = start(T(slc(S))) and v’ = end(T(slcz(S)))), we have ¢@¥) = (¥,

7.5 Correctness of Slicing Structured Programs

For a structured probabilistic program, slicing as defined in Section 7.4 does preserve the normalized
semantics (Definition 7.2):

THEOREM 7.13. Given a structured program P = S ; return(x) such that [[P] is well-defined.
Assume that (Q, Qo) is a slicing pair (cf. Definition 5.6) on T(P), and let L = {l | 12v(l) € Q}. Then
[slec(P)]] = [[P1.

(In the case when [[P]] is not well-defined, it may happen that [[slc(P)]] is well-defined, as when
Pisgivenby 1:x:=1; 2: observe(false) ; return(x) in which case there will exist a slicing pair
(Q, Qo) such that L = {1} and thus slc (P)is1:x:=1; 2 : skip ; return(x).)

ProOF. Let G = T(P), P = slcp(P) = Si ; return(x) where S;, = slci(S), and G, = T(P). By
Lemma 7.11, there exists v, v’ such that v = start(G) = start(Gr) and v’ = end(G) = end(Gy);
here v” € Q is labeled return(x) and thus rvp(v’) = {x}.

Let w be the meaning of G, that is (cf. Definition 4.26) v = fix(Hy) with H defined as in Figure 2
for the graph G, and with V the nodes in G.

Let ¢ be the meaning of the slice Q in G, that is (cf. Definition 4.27) ¢ = fix(Hp) with H defined
as in Figure 2 for the graph G.

Let w, be the meaning of Gy, that is (cf. Definition 4.26) w = fix(Hy,) with H defined as in
Figure 2 for the graph Gy, and with V| the nodes in G;.

By Lemma 7.12,

FO) = o, @), )
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1: z := random(¢/4) 1: z := random(y/,)
c 2y = random(l//i) c 2:y = random(l//i)
3iz2>2 3:z2>2
e 4: observe(y = 3) a 4:y=3
e 5:x =17 o e g 5:x =17
6: observe(y > 2) 6:y > 2
e e 7:x =27 e e 7:x =27
e a 8: return(x) e a 8: return(x)

Fig. 11. Examples showing how (local) distribution may be lost due to conditioning and/or non-termination.

Let L € Sy be the initial store mentioned in Definition 7.2, and let Dy be such that Dy(L) = 1 but
Dy(s) = 0foralls € Sy \ {L}. Since (Q, Qo) is a slicing pair we know that Q N Qp = 0 and that Q
and Qo are closed under data dependence; hence Lemma 3.13 tells us that rvg, (v) N rvg,(v) = 0
which by Lemma 4.12 implies (since Dy is concentrated) that rvg, (v) and rvg,(v) are independent
in Dy. By Theorem 6.6, we therefore see that there exists a real number ¢ with 0 < ¢ < 1 such that

oDy "L ¢ gDy,

Since rvp(v’) = {x}, this amounts (cf. Definition 4.5) to
VgeZ: o) (D){x — q}) = ¢ - ¢ (Do)({x = q}). (10)
Let F’ be any expectation function satisfying F’(s;) = F’(sz) whenever s;(x) = sz(x); we can thus
define F’(q) such that F'(q) = F’(s) whenever s(x) = q. The calculation in Table 1 shows that
(ISTF (L) = e([[SLTF ) (L), in particular
(ISTAs.1)(L) c([Sc]As. 1) (L)
([S12s.s(x))(L) c([SelIAs.s(x))(L)

By the assumption that [P]] is well-defined, we see from Equation (7) that 0 < [S][(As.1)(1) < oo
and then infer from the above that ¢ > 0 and 0 < [S.]|(As.1)(1) < oo. Thus

CISLI0sseNL) e [SLI(ssGNL) ST As.sG)(L)
LsleePl = Tr D@ = st nw ISl L
giving us the desired [[slc.(P)] = [P].

8 CHOICE OF SEMANTICS

There is a variety of language models for probabilistic programming, and a variety of approaches
to giving their semantics (some of which are presented or mentioned in say [Olmedo et al. 2018]
which is partly inspired by the equivalences between certain formulations proved in [Gretz et al.
2014]). And indeed, while we have designed our pCFG semantics so as to facilitate a correctness
proof for slicing, alternative definitions are possible as we shall now discuss. As an illustrating
example, consider the pCFG listed in Figure 11(left).

Let us first show how it is handled by our semantics. With Dy a distribution with )} Dy = 1,
the distribution D3 = w13 (Dy) satisfies Ds({y + i, z > j}) = 1—16 forall i,j € {0,1,2,3} (but 0
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(A1)
- 2SI Do)

seSy

20N F(s) - o (Do)(s)

seSy

= ) 2 F@- o0

q€Z seSy | s(x)=q

= Y F@- D, o™ D)s)

qeZ seSy | s(x)=q

D UF(q)- o (Do)({x > q})

qEZ

Y Y @ ¢ Do o )

qEZ

= ) F@- ), D))

qez seSy | s(x)=q

= oy D FE)- 4D

q€Z seSy | s(x)=q

= o) F()- ¢ D))

SESy

= e ) F() - o PDo)s)

seSy

B S ISLIFYGs) - Dofs)

seSy

= c([SLIF ) (L)

Table 1. Proving ([STIF/)(L) = ¢([SLNIF’)(L) for all F” such that F’(s1) = F’(s2) when s1(x) = sa2(x).

otherwise). The distribution Ds = w*)(select,»5(Ds)) satisfies Ds({y — i, z — j, x — k}) = =
when i = 3 and j € {2,3} and k = 17 (but is 0 otherwise) and thus

Ds({x > 17}) = 1—26 Ds({x > k}) = 0 for k # 17.

The distribution D; = ®7(select,<,(D3)) satisfies D;({y +— i, z — j, x > k}) = &+ when
i €{2,3}andj € {0,1} and k = 27 (but is 0 otherwise) and thus

Dy({x > 27}) = 11‘6 Dy({x > k}) = 0 for k # 27.
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We conclude that with Dg = ©>8(D3) = 013)(Dy) we have
1 1
Ds({x — 17}) = 3 Dg({x +— 27}) = 7 Dg({x — k}) =0 for k ¢ {17, 27}.

That is, the final distribution Ds is a subprobability distribution, with x = 27 twice as likely as
x = 17, but not a probability distribution.

It may seem more informative to “normalize” Dg into a probability distribution D’ with D’({x +»
17}) = % and D'({x — 27}) = % (Recall that normalization is implicit in Definition 4.8 of
probabilistic independence.) This would be perfectly valid (and allow us to use ¢ = 1 when applying
Theorem 6.6 to the whole pCFG) as long as we do it “globally”. We cannot do it “locally” in each
branch, since a conditioning is indeed supposed to make the branch in which it occurs less likely,
as we mentioned for Example 2.3. Similarly, [Bichsel et al. 2018, p.148,paragraph 2] remarks that a
given example “illustrates that it is not possible to condition parts of the program on there being no
observation failure” in that “conditioning the two branches in isolation yields” an undesired result.

We have decided, however, to refrain from normalization, as it would add an extra layer (and
thus extra proof obligations) to our semantics. On the other hand, in Section 7 we showed how our
results apply to the slicing of structured imperative probabilistic programs and proved that slicing
preserves the normalized semantics given by, e.g., Gordon et al. [2014]; Hur et al. [2014] (who do
indeed normalize only on top-level and not locally).

Now consider Figure 11(right) where the conditioning statements on the left have been replaced
by a possibly non-terminating loop with the same effect (cf. Example 4.30). In this case, one could
argue that x = 17 and x = 27 should be equally likely, something which might be achieved by
doing local normalization.

To keep our semantic development reasonably simple, however, we have decided to consider
non-termination as equivalent to failure of a conditioning, just as done by Gordon et al. [2014]
and Hur et al. [2014]. This is in contrast to several approaches that do distinguish between non-
termination and observation failure, such as the semantics presented by Olmedo et al. [2018], and
by Bichsel et al. [2018] which considers ill-defined operations as a third kind of exception (also
the slicer presented by Léchenet et al. [2016] distinguishes, in a non-probabilistic setting, between
assertion failure and non-termination).

9 COMPUTING THE (LEAST) SLICE

There always exists at least one slicing pair, with Q the set of all nodes and with Q, the empty set;
in that case, the sliced program is the same as the original. Our goal, however, is to find a slicing
pair (Q, Qo) where Q is as small as possible (whereas the size of Qy is irrelevant):

Definition 9.1. A slicing pair (Q, Qo) is an optimal slicing pair iff whenever (Q’, Q;) is also a
slicing pair then Q C Q.

This section describes an algorithm for doing so. Looking at Definition 5.6, we see a couple of

potential obstacles:

(1) Detecting whether a node is lossless is undecidable, as it is easy to see that the halting
problem can be reduced to it (see [Kaminski and Katoen 2015] for more results about the
decidability of termination in a probabilistic setting).

(2) While cycles in a graph can be detected in low polynomial time, it may be harder to detect the
specific nodes that are “cycle-inducing” since this involves (cf. Definition 3.5) finding longest
acyclic paths which is in general an NP-hard problem (as the Hamiltonian path problem can
be reduced to it). However, since we only consider graphs where each node has at most two
outgoing edges, and since we do not need to actually compute the longest acyclic paths but
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only to compare their lengths, there may still exist a polynomial algorithm for checking if a
node is cycle-inducing (finding such an algorithm is a topic for future work).
Therefore, our approach shall be to assume that we have been provided (perhaps by an oracle) a
list ESS that approximates the essential nodes:

Definition 9.2 (essential nodes). A node v is essential iff
(1) v is an observe node, or
(2) v is cycle-inducing but not lossless.

We can now provide a computable version of Definition 5.6:

Definition 9.3. Let ESS be a set of nodes that contains all essential nodes. Then (Q, Qo) is a slicing
pair wrt. ESS iff

(1) O, Qp are both weak slice sets with end € Q;

(2) O, Qp are disjoint;

(3) ESS C QU Q,.

If we find (Q, Qo) satisfying Definition 9.3 then (Q, Qo) will also satisfy Definition 5.6 (and hence
Theorem 6.6, etc, will apply):

ProrosITION 9.4. If(Q, Qo) is a slicing pair wrt. ESS then (Q, Qo) is a slicing pair.

On the other hand, the converse does not necessarily hold as ESS ¢ Q U Qp may happen if
non-essential nodes are included in ESS. For example, in Example 2.4 with C as “y := y + 1” there
are no essential nodes, and thus (cf. the discussion after Definition 5.6) ({1, 6}, 0) is a slicing pair.
However if we were unable to infer that 4 is lossless, we may have ESS = {4}, in which case
({1, 6}, 0) is not a slicing pair wrt. ESS.

To approximate the essential nodes (which is outside the scope of this article) one may use
techniques from [Chakarov and Sankaranarayanan 2013; Fioriti and Hermanns 2015; Monniaux
2001] for detecting that loops terminate with probability one, or techniques from [Kaminski et al.
[n. d.]] for detecting a stronger property: that the expected run-time is finite.

If the pCFG in question is a translation of a structured imperative probabilistic program, cf. Sec-
tion 7.2, it will be safe to let ESS contain (in addition to the observe nodes) the branching nodes
created when translating while loops, but ESS does not need to contain the branching nodes created
when translating conditionals since such nodes will not be cycle-inducing.

With the set ESS given, we can now develop our algorithm to find the least Q that for some Q,
satisfies the conditions in Definition 9.3. We shall measure its running time in terms of |V/|, the
number of nodes in the pCFG; we shall often write n instead of |V| (note that the number of edges
is at most 2n and thus in O(n)).

Our approach has four stages:

(1) to compute (Section 9.1) the data dependences (in time O(n?));

(2) to construct an algorithm PNV? (Section 9.2) that (in linear time) checks if a given set of nodes

provides next visibles, and if not, returns a set of nodes that definitely needs to be added;

(3) to construct an algorithm LWS (Section 9.3) that computes the least weak slice set that contains

a given set of nodes (each call to LWS takes time in O(n?));

(4) to compute (Section. 9.4) an optimal slicing pair wrt. the given ESS.

The resulting algorithm BSP (for best slicing pair) has a total running time in O(n®).

9.1 Computing Data Dependences

dd* dd*
Our algorithms use a boolean table DD* such that DD*(v, v’) is true iff v — v’ where — is the

. .. dd . ..
reflexive and transitive closure of — defined in Definition 3.9.
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PNV2(Q)
F «— QU {end}
C<0
for each v e V\F
Nv] « L
foreach v e F
N[v] « v
while F£0 A C=0
F' 10
for each edge v — v’ with the source v ¢ Q and the target v’ € F
if N(v)=1
N(v) « N(v")
F' « F' U {v}
else if N(v) # N(v')
C « CU{v}
F«F
return C

Fig. 12. An algorithm to check if Q provides next visibles.

LEMMA 9.5. There exists an algorithm that computes DD* in time O(n%).

dd
Proor. First, for each node v with Def(v) # 0, we find the nodes v’ with v — v’ which can
be done in time O(n) by a depth-first search which does not go past the nodes that redefine the
variable defined in v. Thus in time O(n?), we can compute a boolean table DD such that DD(v, v”) is

dd
true iff v — v’. To compute DD* we now take the reflexive and transitive closure of DD which can
be done in time O(n®) (for example using Floyd’s algorithm). O

Given DD*, it is easy to ensure that sets are closed under data dependence, and we shall do that
in an incremental way, as stated by the following result:

LEMMA 9.6. There exists an algorithm DD®'¢ which given a node set Q that is closed under data
dependence, and a node set Q, returns the least set containing Q and Q that is closed under data
dependence. Moreover, assuming DD* is given, DD runs in time O(n - |Q1]).

