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A Proof outline for the length-calculating program

{list ap (i,null)}

n:=0;
{list p (i,null) An =0}
Ji=1i