9.2 Checking for Next Visibles

A key ingredient in our approach is the function PNV?, presented in Figure 12, that for a given Q
checks if it provides next visibles, and if not, returns a non-empty set of nodes which must be part
of any set that provides next visibles and contains Q. The function PNV? works by doing a backward
breadth-first search (with F being the current “frontier”) from Q U {end} to find (using the table N
that approximates “next visible”) the first node(s), if any, from which two nodes in Q U {end} are
reachable without going through Q; such “conflict” nodes are stored in C and must be included in
any superset providing next visibles.

Example 9.7. Consider the program P; from Example 2.1.

e Calling PNV? on {1, 4} returns 0 after a sequence of iterations where F is first {1, 4} and next {3}
and next {2} and finally 0.

e Calling PNV? on {2, 3} returns 0 after a sequence of iterations where F is first {2, 3,4} and next
{1} and finally 0.
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LWS(Q)
0« DDCIOSC(Q, Q)
C « PNV?(Q)
while C # 0
0« DDCIOSC(Q, C)
C < PNV?(Q)
return Q

Fig. 13. An algorithm that finds the least weak slice set containing Q.

Example 9.8. Consider the program P4 from Example 2.4, with pCFG depicted in Figure 3(right).
Then

e PNV?({1, 6}) returns 0, after a sequence of iterations where F is first {1, 6} and next {3,4} and
next {2,5} and finally 0.

® PNV?({2,4,5}) returns {3}, as initially F = {2, 4, 5, 6} which causes the first iteration of the while
loop to put 3 in C.

The following result establishes the correctness of PNV?:

LEMMA 9.9. The function PNV? runs in time O(n) and, given Q, returns C such that C N Q = () and
o if C is empty then Q provides next visibles
e if C is non-empty then all supersets of Q that provide next visibles will contain C.

9.3 Computing Least Weak Slice Set

We are now ready to define, in Figure 13, a function LWS which constructs the least weak slice set
that contains a given set Q; it works by successively adding nodes to the set until it is closed under
data dependence, and provides next visibles.

Example 9.10. We shall continue Example 9.7 (which considers the program P; from Example 2.1).

First observe that the non-trivial true entries of DD* are (1, 4) (since 1 « 4) and (2, 3).

e When running LWS on {4}, initially Q = {1, 4} which is also the final value of Q since PNV?({1, 4})
returns 0.

e When running LWS on {3}, initially Q = {2, 3} which is also the final value of Q since PNV?({2, 3})
returns 0.

Example 9.11. We shall continue Example 9.8 (which considers the program P4 from Example 2.4,
with pCFG depicted in Figure 3(right)).
. dd . dd dd dd dd dd dd
First observe that — is given as follows: 1 —» 3,1 —> 6,2 > 4,2 — 5,5 —> 4,and 5 — 5.
e When running LWS on {6}, initially Q = {1, 6} which is also the final value of Q since PNV?({1, 6})
returns 0.
e When running LWS on {4}, we initially have Q = {2, 4, 5}. The first call to PNV? thus (Example 9.8)

dd
returns {3}. Since 1 — 3 holds, the next iteration of LWS will have Q = {1, 2, 3,4, 5} which is also
the final value of Q since PNV? will return 0 on that set.

The following result establishes the correctness of LWS:

LEMMA 9.12. The function LWS, given Q, returns Q such that
e Q is a weak slice set

*QCQ
e ifQ’ is a weak slice set with O C Q' then Q C Q’.
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BSP(ESS)
W « ESS
for each v € WU {end}
Q. — LWS({v})
Q<0
F Qend
while F # 0
Invariants:
Q and F are both weak slice sets, withend € QU F
W CcESSandifve WthenQ,NQ =0
ifv eESSbutv ¢ Wthenve QUF
if (Q’, Qp) is a slicing pair wrt. ESS then QU F C Q’
Q«—QUF
F«0
for each v e W
ifQ,NQO#0
W W\ {v}
F—FUQ,
QO — UUEW Q'U
return (Q, Qo)

Fig. 14. Finding an optimal slicing pair (BSP) wrt. given ESS.

Moreover, assuming DD* is given, LWS runs in time O(nz).

9.4 Computing an Optimal Slicing Pair

We are now ready to define, in Figure 14, an algorithm BSP which given a set ESS that contains
all essential nodes (for an implicitly given pCFG) returns an optimal slicing pair (Q, Qp) wrt. that
ESS. The idea is to build Q incrementally, with Q initially containing only end; each iteration will
process the nodes in ESS that are not already in Q, and add them to Q (via F) if they cannot be
placed in Q, without causing Q and Q, to overlap.

Example 9.13. We shall continue Examples 9.7 and 9.10 (which consider the program P; from
Example 2.1). Here 3 is the only essential node so we may assume that ESS = {3}; BSP thus needs to
run LWS on {4} and on {3} and from Example 9.10 we see that we get Q4 = {1,4} and Q3 = {2, 3}
When the members of W = {3} are first examined in the BSP algorithm, we have Q = Q, and thus
Q3 N Q = 0. Hence the while loop terminates after one iteration, with Q = {1, 4}, and subsequently

we get Qo = Q3 = {2,3}.

Example 9.14. We shall continue Examples 9.8 and 9.11 (which consider the program P, from
Example 2.4, with pCFG depicted in Figure 3(right)). We know from Example 3.6 that node 4 is
cycle-inducing but node 3 is not; in Section 4.5 we showed that node 4 is essential when Lab(5) is
an assignment y := 1 (as then w*9) is not lossless) and that node 4 is not essential when Lab(5) is
an assignment y := y + 1 or a random assignment y := random(1/4) (as then *® is lossless).

There are thus two natural possibilities for ESS: the set {4}, and the empty set; we shall consider
both:

o First assume that ESS = (. BSP thus needs to run LWS on only {6}, and from Example 9.11
we see that we get Qs = {1,6}. As W = 0, the while loop terminates after one iteration with

Q = Qs = {1, 6}, and subsequently we get Qy = 0.
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o Next assume that ESS = {4}. BSP thus needs to run LWS on {4} and {6}, and from Example 9.11
we see that we get Qs = {1,2,3,4,5} and Q¢ = {1, 6}.
When the members of W = {4} are first examined in the BSP algorithm, we have Q = Qs and
thus Qs NQ = {1} # 0. Hence W will become empty, and eventually the loop will terminate with
Q=0sU04=1{1,234,5,6} (and we also get Qp = 0).

That BSP produces an optimal slicing pair wrt. a given ESS is captured by the following result:

THEOREM 9.15. The algorithm BSP returns, given a pCFG and a set of nodes ESS, sets Q and Qq
such that
e (Q,Qy) is a slicing pair wrt. ESS
o if (Q’, Q) is a slicing pair wrt. ESS then Q C Q.
Moreover, BSP runs in time O(n3) (with n the number of nodes in the pCFG).

10 IMPROVING PRECISION

Section 9 presented an algorithm for computing the least slice satisfying Definition 9.3; such a slice
will also satisfy Definition 5.6 and hence be semantically correct (as phrased in Theorem 6.6). Still,
a smaller semantically correct slice may exist; in this section we briefly discuss two approaches
for finding such slices: semantic analysis of the pCFG, and syntactic transformation of the pCFG.
(Obviously, it is undecidable to always find the smallest semantically correct slice.)

10.1 Improvement by Semantic Analysis

Already in Section 9 we discussed how a precise (termination) analysis may help us to construct a
set ESS that contains fewer (if any) non-essential nodes which in turn may enable us to slice away
some loops.

The size of the slice may also be reduced if a semantic analysis can determine that a boolean
expression always evaluates to true. This is illustrated by the pCFGs in Figure 15, as we shall now
discuss.

First consider the pCFG on the left. As y = 7 holds at node 4, the observe statement can be
discarded, and indeed, the pCFG is semantically equivalent to the pCFG containing only nodes 1
and 5. Yet it has no smaller syntactic slice, since if (Q, Qy) is a slicing pair, implying 5 € Q and thus
1€ Q, then Q ={1,2,3,4,5} as we now show. If 4 € Q, then 3 € Qy (as Qo provides next visibles)
and thus 1 € Q, (by data dependence) which contradicts Q N Qy = 0. As 4 (as it is essential) must
belong to Q U Qy, we see that 4 € Q; but then 2 € Q (by data dependence) and 3 € Q (as Q provides
next visibles).

Next consider the pCFG on the right for which there exists no smaller syntactic slice, since if
(Q, Qo) is a slicing pair and thus 6 € Q then (by data dependence) 4,5 € Q and thus (as Q provides
next visibles) 3 € Q and thus (by data dependence) 1 € Q; also 2 € Q as otherwise 2 € Q, and
thus (by data dependence) 1 € Qy which contradicts Q N Qy = 0. Still, it is semantically sound to
slice away nodes 3 and 5. Thus, even though (Q, Qo) = ({1, 2, 4, 6}, 0) is not a slicing pair according
to Definition 5.6 as 3 has no next visible in {1, 2, 4, 6}, it may be considered a “semantically valid
slicing pair”.

10.2 Improvement by Syntactic Transformation

Simple analyses like constant propagation may improve the precision of slicing even in a determin-
istic setting, but the probabilistic setting gives an extra opportunity: after an observe(B) node, we
know that B holds. As richly exploited in [Hur et al. 2014], a simple syntactic transformation often
suffices to get the benefits of that information, as we illustrate on the program from [Hur et al. 2014,
Figure 4] whose pCFG (in slightly modified form) is depicted in Figure 16. In our setting, if (Q, Q)
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Fig. 15. A redundant observe node (left) and a potentially redundant branch (right).

with 18 € Q is an optimal slicing pair, then Q will contain everything except nodes 12, 13, 14, as can
be seen as follows: 16,17 € Q by data dependence; 15 € Q as Q provides next visibles; 6,7,8,9 € Q
by data dependence; 3,4,5 € Q as Q provides next visibles; 1,2 € Q by data dependence; also
10 € Q as otherwise 10 € Qg and thus also 9 € Qy which contradicts Q N Qg = 0.

Alternatively, suppose we insert a node 11 labeled g := 0 between nodes 10 and 12. This
clearly preserves the semantics, but allows a much smaller slice: choose Q = {11, 15, 16, 17, 18}
and Qp = {1,2,3,4,5,6,7,8,9,10}. This is much like what is arrived at (through a more complex
process) in [Hur et al. 2014, Figure 15].

Future work involves exploring a larger range of examples, and (while somewhat orthogonal to
the current work) investigating useful techniques for computing slices that are smaller than the
least syntactic slice yet semantically correct.

11  CONCLUSION AND RELATED WORK

We have developed a theory for the slicing of imperative probabilistic programs. We have used and
extended techniques from the literature [Amtoft 2008; Ball and Horwitz 1993; Podgurski and Clarke
1990; Ranganath et al. 2007] on the slicing of deterministic imperative programs, represented as
control-flow graphs. These frameworks, some of which have been partly verified by mechanical
proof assistants [Blazy et al. 2015; Wasserrab 2010], were recently coalesced by Danicic et al. [2011]
who provide solid semantic foundations for the slicing of a large class of deterministic programs.
Our extension of that work is non-trivial in that we need to capture probabilistic independence
between two sets of variables, as done in Proposition 6.4, which requires two slices rather than
one. The technical foundations of our work rest on a novel semantics of probabilistic control-flow
graphs (pCFGs).

We establish an adequacy result that shows that for pCFGs that are translations of programs in
a structured imperative probabilistic language, our semantics is suitably related to that language’s
denotational semantics as formulated by first Kozen [1981] and later augmented by Gordon et al.
[2014] (in particular to handle conditioning). As a consequence, our results on slicing of pCFGs
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Fig. 16. The program from Figure 4 of Hur et al. (modified).

allow us to prove a result stating the correctness of slicing structured imperative probabilistic
programs.

We were directly inspired by Hur et al. [2014] who point out the challenges involved in the
slicing of probabilistic programs, and present an algorithm which constructs a semantically correct
slice. That article does not state whether it is in some sense the least possible slice; neither does it
address the complexity of the algorithm. While Hur et al.’s approach differs from ours, for example
it is for a structured language and uses the semantics presented by Gordon et al. [2014] which is
based on expectation functions, it is not surprising that their correctness proof also has probabilistic
independence (termed “decomposition”) as a key notion. Our theory separates specification and

ACM Transactions on Programming Languages and Systems, Vol. 1, No. 1, Article 1. Publication date: January 2019.



1:42 T. Amtoft and A. Banerjee

implementation which we believe provides for a cleaner approach. But as mentioned in Section 10
they incorporate powerful optimizations (which in some cases we can also obtain by means of
simple syntactic transformations).

Much work remains. In future we plan to:

e investigate how our techniques can be used to statically analyze which sets of variables in a
given probabilistic program are probabilistically independent of each other (a topic explored in,
for example, [Bouissou et al. 2016]);

o investigate how to adapt our techniques to a semantics (such as [Bichsel et al. 2018; Olmedo et al.
2018]) that distinguishes between observation failure and non-termination;

e allow variables to contain reals rather than just integers (which will require us to employ measure
theory, cf. the remark in Section 2.1);

o generalize the semantics to a trace semantics and use it to verify/calculate properties of proba-
bilistic programs.
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is x € D such that x; T x for all k and such that if also x; C y for all k then x T y; we shall often
write limy_,« x for that least upper bound. We say that a cpo is a pointed cpo if there exists a least
element, that is an element L such that L C x for all x € D.

We say that a domain D is discrete if x C y implies x = y; a discrete domain is trivially a cpo (but
not a pointed cpo unless a singleton).

A function f from a cpo D; to a cpo D; is continuous if for each chain {x; | k} in D; the
following holds: { f(xx) | k} is a chain in Dy, and limy_, f(xr) = f(limg—eo X ). We let D; —. D,
denote the set of continuous functions from D; to D,. A continuous function f is also monotone,
that is f(x1) C f(x2) when x; C x; (for then x1, x2, X3, ... is a chain and by continuity thus also

f(x1), f(x2), f(x2), ... is a chain).

LEmMMA A.1. Let Dy and D, be cpos. Then Dy —. Dy is a cpo, with ordering defined pointwise:
fi E f2 iff fi(x) E fa(x) forallx € D;.

If D, is a pointed cpo then also D; —. D, is a pointed cpo.

If Dy is discrete then D; —. D contains all functions from Dy to D, (and thus we may just write
D1 - D2)

PRrOOF. Let {f | k} be a chain of continuous functions from D; to D,, with f their pointwise
limit, that is: f(x) = limk_e fi(x) for all x € D;. We have to show that f is continuous. But if
{xk | k} is a chain in D, then

limm oo fin(limg oo x1)
= limm—eo iMoo fin(xk)
= limg oo liMm oo fm(X1)
= limgseo f(xk)-

If D, has a bottom element L then Ax.L is the bottom element in D; —, D,, and if D; is discrete then
all functions from D; to D, are continuous since a chain in D; can contain only one element. O

f(limk—wo Xk)

LEMMA A.2. Let f be a continuous function on a pointed cpo D. Then' {f*(L) | k} is a chain, and
limy_eo f¥(L) is the least fixed point of f.

Proor. From L C f(L) we by monotonicity of f infer that f%(1) T f**1(1) for all k so
{f*(1) | k} is indeed a chain. With y = limi_, f¥(L) we see by continuity of f that y is indeed a
fixed point of f: f(y) = limx_e (L) = y. And if z is also a fixed point, we have L C z and by
monotonicity of f thus f¥(1) C f¥(z) = z for all k, from which we infer y C z. O

B MISCELLANEOUS PROOFS
We shall often let ;" denote function composition: (f; g)(x) = g(f(x)).

B.1 Proofs for Section 3

LEmMA B.1. For given v, let <., be an ordering among proper postdominators of v, by stipulating
that vy <y vy iff in all acyclic paths from v to end, vy occurs strictly before v,. Then <, is transitive,
antisymmetric, and total. Also, if v1 <y, v, then for all paths from v to end it is the case that the first
occurrence of vy is before the first occurrence of v,.

Proor. The first two properties are obvious.
We next show that <,, is total. Assume, to get a contradiction, that there exists an acyclic path
1 from v to end that contains vy strictly before v, and also an acyclic path 7, from v to end that

1Recall that f* is defined by letting f°(x) = x, and f**1(x) = f(f*(x)) for k > 0.
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contains v, strictly before v;. But then the concatenation of the prefix of ; that ends with vy, and
the suffix of 7, that starts with vy, is a path from v to end that avoids v,, yielding a contradiction
as vz postdominates v.

Finally, assume that v; <, vz, and that 7 is a path from v to end; to get a contradiction, assume
that there is a prefix m; of & that ends with v, but does not contain v;. Since there exists an acyclic
path from v to end, we infer from v; <, v, that there is an acyclic path 7, from v, that does not
contain v;. But the concatenation of 7; and 7, is a path from v to end that does not contain vy,
which contradicts v; being a proper postdominator of v. O

Lemma 3.2: For any v with v # end, there is a unique first proper postdominator of .

Proor. It is obvious that v can have at most one first proper postdominator; we shall now argue
that v does have one.

Since Lemma B.1 says that <, is a linear order among the proper postdominators of v, and since
v has at least one proper postdominator (we can use end since v # end), we infer that v has a
proper postdominator v; that is least wrt. the <,, order.

To establish that v; is indeed the first proper postdominator of v, let v’ be another proper
postdominator of v and let 7 be a path from v to v’; our task is to show that v; occurs in 7. As
V1 <p v, and 7 can be extended into a path 7’ from v to end, we infer that in 7’ the first occurrence
of vy is before the first occurrence of v’, in particular that v; occurs in 7. ]

Lemma 3.4:If (v, v;) € PD and (v, v2) € PD (and thus (v, v5) € PD) then LAP(v, v5) = LAP(v, v1)+
LAP(’Ul, 'Uz).

Proor. If v = v; or v; = vy, the claim is obvious; we can thus assume that v; and v, are proper
postdominators of v and by Lemma B.1 we further infer that v; will occur before v, in all paths
from v to end.

First consider an acyclic path 7 from v to v,. We have argued that 7 will contain v;, and hence
7 is the concatenation of an acyclic path from v to v, thus of length < LAP(v, v1), and an acyclic
path from v; to v,, thus of length < LAP(vy, v;). Thus the length of 7 is < LAP(v, v1) + LAP(vy, v3);
as 7 was an arbitrary acyclic path from v to v,, this shows “<”.

To show “>”, let m; be an acyclic path from v to v; of length LAP(v, v1), and ; be an acyclic
path from v; to v, of length LAP(vy, v;). Let 7 be the concatenation of 7; and 7,; 7 is an acyclic
path from v to v, since if v # v; occurs in both paths then there is a path from v to v, that avoids
v; which is a contradiction. As 7 is of length LAP(v, v1) + LAP(vy, v3), this shows “>”. O

LEmMA B.2. Assume that v’ is a proper postdominator of v, that with v = FPPD(v) we have
v’ #v"”, and that Q is a set of nodes.
Ifv stays outside Q until v’ then (i) v stays outside Q untilv”, and (ii) v”’ stays outside Q until v’

Proor. For (i), let 7 be a path from v to v”’ that contains v”’ only at the end. Hence v’ cannot
be in 7 (as v”’ occurs in all paths from v to v’), so we can extend = into a path 7’ from v to v’
that contains v’ only at the end. Since v stays outside Q until v’, 7’ contains no node in Q except
possibly v’, and hence 7 contains no node in Q.

For (ii), let 7 be a path from v’ to v’ that contains v’ only at the end. There is a path from v to
v’ that does not contain v’, so we can extend 7 into a path 7’ from v to v’ that contains v’ only at
the end. Since v stays outside Q until v’, 7’ contains no node in Q except possibly v’, and hence 7
contains no node in Q except possibly v’. O

LEmMMA B.3. Assume that v’ is a proper postdominator of v, that vy is a successor of v, and that Q
is a set of nodes.
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Ifv stays outside Q until v’ then also v stays outside Q untilv’.

PROOF. Let 7 be a path from v; to v’ that contains v’ only at the end. Since v # v’, we can
extend 7 into a path 7z’ from v to v’ that contains v’ only at the end. Since v stays outside Q until
v’, 1’ contains no node in Q except possibly v’, and hence 7 contains no node in Q except possibly

7

v. m}

B.2 Proofs for Section 4

Lemma 4.1: Assume that {Dy | k} is a chain of (not necessarily subprobability) distributions with
D’ = limy_, Di. With S a (countable) set of stores, we have

Z D'(s) = limp_eo Z Di(s)

seS seS

Proor. From Dy < D’ we get that 3.5 D’(s) is an upper bound for {3 ;cs Di(s) | k}; as
limg 00 D ses Di(s) is the least upper bound, we get

limg e Z Di(s) < Z D/(s).
seES seS

To establish that equality holds, we shall assume limy_,c D sc5 Di(s) < Dses D'(s) so as to get a
contradiction. Then there exists € > 0 such that limg_c D e Di(s) + € < Yges D'(s). We infer
that there exists a finite set Sy with Sy C S such that lim_,c Y55 Dk(s) + € < Yses, D(s). For
each s € S there exists K such that Di(s) > D’(s) — €/|So| for k > K, and thus there exists K
(the maximum element of the finite set {K; | s € Sy}) such that for each s € Sy, and each k > K,
Di(s) + €/|So| > D’(s). But then we get the desired contradiction:

Z D'(s) < Z(DK(S) +€/1S]) = Z Di(s) + € < limg—eo ZDk(s) te

seSy seSy seSy seS

< Z D'(s).

seSy

Lemma 4.3: If R C R’ then for s € S(R) we have

D(s) = Z D(s").

s’eS(R’) | &8s

Proor. We have the calculation

Z D(s")

2 | X b

s'eS(R) | s'%s seS(R) | 555 \spesy | soX s’
= 2. D)= ), Diso)=D(s)
'/
s0€Sy, s’eS(R’) | s’gs, sois’ So€Sy | sogs

where the third equality is justified as follows: for a given sy € Sy, exactly one s’ € S(R”) will satisfy

R . . R . R
so = s, and for that s’ we will have (since R C R’) that s’ = s iff s = s. O

Lemma 4.9: If R; and R; are independent in D, so are {x;} and {x;} for all x; € Ry, x; € R,.
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Proor. This follows since for all values vy, v; we have the calculation (due to Lemma 4.3):
D(sy) Z D(sz)
s1€S(R1) | s1(x1)=v1 52€S(R2) | s2(x2)=02
D(s1)D(s2)

51€S(Ry1), s2€S(R2) | s1(x1)=v1, s2(x2)=02

= Z D(s1 & s7) Z D

51€S(R1), 52€S(R2) | s1(x1)=01, s2(x2)=02

= Z D(s) Z D

SES(RIURy) | s(x1)=01, s(x2)=0;

= D({x; vy, X2 Uz})ZD

D({xl — 01} 'D({xz — Uz})

Lemma 4.12: If D is concentrated then R; and R, are independent in D for all disjoint Ry, R,.
ProOF. Let sy € Sy be such that D(s) = 0 for all s € Sy with s # sy. Let s; € S(R;) and s, € R(s5)

be given. We split into two cases:

e First assume that s; & so and s, & so- Then D(sy), D(s2), D(s; @ s2) and 3, D all equal D(sp).

e Otherwise, for some i € {1, 2} we do not have s; & so- Then D(s;) and D(s; @ s;) both equal 0.

In both cases, it is obvious that Equation (1) has been established. o

Lemma 4.13: Let f € D — D be continuous and additive. Assume that for all D that are concen-
trated, f is lossless for D. Then f is lossless.

PRrROOF. Let sy, s3, ...be an enumeration of stores in Sy. For given D € D, and for each k > 1, let
Dy, be given by stipulating Dy (sx) = D(sx) but Di(s) = 0 when s # si. Thus each Dy is concentrated,
and D = limj_e0 D,’C where D,’C =D; + ...+ Dg. Since f is assumed continuous and additive,

£(D) = f(limg_e D},) = lim oo £(D},) = limgeo (f(D1) + . .. + (D))

and thus the desired result follows from the calculation (where we use Lemma 4.1 twice, and exploit
that f is lossless for each Dy.)

D fD) = ES] FDXs)
= ZS limg oo (F(DL)() + ... + F(DE)())
= iMoo ZS (FD1(6) + ... + F(Di)(s))
= LMoo Q:] FD)) + ...+ ZS F(D)s)
= limese (ZUDl(s) ot Z DZ(s))
= lim e SZE‘TUD;C(s) -
=t
- ZS: limg e D},(s) = ZS: D(s) = ZD.
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O
Lemma 4.15: Assume that assign,._;(D) = D’ and that x ¢ R. Then D £p.
Proor. Given sy € S(R), we must show that D’(sy) = D(sg). But this follows since
Disp) = > D)= > > DGs)
s’€Sy |s’§so s’€Sy |s’§so seSu | s’=s[x>[E]s]
= > D(s)
s,s’€Sy | s'gso, s’=s[x—[E]s]
(asx¢R) = Z D(s) = Z D(s) = D(sq)
s,s"€Sy | sgso, s’=s[x—[E]s] seSy | sgso
O

Lemma 4.17 assign,._p is continuous.

Proor. Obviously, assign,.._p is monotone. To show continuity, let {D | k} be a chain. With
Dy = assign,._p(Dx), monotonicity implies that also {D; | k} is a chain; let D = limy_,« Dy and
D’ = limy_, D} Our goal is to prove that D" = assign,._r(D). But this follows since by Lemma 4.1
for each s” we have the calculation

D'(s") = limg_oo Di(s") = limg oo Z Dy (s)
s€Sy | s'=s[x—[E]s]
- limi 0 Di(s) = > D(s)
seSy | s’=s[x—[E]s] seSy | s’=s[x—[E]s]
O
Lemma 4.18: Assume that rassign,._p(D) = D’ and that x ¢ R. Then D 2D
Proor. Given sy € S(R), we must show that D’(sy) = D(sp). But this follows since
Do) = Y, D)= > D P E)DGs)
s’€Sy | s/gso s’€Sy |s’§so seSy |5'U\éx}s
(asx g R) = > YD) = Y > Y @)DE)
s,s’€Sy | sgso, s'U\éx)s seSy | 3550 s’€Sy | s’U\éx}s
I O DN TSN | Y P O1Y ¢<z>))
s€eSy | sgso s’eSy | S/U\éx)s s€eSy | 3250 z€Z
= >, (D(s)-1) = D(so)
s€eSy | s§50
O

Lemma 4.20 rassign,._r is continuous.
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ProorF. Obviously, rassign,.._p is monotone. To show continuity, let {Dy | k} be a chain. With
D} = rassign,._p(Dk), monotonicity implies that also {D; | k} is a chain; let D = limg_ Di
and D" = limy_,« D;. Our goal is to prove that D" = rassign,._g(D). But this follows since by
Lemma 4.1 for each s’ we have the calculation

D'(s) = limeos D) = limoss )5 (' )Di(s)

seSy | s’U\LX}s

Z limp—co Y(s”())Di(s)

U\{x}
='s

seSy | s’

> U E)DGs)

U\{x}
='s

seSy | s’

Lemma 4.24 The functional Hy is continuous on PD — (D —, D).

Proor. Consider a chain {g | k}, so as to prove that Hx (limg_,c gx) = limg—e Hx(gk). For all
(v,v") € PD and all D in D, we must thus prove

Hx (limk—c0 gic)(0, v")(D) = limg 0 Hx (g)(v, v')(D)

and shall do so by induction in LAP(v, v”), with a case analysis in Figure 2. We shall consider some
sample cases:

e If v € X with Lab(v) of the form x := E then both sides evaluate to assign,._g(D).

e If v’ # v” where v”’ = FPPD(v) then we have the calculation

Hx (im0 gic)(v, v')(D) Hx (limk 0 gic)(@", v )(Hx (limge—0 gic ) (v, v)(D))
(limg—eo Hx (gi) (0", v"))(limg 00 Hx (gic) (v, "' )(D))
limg 00 Hx (g1)(@", v")(Hx (gk)(v, v"”)(D))
limk—wo HX(gk)(U, U’)(D)
where the second equality follows from the induction hypothesis, and the third equality from
continuity of Hx (g )(v”,v") (Lemma 4.23).
e If v is a branching node with condition B, true-successor vy, and false-successor v,, where
LAP(v1,v’) > LAP(v,v’) and LAP(vy,v") < LAP(v,v’) (other cases are similar), with D; =

selectg(D) and D, = select_g(D) we have the calculation (where the second equality follows
from the induction hypothesis):

Hx (limksoo g )0, 0" ) (D) = limg_e0 gi(v1, v")(D1) + Hx (limg 00 gic ) (02, ©")(D2)
limi o0 (gic(v1, ") (D1) + Hx (gi)(v2, v")(D2))
limy 00 Hx (gx)(v, v")(D)

The following two lemmas are often convenient.

LEMMA B.4. Assume that assign,,_g(D) = D’. Assume that R, R’ are such that x € R’, and that
R” U fu(E) € R where R” = R\ {x}. Fors’ € S(R") we then have

D'(s") = Z D(s).

seS(R) | 5% ', s'(x)=[E]s
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Proor. This follows from the calculation

>, D= ), > D(so)

so€Sy | sg=so[x>[E]so]

DI(S/)

R R
/R , IR
se€Su | sg=s’ Se€Su | sg=s’

= Z D(sp) = Z D(so)

R R
50-50€Su | sg=solx—=[Ellsol, s; =", s'(x)=[[E]lso so€Sy | so=s", s’(x)=[[Ellso

= 2 D(so)= ) > D(s)

17 ES R
s0€Su | solrE 87, s'(x)=[Ell(solr) S0V SeS(R) | s=solr, 5= ', 5'(x)=[E]s

- > > Do = D D(s)

seSR) | s% s’ s'(x)=[[E]ls \s0€Su | so=s seS(R) | s&'s', s'(x)=[E]ls

]

LEMMA B.5. Assume that rassignx:w(D) = D’. Assume that R, R’ are such that x € R’, and that
R"” C R whereR” = R’ \ {x}. Fors’ € S(R") we then have

D(s)=y(s'(x) D, D)
s€S(R) | o

Proor. This follows from the calculation

() =y, D= ) S psi)Ds)
Sp€Su | 561;'5/ $o€Su | 36};,5/ so€Su | Séugx}so
= > Y(s(x))D(s0)

R
50,5€SU | S0 =5, sp=so[xt>s"(x)]

= DL YEEIDe) = Y)Y 2, D&

" R// R
so€Su | 50R= s’ SeS(R) | s=s’ so€Su | so=s

= Y& Y. D)

s€S(R) | o

[m]
Next some results that prepare for the proof of Lemma 4.29.
LemMA B.6. Let {fi | k} be a chain of additive functions. Then f = limy_,« fi is additive.
Proor. For all distributions D; and D,, we have
fD1+Dy) = limg_eo fi(D1 + D32) = limg_00 (fi(D1) + fi(D2))
= iMoo fie(D1) + limi oo fi(D2) = f(D1) + f(D2).
[m]
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LeEmMA B.7. Let {fi | k} be a chain of multiplicative functions. Then f = limy_,« fi is multiplica-
tive.

Proor. For all distributions D, and for all ¢ with ¢ > 0, we have

f(eD) = limg e fr(cD) = limg 0o cfx (D) = ¢ limg_0o fx(D) = cf(D).

]

LemMA B.8. Let {fi | k} be a chain of non-increasing functions. Then f = limy_, fr is a non-
increasing function.

Proor. For all distributions D, by assumption }; fx(D) < >, D for all k so by Lemma 4.1 we get:

D FD) =) limgseo fi(D) = limgoo ) fi(D) < limg o Y D= >"D.

LEmMA B.9. With Hx as defined in Def. 4.22, we have:
. ifho(”’”/) is additive for all (v,v") € PD then Hyx (ho)®?" is additive for all (v,v’) € PD;
o ifho'>¥") is multiplicative for all (v,v") € PD then Hx (ho)©*%") is multiplicative for all (v,v’) € PD;
. ifho(”’v') is non-increasing for all (v, v’) € PD then Hx (ho) @ is non-increasing for all (v,v’) €
PD.

PROOF. An easy induction in LAP(v, v’), using Lemmas 4.14, 4.16 and 4.19. ]

Lemma 4.29 Given a set X of nodes, let h = fix(Hx), and for each k > 0 let by = H;(O). Then

for each (v, v’) € PD, h@?) is additive, multiplicative and non-increasing, as is each hk(v’v,), in

particular (taking X = V) each w;®?".

Proor. The function 0 is obviously additive, multiplicative and non-increasing, so by Lemma B.9
we infer that for each k > 0, and for each (v,v’) € PD, hk(”’”,) is additive, multiplicative and
non-increasing. The claim about h now follows from Lemmas B.6, B.7, and B.8. ]

Lemma 4.31 Given a pCFG, a slice Q, and (v, v") € PD such that v stays outside Q until v’. We
then have HQ(h)(”’”')(D) = D for all D € D and all modification functions h.

Proor. We do induction in LAP(v, v’). The claim is obvious if v = v’. If with v = FPPD(v)
we have v’ # v”, we can (by Lemmas B.2 and 3.4) apply the induction hypothesis to (v, v”") and
(v”,v"), to get the desired Ho(h)**(D) = Ho(h)®" ) (Ho(h)®*"(D)) = Ho(h)®"* (D) = D.

We are left with the case when v’ = FPPD(v), and since v stays outside Q until v’ we see that
v ¢ Q and thus clause (32) in Figure 2 gives the desired HQ(h)(“’“/)(D) =D. O

We now prepare for the proof of Lemma 4.32.

Definition B.10. A function f : D — D is non-increasing wrt. R, a set of variables, if f(D)(s) <
D(s) holds for all D € D and s € S(R).

Observe that with R = 0, this reduces to the previous notion of non-increasing.

LeEMMA B.11. With (v, v") € PD, assume that Q is closed under data dependence and that v stays
outside Q untilv’. Let R = rvg(v) = rvg(v’) (well-defined by Lemma 3.15), and let wj = H\’j(O) for
each k > 0. Then w %) is non-increasing wrt. R for all k > 0.
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Proor. Induction in k, followed by induction in LAP(v, v”). The case where k = 0 is trivial as
then wy = 0. Now let k > 0, in which case w = Hy(wg_1). If v’ = v, then w»?)(D) = D and the
claim is trivial. Otherwise, let vy = FPPD(v); if vy # v’ then Lemma B.2 tells us that we can apply
the induction hypothesis twice to infer that wy(%*) and w;*>?") are both non-increasing wrt. R
which shows that w7 is non-increasing wrt. R since for s € S(R) we have

P D)S) = 0@ D))(s) < DY) < D).

We are left with case where v’ = FPPD(v). If Lab(v) is of the form observe(B) the claim is trivial.

If Lab(v) is of the form x := E or of the form x := random(y/) we first infer that x ¢ R because
otherwise, as Q is closed under data dependence, we would have v € Q which contradicts that v
stays outside Q until v’. But then the claim follows from Lemmas 4.15 and 4.18.

The last case is if v is a branching node with condition B, with v; the true-successor of v and
v, the false-successor of v. For each D € D, let D; = selectg(D) and D; = select_g(D) and let (for
i € {1,2}) D} be defined as i@ )(D;) if LAP(v;, v”) < LAP(v, ©’), but otherwise as wy_; ©?)(D;).
Foreachi € {1, 2} we can apply, as v; stays outside Q until v’ (Lemma B.3), either the outer induction
hypothesis, or the inner induction hypothesis, to infer that for all s € S(R), D;(s) < D;(s). For each
s € S(R) we thus infer the desired

@ ?)(s) = DI(s) + Di(s) < Dy(s) + Dy(s) = D(s).
O
Lemma 4.32 With (v, v’) € PD, assume that Q is closed under data dependence and that v stays
outside Q until v’ (by Lemma 3.15 it thus makes sense to define R = rvp(v) = rvp(v’)).
For all distributions D, if 3, ©@¥(D) = 3 D then »®¥)(D) 2p.
ProoF. GivenD € D with Y, »@¥)(D) = ¥, D, forall s € S(R), Lemma B.11 yields cwi*>¥")(D)(s) <

D(s) for all k > 0, and as w = limg_,c wi this implies —since w is the least upper bound—
0@ ?)(D)(s) < D(s). We thus get (using Lemma 4.4)

Do®Dy= > o®D)s) < > Ds)= Y. D.
s€S(R) s€S(R)
If Y 0®?)(D) = ¥, D we infer from the above that
> D))= Y Dls)
seS(R) s€S(R)

which since ©®-?)(D)(s) < D(s) for all s € S(R) is possible only if ©®-*)(D)(s) = D(s) for all
s € S(R), that is ®?)(D) 2D. O

B.3 Proofs for Section 5

Lemma 5.3 If Q; and Q, are weak slice sets, also Q; U Q, is a weak slice set.

Proor. Let Q = Q1 U Q,. To see that Q is closed under data dependence, assume that v s v’
with v’ € Q; wlog. we can assume v’ € Q; which since Q; is closed under data dependence implies
v € Qp and thus v € Q.

We shall now look at a node v, and argue that nexty(v) exists. If nextg, (v) = v or nextg,(v) = v,
then v € QU {end} and thus nextp(v) = v. Otherwise, let v; = nextp, (v) and v, = nextp,(v); both
v and v, are proper postdominators of v so by Lemma B.1 we can wlog. assume that v; occurs
before v, in all paths from v to end (or that v; = vy).
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We shall now show that v; = nextp(v), where we first observe that v; € Q U {end}. Now
consider a path 7 from v to Q U {end}. We must show that 7 contains vy, which is obvious if the
path 7 is to Q; U {end}. Otherwise, when 7 is to Q,, we infer that 7 contains v, (which yields the
claim if v; = vy). Since all nodes have a path to end, r is a prefix of a path 7’ from v to end; as v;
occurs before v; in all paths from v to end, we see that v; occurs before v, in 7’. We infer that v,
occurs also in s, as desired. ]

Lemma 5.7 Assume Q' is a node set which contains all observe nodes, and that for each cycle-

inducing node vy, either vy € Q or @ FPPP®) js Jossless. If v stays outside Q until v’ then
3 @YD) = ¥ D for all D.

Proor. We do induction in LAP(v, v’). The claim is obvious if v’ = v, so we can assume that v’
is a proper postdominator of v.

With v”” = FPPD(v), let us first assume that v’ # v”’. By Lemma 3.4 we have LAP(v,v”) <
LAP(v,v’) and LAP(v”,v") < LAP(v,v’), and by Lemma B.2 we see that v stays outside Q until
v” and that v stays outside Q’ until v’. We can thus apply the induction hypothesis on ")
(the third equality) and on »®">?") (the second equality) to infer that for all D we have

o0y = 3 o0 0) = 3 o (D) = 3 D.

Thus we can now assume that v’ = FPPD(v). If v is labeled skip the claim is trivial; if v is labeled
x := E (or x := random(y)) then the claim follows from Lemma 4.16 (or Lemma 4.19). Note that
v ¢ Q' (as v stays outside Q’ until v”), so our assumptions entail that v cannot be an observe node,
and that if v is cycle-inducing then »(®¥") is lossless and thus the claim.

We are thus left with the case that v is a branching node which is not cycle-inducing. With
vy the true-successor and v, the false-successor of v, we thus have LAP(vy,v") < LAP(v,v’) and
LAP(v;,v") < LAP(v, v’), and by Lemma B.3 also that v; and v; both stay outside Q’ until v’. Hence
we can apply the induction hypothesis to »®>%") and w®»¥"), to get the desired result:

Do) = ) (@ (selectp(D)) + 0 (select-p(D)))
= Z ) (selectg(D)) + Z w0 )(select_p(D))

Z selectg(D) + Z select_g(D) = Z D.

B.4 Proofs for Section 6

LEmMA B.12. For each (v,v’) € PD, and each k > 0, yk(”’”/) is additive, multiplicative and
non-increasing.

Proor. We know from Lemma 4.29 that w is additive, multiplicative and non-increasing (and so
is the function 0); the result thus follows from Lemma B.9. m]

Similarly, we have (with ®; defined in Def. 6.7):

LEmMA B.13. For each (v,v") € PD, and each k > 0, @k(”’”/) is additive, multiplicative and
non-increasing,

Lemma 6.2 Assume that v stays outside Q U Q, until v’. Then y; %) = »®¥") holds for all
k=>o0.

ACM Transactions on Programming Languages and Systems, Vol. 1, No. 1, Article 1. Publication date: January 2019.



1:54 T. Amtoft and A. Banerjee

Proor. We do induction in k, where the base case k = 0 follows from the definition of y,.
For the inductive case, where yx = Hy(yx-1) with k > 0, we do induction in LAP(v, v’), with a
case analysis on the definition of Hy:

e If v’ = v then Yk(”’”/)(D) =D = 0@?)(D);

o Ifwithov”” = FPPD(v) we have v’ # v"” then we know from Lemma B.2 that v stays outside QU Q,
until v/, and that v’ stays outside Q U Qp until v’; by Lemma 3.4 we know that LAP(v, v"’) <
LAP(v,v") and LAP(v”,v") < LAP(v, v’). Hence we can apply the inner induction hypothesis to
infer that y;(*-?") = ©®?") and y; (¥ = »(*"-?) But then we get the desired

@) = @0 @) @) @) (00,

e Otherwise, when v’ = FPPD(v), the claim is trivial except when v is a branching node. So
consider such a v, and let B be its condition, v; its true-successor, and v, its false-successor. Our
goal is to prove, for a given D, that y;¥-?)(D) = »(®-?)(D) which amounts to

Hy (yk-1)?(D) = Hy(w)**(D).

With D; = selectg(D) and D, = select_p(D), examining the definition of Hy shows that it suffices
if for i € {1, 2} we can prove:
— if LAP(v;,v") < LAP(0v,v’) then

v (D) = 0 (Dy)

which follows by the inner induction hypothesis;
- if LAP(v;,v") > LAP(v, ") then

Y19 ?)(Dy) = 0@ N(D;)

which follows by the outer induction hypothesis.

To prepare for the proof of Lemma 6.5, we state a result about branching nodes:

LEMMA B.14. Assume that v is a branching node, with B its condition, and v, its true-successor
and v, its false-successor. Let D € Dg, with D; = selectg(D) and D, = select_g(D). Assume that
R, Ry, Ry, R, are such that fy(B) UR; UR; C R and RN Ry = 0. Finally assume that R and R, are
independent in D. Then fori = 1,2 we have

(1) R; and Ry are independent in D;, and

(2) ¥so € S(Ro) : D(so) 2 D; = Di(s0) 2. D.
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Proor. We shall consider only the case i = 1 (as the case i = 2 is symmetric). For part 2, we
have the calculation (where the 3rd equality follows from R and R, being independent in D)

Dso) ), Dv = D(so) ., D)= > D(so)D(s)

seS(R) | [Bls seS(R) | [Bls

(D(soeas)ZD) =l > Dmes|y D

seS(R) | [Bls seS(R) | [Bls

= Z D(s") Z D

R
s’€S(RURy) | 8" = s, [B]ls’

= Z D(s) ZD = Z Di(s) ZD = DI(SO)ZD

R R
s€eSy | s:oso, [Bls s€eSy | s:oso

For part 1 we have with s; € S(R;) and sy € S(Ry) the calculation (which uses part 2 and the fact
that if D = 0 then the claim is trivial)

Di(s1 ® so) Z D,

Z D(s & sp) Z D,

seS(R) | s sy, [Bls

_ Z D(Sz)lziso) Z D,

R
seS(R) | s=s1, [Bls

Z D(s) D(soz?‘ lz): D,

seS(R) | 5251, [Bls

D1(s1)D1(so)-

To facilitate the proof of Lemma 6.5, we introduce some notation:

Definition B.15. We say that h € PD — D —. D preserves probabilistic independence iff for
all slicing pairs (Q, Qp), the following holds for all (v,v") € PD, with R = rvg(v), R" = rvg(v'),
Ry = rvg,(v), and R} = rvg,(v"): for all D € Dgy, such that R and Ry are independent in D, with
D’ = h®?)(D) it is the case that

(1) R” and R;, are independent in D’

(2) if v stays outside Q until v’ (and thus R’ = R) then for all s € S(R) we have

D(s) Z D' =D'(s) Z D

(3) if v stays outside Qp until v’ (and thus R; = Ry) then for all s € S(Ry) we have

D(so) Z D’ =D'(s0) Z D.

LEMMA B.16. For each k > 0, y; preserves probabilistic independence.
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Proor. We shall proceed by induction in k. We shall first consider the base case k = 0. For a
given (v, v’) € PD, the claims are trivial if yO(v’v’) = 0, so assume that v stays outside Q U Q, until v’
(implying R” = Rand R} = Ry) and thus y,**") = »(%"¥"). We can apply Lemma 5.8 (and Lemma 3.13)

to infer that for all D, with D’ = yO(U’U/)(D) we have D’ R D, and by Lemma 4.6 thus also D’ R D

and D’ 2 D and D’ £ D. That is, for s € S(R) and sy € S(Ry) we have D’(s & syp) = D(s & s¢) and
D’(s) = D(s) and D’(sg) = D(sp), and also D’(0) = D(0) which amounts to ), D’ = >} D. This clearly
implies claims 2 and 3 in Definition B.15, and also claim 1 since for s € S(R) and sy € S(Ry) we have,
by our assumption that R and R, are independent in D:

D'(s & s) Z D' = D(s & s) Z D = D(s)D(so) = D'(s)D’(s0).

We shall next consider the case k > 0, where we assume that y;_; preserves probabilistic indepen-
dence and with y; = Hy(yx-1) we must then prove that y; preserves probabilistic independence,
that is: given (v,v") € PD with R = rvg(v), R" = rvp(v’), Ry = rvg,(v), and R = rvg,(v’), and
given D € Dg, such that R and R are independent in D, with D’ = Yk(”’”/)(D) we must show that:
(1) R’ and R}, are independent in D’
(2) if v stays outside Q until v’ (and thus R’ = R) then for all s € S(R) we have

D(s) Z D’ =D'(s) Z D

(3) if v stays outside Qy until v’ (and thus R} = Ry) then for all s, € S(Ry) we have

D(so) Z D’ =D'(s0) Z D.

We shall establish the required claims by induction in LAP(v, v’). First observe that if D’ = 0 the
claims are trivial. We can thus assume that Y, D’ > 0, which by Lemma B.12 entails that }; D > 0.

If v’ = v, then D’ = D and R’ = R and R} = Ry and again the claims are trivial.

Otherwise, let v = FPPD(v), and first assume that v” # v’ in which case the situation is that
there exists D’ such that y;(®-?")(D) = D” and y*">*)(D"’) = D’; by Lemma B.12 we can assume
that D" # 0 (as otherwise D’ = 0 which we have already considered). By Lemma 3.4 we have
LAP(v,v") < LAP(v,v’) and LAP(v”,v’) < LAP(v, v’), so we can apply the induction hypothesis
on @) and on y*"¥), With R” = rvo(v”) and R{’ = rvg,(v”), the induction hypothesis now
first gives us that R and R{ are independent in D"/, and next that R” and R{ are independent in D’.

Concerning claim 2 (claim 3 is symmetric), assume that v stays outside Q until v’; by Lemma B.2
we see that v stays outside Q until v”’ and v”” stays outside Q until v”. Inductively, we can thus
assume that for s € S(R) we have

D(s) Z D” =D"(s) Z D and D”(s) Z D’ =D'(s) Z D”.

which since ), D" > 0 gives us the desired

D(s) Z D = D’g)ﬁ D Z D’ =D"(s) Z D’ ZZ 5 -

D'(s) Z D"% = D'(s) Z D.

We are left with the case v’ = FPPD(v), and split into several cases, depending on Lab(v), where
the case for skip is trivial.

Case 1: v is an observe node. With B the condition, for s’ with fv(B) C dom(s’) we thus have
D'(s") = D(s) if [[B]ls’, and D’(s”) = 0 otherwise. As (Q, Qo) is a slicing pair, either v € Q or
v € Qp. Let us assume that v € Q; the other case is symmetric. Thus fv(B) C R, and also R’ C R as
Def (v) = 0; as v stays outside Qp until v, by Lemma 3.15 we also have R = Ry.
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The following calculation, where the 3rd equality is due to the assumption that R and Ry are
independent in D, shows that for sy € S(Ry) we have D’(sy) >, D = D(s¢) >, D":

D’(sO)ZD Z D'(s & s) ZD: Z D(s ® so) ZD

seS(R) seS(R) | [Bls

>, D)D) =Diso)| Y. DGs)

seS(R) | [Bls seS(R) | [Bls

D(so) Z D'(s) =D(30)ZD’.

s€S(R)

This yields claim (3) (while claim (2) vacuously holds) and also gives the last equality in the following
derivation that establishes (again using the assumption that R and Ry are independent in D) claim (1)
by considering s’ € S(R”) and sy € S(Ry):

D'(s’ @ so) Z D’

Z D'(s @ sp) Z D’

’
seS(R) | Y

= Z D(s @ sg) ZD éDD/

seS(R) | s¥s', [B]s

’

>D
- 2 DOPw| ST
seS(R) | s¥s', [B]s

N oL

seS(R) | slgs’

D'(s")D’(s0)-

Case 2: v has exactly one successor and is not an observe node. Then v is labeled with an
assignment or with a random assignment; in both cases, the distribution transformer is lossless
(Lemmas 4.16 and 4.19) so we get 3, D’ = Y, D. We further infer by Lemma 4.32 that if v ¢ Q then
R’ = Rand D’ R D (as then v stays outside Q until v’); similarly, if v ¢ Qp then Rj = Ry, and
DD,

The above observations obviously establish the claims (2) and (3). We shall now address claim (1),
that is show that D’(s @ sy) >, D’ = D’(s)D’(sy) for s’ € S(R’) and sy € S(Rp). To do so, we shall do a
case analysis on whether v € Q U Qy.

First consider the case where v ¢ Q U Qq. Then (by Lemma 4.32) we get R” = R and R = Ry and

D’ *Z% D. This establishes claim 1 since for s € S(R) and sy € S(Ry) we have (using the assumption

that R and R are independent in D) D’(s @ sg) >, D’ = D(s @ so) 2, D = D(s)D(sg) = D’(s)D’(s).
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Next consider the case where v € Q U Q. Without loss of generality, we may assume that v € Q.
Thus v ¢ Qg so R = Ry and Ry N Def (v) = 0 and D’(sp) = D(sp) for all 59 € S(Ry). We split into two
cases, depending on whether R’ N Def (v) is empty or not.

First assume that R’ N Def(v) = 0. Then R’ C R, and by Lemmas 4.15 and 4.18 (as (R" U Ry) N

Def(v) = 0) we get D K2 b For s’ e S(R’) and sy € S(Ry) we thus have D'(s’ & s,) = D(s” & s¢)
and D’(s”) = D(s") and D’(so) = D(sp) and >, D’ = 3, D, which (using the assumption that R and R
are independent in D) gives us the desired result

D'(s’ @so)ZD' = D(s’ GBso)ZD
= Z D(s & so) Z D
s€S(R) | s}gs’
= D, D©D(s)=D()D(so) = D'(s")D'(s0).
seS(R) | sgs’

Next assume that R’ N Def(v) # 0. We now (finally) need to do a case analysis on the kind of
assignment.

If Lab(v) = x := E, we have (by Lemma 3.11) R = (R"\ {x})U fu(E) and from our case assumptions
also x € R’ and x ¢ R. Let us now consider s’ € S(R’) and sy € S(Ry); the claim follows from the
below calculation where the third equality uses the assumption that R and R, are independent in
D, and the first and last equality both uses Lemma B.4:

Z D(sy) Z D

R’ UR,
MRS @50, (57 @s0)(x)=[Ellss

D'(s’ @ sp) Z D’

$s1€S(RURy) | s1

= Z D(s @ sp) ZD

seS(R) | SR/\={X}S', s'(x)=[E]s
= Z D(s)D(s)
seS(R) | s~ Wy, s(x)=[E]s
= D,(S’)D,(S()).

Finally, if Lab(v) = x := random(y/), we have R = (R” \ {x}) and from our case assumptions also
x € R’ and x ¢ Ry. Let us now consider s’ € S(R”) and sq € S(Ry): the claim follows from the below
calculation where the third equality uses the assumption that R and R, are independent in D, and
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the first and last equality both uses Lemma B.5:

D'(s®s0) ) D' = (s @ s0)(x)) >, Den|Y.D

R’ R
s1€S(RURy) | s1 \(ﬁ}u Os’@so

P'@)| D Dis@so) | YD

/
s€S(R) | K \=(X}s'

Y’ ). D)D(s)
SES(R) | sR,\:{X}s’

D'(s")D'(so)-

Case 3: v is a branching node. First assume that v ¢ Q U Q. Here Q U Qy is a weak slice set
(Lemma 5.3), so from Lemma 5.4 we see that v stays outside QU Qy until v’; thus R’ = Rand R = Ry
(by Lemma 3.15). By Lemma 6.2 we see that D’ = y(©?)(D) = »®?)(D), and Lemma 5.8 thus
tells us that D’ “2% D. In particular for all s € S(R) and sy € S(Ry) we have D’(s @ s9) = D(s @ s),
D’(s) = D(s), D’(so) = D(sp) and Y, D’ = } D. But this clearly entails all the 3 claims.

In the following, we can thus assume that v € QU Qy, and shall only look at the case v € Q as the
case v € Qp is symmetric. Claim 2 thus holds vacuously; we shall embark on the other two claims.
As v € Q we have (by Lemma 3.12) fv(B) € R = rvp(v), and as v ¢ Qy we see (by Lemma 5.4) that
v stays outside Qg until v so that (by Lemma 3.15) Rj = Ry. With v; the true-successor of v and
v, the false-successor of v, and with D; = selectg(D) and D, = select_g(D), the situation is that
D’ = D] + D, where for each i € {1, 2}, D; is computed as
e if LAP(v;,v") < LAP(v,v’) then D = v @ (D),

e if LAP(v;, ') > LAP(v,v’) then D) = yr—©+?)(D)).
Let Ry = rvp(v1) and Ry = rvp(vy); thus (by Lemma 3.12) R; C Rand R, C R.

By Lemma B.14, we see that

Vi € {1,2} : R; and R, are independent in D; (11)

Vi e {1,2} : D(sy) Z D; = Di(so) Z D for all sy € S(Ry). (12)
Given line (11), and the fact that v; stays outside Qy until v’, we can infer that

Vi € {1,2} : R" and Ry are independent in D} (13)

Vi e {1,2} : Di(so) Z D} = D}(s0) Z D; for all sy € S(Ry) (14)

since when LAP(v;,v") < LAP(v,v’) this follows from the (inner) induction hypothesis, and
otherwise it follows from the assumption (the outer induction) about yx_;. We also have

D(sp) Z D’ = D'(sp) Z D for all sy € S(Ry) (15)
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since for sy € S(Ry) we have

D'(so) )\ D = (Dj(s0) + Dj(s0)) Y D
LD LD
by (14) = (D1(30)Z—D1 +D2(SO)Z—D2)ZD
by (12) = Diso) },Dj +D(s) ) Dy =D(so) ), D’

where we have assumed that D; # 0 and D, # 0; if say D; = 0 then D] = 0 (as each yx is non-
increasing by Lemma B.12) and D = D; and D’ = D}, in which case the claim follows directly from
line (14).

From line (15) we get claim 3, and are thus left with showing claim 1 which is that R” and Ry
are independent in D’. If D] = 0 then D’ = D and it follows from line (13); similarly if D, = 0.
Otherwise, in which case also Y, D; > 0 and , D, > 0, for s’ € S(R’) and sy € S(Ry) we have

D'(s" ® so) Z D" = (Di(s" @ so) + Dj(s” @ sp)) Z D’

by (13) = Di(s/)Di(so)g—g; +Dé(s')D§(3°)§_g;

by (19) = Di(s')Dmso)ggi+Dé<s'>Dz<50>§g

by (12) = DI(S’)D(So)%+D§(3’)D(S°)Zzg
= D’(s’)D(So)ZZg

by (15) = D'(s)D'(s0)

Lemma 6.5 [rephrased using Definition B.15]: w preserves probabilistic independence.

Proor. Let a slicing pair (Q, Qo) be given, and let {yx | k} be defined as in Definition 6.1.
By Lemma B.16, each element in the chain {yx | k} preserves probabilistic independence; by
Proposition 6.3, it is sufficient to prove that also limy_, yx preserves probabilistic independence.

With (v, v’) and D given, let Dy = y®>¥)(D) for each k > 0, and let D’ = (limj_,oo yk)(v’vl)(D).
Then we can establish each of the 3 claims about D’; claim (1) follows from the calculation

D'(s; @ sy) Z D’ (limg 00 Di(s1 @ 7)) Z limy_,00 Dy
(Lemma 4.1) =  (limg_eo Di(s51 @ 55)) (limg—c0 Z Dy) = limg— e (Di(s1 ® s2) Z Dy)
limg 0o (Dg(s1)Di(s2)) = D'(51)D’(s7)

whereas claim (2) (claim (3) is symmetric) follows from the calculation
D(s) Z D' = D(s) Z limy—,e D
(Lemma 4.1) = D(s)limi_e0 Z Dy = limg_,00 (D(s) Z Dy)

(Lemma B.16) = limg_eo (Di(s) Z D) =D'(s) Z D.

(Lemma B.16)
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Lemma 6.9 For a given pCFG, let (Q, Qo) be a slicing pair. For all k > 0, all (v, v") € PD with
R =rvp(v) and R" = rvp(v’) and Ry = rvg,(v), all D € Dgy, such that R and R, are independent in

D, and all A € Dg, such that D R A, we have
D) £ e o).

Proor. The proof is by induction in k, with an inner induction on LAP(v, v").

Let us first (for all k) consider the case where v stays outside Q U Qg until v’. By Lemma 6.2
we see that yk(”’“,) = 0®?), and we also see that ®(>?)(A) = A (by Definition 6.7 if k = 0, and
by Lemma 4.31 otherwise).

Our proof obligation is thus, since R’ = R, that

0@y B 1. A

But from Lemma 5.8 we get (“>?)(D) 2 D, and by assumption we have D 2 A, so the claim follows

since 2 is obviously transitive.
If k = 0 but v does not stay outside Q U Q, until v’ then our proof obligation is
R o
0= Cp - 0

which obviously holds (no matter what cZ’g is).

We now consider k > 0, in which case ’yk = Hy(yx-1) and ®; = Hp(Px—1), and again consider
several cases.
First assume that v/ = v, and thus R’ = R. Then our obligation is

DEREY

which follows directly from our assumptions.

Next assume that v’ # v/ with v’/ = FPPD(v). Then, by Figure 2, y;(©-%") = y(@:0") ; y, (")
and with D" = y;.(“-*")(D) we thus have y; -2 )(D) = y©"-?)(D"); similarly, with A” = @;(*-?")(A)
we have @, (-?)(A) = &, ¥ ¥)(A”). Since LAP(v, v"") < LAP(v,v’) we can apply the inner induc-
tion hypothesis to (v, v"’) and get

D" e A"
where R” = rvg(v”). With R = rvg,(v”'), by Lemma B.16 we moreover see that R and R’ are
independent in D”'. Hence we can apply the inner induction hypothesis to (v”’, v’) to get

"o R’ 7 "o
,U )(DI/) = c:"z}/ . (I)k(v 4 )(C::g’, . A/’)

(%
7 b

which since @y is multiplicative (Lemma B.13) amounts to
D) E e e @ a)
which is as desired since c:g = c,fg : C::Iy’j@,v") Dy
We are left with the situation that v" = FPPD(v) (and k > 0) and v does not stay outside Q U Qq
until v’. By Lemma 5.4, we infer v € Q or v € Qp; we now consider each of these possibilities.
Assume v € Qg (and k > 0 and v’ = FPPD(v)). Thus v ¢ Q, and hence (by Lemma 5.4) v stays
outside Q until v’ and thus R’ = R. With D’ = y;(*-?)(D), by Lemma B.16 we see that

D(s) Z D’ =D'(s) Z D for all s € S(R). (16)
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Since v ¢ Q, and & = Ho(P—1) as k > 0, we see from clause (3a) in Figure 2 that 2 )(A) = A.
Thus our proof obligation is

DS
which (as we assume D 2 A) amounts to proving that for all s € S(R):
D'(s) = ¢g’py - D(s)
If D = 0 and hence D’ = 0 then this is obvious. Otherwise, Definition 6.10 stipulates

v,v _ ZD,
Ck,D - ZD

and equation (16) yields the claim.
We shall finally consider the case v € Q (and k > 0 and v’ = FPPD(v)). Thus v ¢ Qp, and

hence (by Lemma 5.4) v stays outside Qp until v’; thus cZ’g = 1 so that our proof obligation,
I

with D’ = y@¥)(D) and A’ = ®(*?)(A), is to establish D’ = A’, that is D’(s’) = A’(s’) for all
s’ € S(R’). We need a case analysis on the label of v, where the case skip is trivial.

If Lab(v) = observe(B), we have fu(B) € R = rvp(v) and as Def(v) = 0 also R” C R; for
s” € S(R’) this gives us the desired

N(s') = Z N(s) = Z A(s) = Z D(s)

seSMR) | s¥s’ seSR) | s¥s', [B]s seS(R) | s¥s, [B]s
= Z D'(s) = D'(s).
s€S(R) | sgs’

If vis a branching node, with B its condition, and v, its true-successor and v, its false-successor,
with D; = selectg(D) and D, = select_g(D)and A; = selectg(A) and A, = select_g(A) the situation
is that D’ = D] + D;, and A’ = A] + A; where for each i € {1,2}, D; and A is computed as
e if LAP(v;,v") < LAP(v,v’) then D; = v @>¥)(D;) and A} = Ye@o(A);

e if LAP(v;,v") > LAP(v,v’) then D] = Yi-19#?)(D;) and Al = Yie—1Z 20 (A)).

Let Ry = rvg(v;) and Ry = rvp(v); thus (by Lemma 3.12) R; € Rand R; C R, and also fv(B) C R.

For each i = 1, 2, we see

o that R; is independent of Ry in D; (by Lemma B.14),

e that D; & A; (by Lemma 4.6 from D; R A; which holds as for s € S(R) we have D;(s) = A(s) and
Ds(s) = Aa(s) since if say [[B]s is false then the first equation amounts to 0 = 0 and the second
to D(s) = A(s)),

o that v; stays outside Q, until v’, and thus cz”"[;’i, =1.

We now infer that for each i = 1, 2 we have D] B A} (when LAP(v;, v") < LAP(v, v’) this follows

from the inner induction hypothesis, and otherwise it follows from the outer induction hypothesis

on k). For s € S(R’) we thus have D;(s") = A{(s") and D;(s") = Ay(s), which implies D’(s") = A’(s’).
This amounts to the desired D’ & A.

If v is a (random) assignment, let x = Def(v) and first assume that x ¢ R’. Thus R” C R so
that D £ A, and by Lemma 4.15 (4.18) we get D £ D and A £ A’ But this implies the desired
D' & A’ since for s’ € S(R’) we have D’(s") = D(s") = A(s”") = A’(s7).

We can thus assume x € R’ and first consider when Lab(v) = x := E. Then (by Lemma 3.11)
R =R" U fW(E) with R” = R" \ {x}, so given s’ € S(R") we can use Lemma B.4 twice to give us the
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desired
D(s) = > DGs) = DL AL = A,
seS(R) | s s, s'(x)=[E]s  seS(R) | s= s, s'(x)=[E]s
We next consider the case when Lab(v) = x := random(y). Then R = R’ \ {x}, so given s’ € S(R’)
we can use Lemma B.5 twice to give us the desired

D)=y’ x| D DE| =y Y A=A

s€S(R) | ss7 s€S(R) | sBs/

B.5 Proofs for Section 7

We know from clause (2) in Figure 2 that when v = FPPD(v) we have the equation @) =
0 @¥); 0®"?) (and similarly for wy). But to reason about the translation of structured programs,
we need that equation to hold for all (v, v”), (v"’,v") € PD.

LEMMA B.17. Given a pCFG, let H be given as in Definition 4.22. For all (v, v1), (v1,v2) € PD, and
for allhy € PD — D — D, with h = H(hy) we have
h(v,vz) = h(v’vl). h(vlaUZ).

ProoF. The claim is by induction in LAP(v, v;). If v; = v, the claim is obvious (as then A(*>®") is
the identity); if v; = FPPD(v), the equality follows from the definition of H.

So assume that with vy = FPPD(v) we have vy # v and v; # vy. By Lemma 3.4, LAP(vy, v1) <
LAP(v, v1). Inductively, we thus have h(@0.v2) = p(wo.v1). p(v1.22) \which gives us the desired result:

plo02) — h(v,vo);h(vosvz) — h(UJJO);(h(UOsvl);h(Ul’UZ)) — h(v,vl);h(vl»vz).

[m}
LEMMA B.18. Given a pCFG, let w be as in Definition 4.26. For all (v,vy), (v1,v3) € PD:
w©-02) = w(’U,Ul);w(Ul,’Uz).
Proor. This follows from Lemma B.17 since w = H(w). O

Theorem 7.8 Let P be a structured probabilistic program, let G = T(P), and let w be the meaning
of G (cf. Definition 4.26).

Let S be a structured probabilistic statement that is part of P. Thus T(S) will be a sub-pCFG of G;
let v = start(T(S)) and v’ = end(T(S)).

For all distributions D, D’ and expectation functions F, F’, if [S]F’ = F and »®¥)(D) = D’ then

Z F(s)D(s) = Z F'(s)D'(s).
s€eSy s€eSy

Proor. We do structural induction in S, with a case analysis.
o The case with S = skip is trivial, as then F = F’ and D’ = D.
e For the case S = observe(B), the claim follows from the calculation

Z F'(s)D'(s) = Z F'(s)selects(D)(s) = Z F'(s)D(s)
s€eSy s€eSy s€Sy I [[B]]S
= Z F(s)D(s).
seSy
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e For the case S = x := E, the claim follows from the calculation

Z F'(s\D'(s") = Z F'(s)) Z D(s)| = Z F'(s")D(s)

s’€Sy s’€Sy s€Sy | s'=s[x—[E]s] s’€Sy, s€Sy | s'=s[x—[E]s]
= D FGslx = [EIsDD(s) = " F(s)D(s).
s€eSy s€Sy

e For the case S = x := random(y/), the claim follows from the calculation

D FEDE) = Y FG) Y YD)

’ ’ U
s’eSy s’eSy seSy ‘ s \éx}s

> Fi(ss' D)= > > > FW(E ())DGs)

5,8’ €Sy | s'=s[xr>s’(x)] SESy z€Z s'eSy | s’=s[xz]
= DD FGlx o zDy(@)D(s) = Y| D(s) Y F'lslx o z)y(z) = ) DS)F(s),
seSy z€Z seSy z€Z seSy

e For the case S = S1 ; Sy, let G; = T(S;) and G, = T(Sy), and let v; = start(G;), v; = end(Gy),
vy = start(Gy), and v; = end(G,). By construction (Figure 7), with G = T(S) we have v; =
start(G) and v, = end(G), and in G it is the case that v] postdominates vy, that v, = FPPD(v]),
and that v; postdominates v,. Hence we infer, by Lemma B.18, that

1Y) = w(vlsvi); w(vi-vz);w(vz,vé)
and since w"1°??) is the identity there exists D" such that
D" = »®¥)(D) and D’ = 0 *»%)(D").

From Figure 6 we see that that there exists F”” such that F” = [S;]JF’ and F = [S;]]F”. By
applying the induction hypothesis to first S; and next S;, we get the desired

Z F'(s)D'(s) = Z F”(s)D"'(s) = Z F(s)D(s).

seSy seSy seSy

e For the case S = [ : if B then S; else S,, let G; = T(S;) and G, = T(S,), and let v; = start(Gy),
v] = end(Gy), v, = start(G,), and v; = end(G,). Also, let v = I12v(l) and v" = I2v(l"). By
construction (Figure 7), with G = T(S) we see that v = start(G) which is a branching node with
condition B and true-successor v; and false-successor v, and that v’ = end(G) to which there
are edges from v] and v; which both have label skip. We further see that in G it is the case that
v’ = FPPD(v), that v; postdominates v;, and that v) postdominates v,.

Hence, with D; = selectg(D) and D, = select_p(D), and with D] = w(”“”i)(Dl) and D; =
w'®»%)(Dy), by Lemma B.18 we have the calculation

D’ = o)D) = 0 ?)(Dy) + 0¥ (D,) = 0©+¥)(Dy) + 0¥»¥)(Dy) = D} + D}.

From Figure 6 we see that F(s) = [S1]|(F’)(s) if [ B]ls holds, and F(s) = [S2]I(F’)(s) otherwise.
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By applying the induction hypothesis to S; and S,, the claim now follows from the calculation

Z F'(s)D'(s) = Z F'(s)D)(s) + Z F'(s)Dj(s)
seSy s€eSy s€eSy
= DLASIE)S) - Dis) + D (IS 0(F')(s) - Das))
s€eSy seSy
= Z F(s)D(s) + Z F(s)D(s) = Z F(s)D(s).
s€Sy | [Bls s€Sy | [-B]s SESy

e For the case S = [ : while B do Sy, let G; = T(S;) and let v; = start(G;) and v; = end(G;); also,
let v = [2v(l) and v” = 12v(l”). By construction (Figure 7), with G = T(S) we see that v = start(G)
which is a branching node with condition B and true-successor v; and false-successor v’ where
v’ = end(G), and that v is labeled skip and has an edge to v.

We further see that in G it is the case that v’ = FPPD(v), and that v postdominates v which
postdominates v;; moreover, LAP(v,v") = 1 < LAP(vy,v’). For each k > 0 we thus have the
calculation

w1 ?(D)
= wp P (select.p(D)) + wr ¥ (select(D))
= selectup(D) + wr @ ¥ (wr @ ¥ (select 5(D))).

where the first equality follows by clause (3e) in Figure 2, and where the second equality is
obvious if k = 0 and otherwise follows by Lemma B.17 (since wi“1"?) is the identity).
For our proof, it is convenient to define a chain {gi | k} of functions in D —. D by stipulating

g(D) = 0
gra1(D) = select_p(D) + ge(® ¥ (selectg(D))).
Observe that for all k, and all D, we have

0" (D) < gu(D). (17)
This is trivial for k = 0, and for the inductive step we have
select_g(D) + ¥ (wpP¥) (select5(D)))
< select_p(D) + g (®%)(selectz(D)))
= gr+1(D).

For all k, and all D, we also have

e (D)

A

gk(D) < limg_,e0 0> (D). (18)
For k = 0 this is obvious, and for the inductive step we have

gka(D) = select (D) + gi(w ™V (select(D)))
select_p(D) + gr(limg—oo @ ¥ (select5(D)))

IN

select_g(D) + limg—co 0 @ (limy o0 0 @+ %)(select 5(D)))
select_g(D) + limg_seo (0@ (i 9 (selectg(D))))
= limp_e (select_g(D) + wp@% ) (wp P (selectg(D))))

= limk—)oo wk+1(v’v/)(D)‘
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From lines (17) and (18) we see that for all k, and all D, we have
w0 ND) < gr(D) < limg_ye0 w0 (D)
from which we infer that
for all D : limy_,c0 gk (D) = limg o0 0@ (D). (19)

The virtue of working on g rather than on wy is that we can then prove the following result:

for all k and D, Z Fi(s) - D(s) = Z F'(s) - gr(D)(s). (20)

seSy s€Sy

where in Figure 6 we defined F as follows:

F()(S) = 0
Fiaa(s) = [SiD(F)(s) if [Bls
Fri1(s) = F’(s) otherwise.

The proof of equation (20) is by induction in k, where the base case k = 0 is obvious as Fy = 0 =
go(D). For the inductive step, we have the calculation

> Feaals) - D(s)

seSy

= > ISIFs) D)+ Y. Fi(s)-D(s)
s€Sy | [Bls s€Sy | [-Bls

= Z [S:1(Fe)(s) - selects(D)(s) + Z F'(s) - select_5(D)(s)
seSy s€Sy

= Z Fe(s) - 0@ (selectg(D))(s) + Z F'(s) - select_5(D)(s)
s€eSy s€Sy

= Z F'(s) - gi(0 ") (select5(D)))(s) + Z F'(s) - select_5(D)(s)
s€eSy s€Sy

= Z F'(s) - (gk(w(vl’”{)(selectB(D))) + selectﬂB(D)) (s)
seSy

= D F() gn(D)s)
seSy

where the 3rd equality comes from applying the outer (structural) induction hypothesis to S;
while the 4th equality comes from the inner induction hypothesis (in k).
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Since F(s) = limg_ Fr(s) (by Figure 6), the desired claim now follows from

Z}F(s)D(s) = zsj limj—sco Fi(s)D(s)
s(;eumma 41) = ;iemuk_m ZFk(s)D(s)
seSy
(by (20) = limgeo ZSF'(s)gk(DXs)
(Lemma 4.1) = Zlim::F'(sm(D)(s)
(by (19)) = ZS F'($)limg 0 (D)
seSy
= D FOD).
seSy

This concludes the proof of Theorem 7.8.
(]

Lemma 7.12 Let a structured probabilistic program P be given, and let V be the nodes in
G = T(P). For a given subset Q of V, let L = {I | 12v(I) € Q}, and let P;, = slcy(P) and Gy = T(Py).

Let ¢ be the meaning of the slice Q in G, that is (cf. Definition 4.27) ¢ = limy_,o ¢x Where
Pk = HZ(O) with H defined as in Figure 2 for the graph G.

Let w be the meaning of Gy, that is (cf. Definition 4.26) w = limy_, w; Where wg = H(C,L (0) with
H defined as in Figure 2 for the graph Gy, and with V[, the nodes in G

Then for all S that are substatements of P: with v = start(T(S)) and v’ = end(T(S)), and by
Lemma 7.11 thus also v = start(T(slc;(S))) and v’ = end(T(slcL(S)))), we have g{)(”’”/) = @),

Proor. It is sufficient to prove qﬁk(v’v/) = wi®?) for all k > 0, which we shall do by induction
in k where the case k = 0 is obvious (as both sides are zero).
For k > 0, we do an inner structural induction on S, looking at the various cases in Figure 10.

e First assume S = S; ; S,. Then slcp(S; 5 Sz) = slcp(Sy1) ; slep(S2). By Lemma 7.11, there exists
vy, V], Uz, Uy such that vy = start(T(S;)) = start(T(slcr(51))), v] = end(T(S1)) = end(T(slcL(S1))),
vy = start(T(S;)) = start(T(slcy(S2))), and v; = end(T(S2)) = end(T(slcr(S2))). Then, cf. the
translation rules in Figure 7, v; = start(T(S)) = start(T(slc;(S))) = v and v, = end(T(S)) =
end(T(slcz(S))) = v’; also, in T(S) as well as in T(slcz(S)), v] is labeled skip with an edge to v;.
By Lemma B.17, we have (since ¢ “1"%?) is the identity as is wj(?1-%?))

SV = gD, g (0nt))
@) = @00, g 2

Inductively on S; and S,, we have
d)k(vl,vi) — wk(vl»v{) and ¢k(vz,v§) — wk(vzavé).
But this shows the desired equality:
G0V = g 000, g ©200) = g @10 () @20) _ () (©.0)

>

o Next assume S is of the form [ : _ with [ ¢ L, that is 12v(]) ¢ Q. Then slc;(S) = [ : skip. We know
from Lemma 7.4 that v = start(T(S)) = start(T(slc.(S))) = [2v(]) and that v’ = end(T(S)) =
end(T(slc(S))) = [2v/(D).
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In T(S), Lemma 7.4 also tells us that v* = FPPD(v). Since v ¢ Q, we see from clause (32) in
Figure 2 that ¢;(“"?" is the identity.
In T(slcr(S)), v is labeled skip and has an edge to v’, so also w7 is the identity.

e NextassumeS = [ : if B then S; else S, with [ € L, thatis|2v(l) € Q. Thenslcy (! : if B then S; else Sy) =
I : if B then slc;(S;) else slcy(Sz). By Lemma 7.11, there exists vy, v], vz, v, such that v; =
start(T(S;)) = start(T(slc,(51))), v; = end(T(S1)) = end(T(slcz(51))), vz = start(T(S:)) =
start(T(slc.(Sz))), and v, = end(T(Sz)) = end(T(slcz(S2))). Then, cf. the translation rules in
Figure 7, the following holds for T(S) and for T(slc.(S)): the start node is v = 12v(I) which is a
branching node with condition B and true-successor v; and false-successor v,; the end node is
v’ = 12v'(I) to which there are edges from v] and from v, which are both labeled skip.

For a given D, with D; = selectg(D) and D, = select_p(D), we now have

o D) = GTIDY) + D) = g D) + i (Dy)
o "D) = w P IDy) + (D) = (D) + P (D)

where we have used that LAP(v;, v’) < LAP(v,v’) for i = 1,2 holds in T(S) and in T(slc.(S)),
and also used Lemma B.17 together with the fact that ¢ %) is the identity as is g @1 ¥,
The desired equality ¢ (D) = wi@?)(D) now follows since inductively on S;, S, we have
¢k(vhv{) — wk(‘Ul,U{) and ¢k(vz,vé) — wk(vz,vé)'

e Next assume S = [ : while B do S; with [ € Q, that is [2v(l) € Q. Then slc (I : while B do S;) =
I : while B do slcy(S;). By Lemma 7.11, there exists vy, v; such that v; = start(T(5;)) =
start(T(slc.(S1))) and v; = end(T(S;)) = end(T(slcz(S1))). Then, cf. the translation rules in
Figure 7, the following holds for T(S) and for T(slc.(S)): the start node is v = 12v(l) and the
end node is v’ = 12v’(l), where v is a branching node with condition B and true-successor v; and
false-successor v’, and v is labeled skip and has an edge to v; thus v postdominates v; which
postdominates v1, and LAP(v’,v”) < LAP(v,v”) = 1 < LAP(vy,2").

For a given D, with D; = selectg(D) and D, = select_p(D), we now have (using Lemma B.17)

o ID) = e ND) + D)

= Gt @ (G (G (D) + D
o *ND) = 0 (D) + (D)

= 01 @kt @kt (DY) + Dy

The desired equality ¢ *%)(D) = wi»¥)(D) now follows since we have the equations

¢k_1(01,vi) — wk—l(vl’v{)
G @) = 0
Gt @) = @)

where the first is due to the outer induction hypothesis (applied to S;), the second holds because
each side is the identity when k > 1 and is 0 when k = 1, and the third is due to the outer
induction hypothesis (applied to S).

o If none of the above cases hold then slc; (S) = S, and there exists [ with [ € Q, that is 12v(]) € Q,
such that S is of the form [ : skip or l : x:= E or l : x := random(¢/) or [ : observe(B). In
T(S) = T(slcr(S)), we see from Figure 7 that the start node v is 12v(l) (with 12v’(I) the end node
v’) and that there is only one edge, from v to v’. Since v € Q, obviously ¢ *?) = w(©¥).

[m}
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B.6 Proofs for Section 9

Lemma 9.6 There exists an algorithm DD°® which given a node set Q that is closed under data
dependence, and a node set Q1, returns the least set containing Q and Q; that is closed under data
dependence. Moreover, assuming DD* is given, DD runs in time O(n - |Q1]).

Proor. We incrementally augment Q as follows: for each v; € Qy, and each v ¢ Q, we add v
to Q iff DD*(v, v1) holds. This is necessary since any set containing Q; that is closed under data
dependence must contain v; observe that Q will end up containing Q; since for all v; € Q; we have
DD* (’Ul, ’Ul).

Thus the only non-trivial claim is that the resulting Q will be closed under data dependence.

dd
With v € Q we must show that if v" — v then v’ € Q. If v was in Q initially, this follows since
Q was assumed to be closed under data dependence. Otherwise, assume that v was added to Q

. dd* .
because for some v; € Q; we have DD*(v, v1). By correctness of DD* this means that v — v; which

implies v’ % v1 and thus DD*(v’, v1) holds. Hence also v’ will be added to Q. O

Lemma 9.9 The function PNV? runs in time O(n) and, given Q, returns C such that CNQ =0
and
o if C is empty then Q provides next visibles
e if C is non-empty then all supersets of Q that provide next visibles will contain C.

PRroOF. It is convenient to introduce some terminology: we say that ¢ € Q U {end} is m-next
from v iff there exists a path v = vy ..., = gwithk < mandv; ¢ Q forall jwith1 < j < k.
Also, we use superscript m to denote the value of a variable when the guard of the while loop is
evaluated for the m’th time; note that if ¢ = N™(v) and m’ > m then also ¢ = N™ (v). A key part
of the proof is to establish 3 facts, for each m > 1:

(1) if g = N™(v) then q is m-next from v

(2) if v € F™ then N™(v) # L and no q € Q is (m — 1)-next from v

(3) if C™ = 0 and g is m-next from v then

(a) g = N™(v), and

(b) if g is not (m — 1)-next from v then v € F™.
We shall prove the above facts simultaneously, by induction in m. The base case is when m = 1
and the facts follow from inspecting the preamble of the while loop: for fact (1), if ¢ = N!(v) then
g = v € QU {end} and the trivial path v shows that g is 1-next from v; for fact (2), if v € F! then
N'(v) # L and no g can be 0-next from v; for fact (3), if q is 1-next from v then g = v € Q U {end}
in which case ¢ = N'(v) and v € F'.

We now do the inductive case where m > 1. Note that C™"! = () (as otherwise the loop would
have exited already). For fact (1), we assume that ¢ = N™(v), and split into two cases: if g = N"™"1(v)
then we inductively infer that g is (m — 1)-next of v and thus also m-next of v. Otherwise, v ¢ Q
and there exists an edge from v to some v’ € F™~! with ¢ = N™1(v’). Inductively, g is (m — 1)-next
from v’. But then, as v ¢ Q, q is m-next from v.

For fact (2), we assume that v € F™ in which case code inspection yields that N™ 1(v) = L
and that N™(v) = N™ 1(v’) for some v’ € F™! so inductively N™(v) # L. Also, no q can be
m — 1-next from v, for if so then we could inductively use fact (3a) to infer N™™1(v) = q.

For fact (3), we assume that C™ = () and q is m-next from v. We have two cases:

e if ¢ is (m — 1)-next from v then fact (3b) holds vacuously, and as C™"! = () we infer inductively
that ¢ = N™"!(v) and thus ¢ = N™(v) which is fact (3a).

e if ¢ is not (m — 1)-next from v, we can inductively use fact (1) to get ¢ # N™ !(v), and also infer
that there is a path vv’...q where v ¢ Q and q is (m — 1)-next from v’ but not (m — 2)-next
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from v’. As C™"! = () we inductively infer that g = N™ 1(v’) and v’ € F™!. Thus the edge from

v to v’ has been considered in the recent iteration, and since C,, = 0 it must be the case that

N™1(v) = L so we get the desired g = N™(v) and v € F™.

We are now ready to address the claims in the lemma. From fact (2) we see that each node gets into
F at most once and hence the running time is in O(n). That C N Q = 0 follows since only nodes not
in Q get added to C. Next we shall prove that

if C is empty then Q provides next visibles
and thus consider the situation where for some m, C™ = ( and F™ = (.

We shall first prove that for all v € V, all ¢ € Q U {end}, and all k > 1 we have that if q is k-next
from v then N™(v) = q. To see this, we may wlog. assume that k is chosen as small as possible,
that is, q is not (k — 1)-next from v. It is impossible that k > m since then there would be a path
v...v ...q where q is m-next from v’ but not (m — 1)-next from v’ which by fact (3b) entails
v’ € F™ which is a contradiction. Thus k < m and q is m-next from v so fact (3a) yields the claim.

Now let v € V be given, to show that v has a next visible in Q. Since there is a path from v to
end there will be a node g € Q U {end} such that (for some k) g is k-next from v. By what we
just proved, N™(v) = g and we shall show that g is a next visible in Q of v. Thus assume, to get
a contradiction, that we have a path not containing q from v to a node in Q U {end}. Then there
exists ¢’ # q and k’ such that ¢’ is k’-next from v. Again applying what we just proved, N™(v) = ¢’
which is a contradiction.

Finally, we shall prove that

if C is non-empty

then all supersets of Q that provide next visibles will contain C
and thus consider the situation where for some m, C™ # (. It is sufficient to consider v € C™ (and
thus v ¢ Q) and prove that if Q C Q; where Q; provides next visibles then v € Q;.

Since v € C™, the situation is that there is an edge from v to some v’ € F™ ! with q # ¢’
where ¢ = N™(v) and ¢’ = N™"!(v’). From fact (1) we see that q is m-next from v, and that q’ is
(m — 1)-next from v’. That is, there exists a path x from v to q and a path z’ from v to ¢’. Since
q,q" € Q1 U {end} and Q; provides next visibles, there exists vy € Q; that occurs on both paths. If
vy # v then g and q’ are both (m— 1)-next from v, which since C™"! = () implies g = N™ ' (vp) = ¢/
which is a contradiction. Hence vy = v which amounts to the desired v € Q5. m]

Lemma 9.12 The function LWS, given Q returns Q such that
e (Q is a weak slice set
*+QcQ
o if Q' is a weak slice set with Q C Q' thenQ C Q.
Moreover, assuming DD* is given, LWS runs in time O(n?).

Proor. We shall establish the following loop invariant:
e ( is closed under data dependence;
e Qincludes Q and is a subset of any weak slice set that includes 0.
This holds before the first iteration, by the properties of DD,

We shall now argue that each iteration preserves the invariant. This is obvious for the part
about Q being closed under data dependence and including Q. Now assume that Q is a weak slice
set that includes Q; we must prove that Q C Q’ holds after the iteration. We know that before
the iteration we have Q C Q’, and also C = PNV?(Q) # 0 so we know from Lemma 9.9 (since Q’
provides next visibles) that C € Q’; hence we can apply Lemma 9.6 to infer (since Q' is closed
under data dependence) DD°*¢(Q, C) C Q’ which yields the claim.
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When the loop exits, with C = 0, Lemma 9.9 tells us that Q provides next visibles. Together with
the invariant, this yields the desired correctness property.

The loop will terminate, as Q cannot keep increasing; the total number of calls to PNV? is in O(n).
By Lemma 9.9 we see that the total time spent in PNV? is in O(n?). And by Lemma 9.6 we infer that
the total time spent in DD°*® is in O(n?). Hence the running time of LWS is in O(n?). O

Theorem 9.15 The algorithm BSP returns, given a pCFG and a set of nodes ESS, sets Q and Q,
such that
e (Q, Q) is a slicing pair wrt. ESS
e if (Q’, Q) is a slicing pair wrt.ESS then Q C Q"
Moreover, BSP runs in time O(n®) (where n is the number of nodes in the pCFG).

ProoF. As stated in Figure 14, we shall use the following invariants for the while loop:

(1) Q is a weak slice set

(2) F is a weak slice set

(3) ende QUF

(4) W CESS

(5) ifve WthenQ,NQ =0

(6) ifv € ESSbutv ¢ W thenv e QUF

(7) if (Q’, Qf) is a slicing pair wrt. ESS then QU F C Q".

We shall first show that the invariants are established by the loop preamble, which is mostly trivial;
for invariants (2), (3), (7) we use Lemma 9.12.

Let us next show that the invariants are preserved by each iteration of the while loop. For
invariant (1) this follows from Lemma 5.3, the repeated application of which and Lemma 9.12 gives
invariant (2). Code inspection easily gives invariants (3), (4), (5). To show invariant (6) we do a case
analysis: either v was not in W before the iteration so that (by the invariant) v belonged to Q U F
and thus v € Q by the end of the iteration, or v was removed from W during the iteration in which
case Q, C F and thus (Lemma 9.12) v € F.

For invariant (7), let (Q’, Q;) be a slicing pair wrt. ESS; we know that Q U F C Q" holds before
the iteration and thus Q C Q’ holds before the members of W are processed. It is sufficient to prove
that if v € W with Q, N Q # 0 then Q,, € Q’. The invariant tells us that v € ESS, so as (Q’, Q) is a
slicing pair wrt. ESS we infer that v € Q" or v € Q(; by Lemma 9.12 this shows Q,, € Q’ (as desired)
or Q, € Qp which we can rule out: for then we would have Q, N Q’ = 0 and thus Q, N Q = 0
before W is processed which contradicts our assumption.

The while loop will terminate since W keeps getting smaller which cannot go on infinitely, and
if an iteration does not make W smaller then it will have F = () at the end and the loop exits.

When the loop exits, with F = 0, we have:

e Q is a weak slice set with end € Q, by invariants (1) and (3);
e () is a weak slice set, by Lemmas 9.12 and 5.3;

e QN Qy = 0, by invariant (5);

e if v € ESS then v € Q U Q, since

— ifv ¢ W then v € Q by invariant (6) (and F = 0),

— if v € W then v € Qy by construction of Qy.

Thus (Q, Qo) is a slicing pair. If (Q’, Q;) is another slicing pair we see from invariant (7) that
QUF C Q andthusQ C Q’.

Finally, we can address the running time. By Lemma 9.5, we can compute DD* in time O(n®).
Then Lemma 9.12 tells us that each call to LWS takes time in O(n?). As there are O(n) such calls,
this shows the the code in BSP before the while loop runs in time O(n®). The while loop iterates
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O(n) times, with each iteration processing O(n) members of W; as each such processing (taking
intersection and union) can be done in time O(n) this shows that the while loop runs in time O(n?®).
The total running time is thus in O(n®). o

Received October 2017; revised July 2019; accepted October 2019

ACM Transactions on Programming Languages and Systems, Vol. 1, No. 1, Article 1. Publication date: January 2019.



	Abstract
	1 Introduction
	2 Motivating Examples
	2.1 Imperative Probabilistic Programs
	2.2 Initial Examples
	2.3 Why Standard Approaches Do Not Work
	2.4 Our Approach
	2.5 Examples with Various Degrees of Loop Termination

	3 Probabilistic Control-Flow Graphs
	4 Semantics
	4.1 Stores and Distributions
	4.2 Probabilistic Independence
	4.3 Distribution Transformers
	4.4 Fixed-point Semantics
	4.5 Formalizing Various Degrees of Loop Termination

	5 Conditions for Slicing
	5.1 Weak Slice Sets
	5.2 Adapting to the Probabilistic Setting

	6 Slicing and its Correctness
	6.1 Alternative Convergence Towards Fixed Point
	6.2 Probabilistic Independence
	6.3 Correctness of Slicing

	7 Structured Programs
	7.1 The Structured Imperative Probabilistic Language
	7.2 Translating Structured Imperative Probabilistic Statements Into pCFGs
	7.3 Adequacy Result for the Two Semantics
	7.4 Slicing
	7.5 Correctness of Slicing Structured Programs

	8 Choice of Semantics
	9 Computing the (Least) Slice
	9.1 Computing Data Dependences
	9.2 Checking for Next Visibles
	9.3 Computing Least Weak Slice Set
	9.4 Computing an Optimal Slicing Pair

	10 Improving Precision
	10.1 Improvement by Semantic Analysis
	10.2 Improvement by Syntactic Transformation

	11 Conclusion and Related Work
	Acknowledgments
	References
	A Domain Theory
	B Miscellaneous Proofs
	B.1 Proofs for Section 3
	B.2 Proofs for Section 4
	B.3 Proofs for Section 5
	B.4 Proofs for Section 6
	B.5 Proofs for Section 7
	B.6 Proofs for Section 9


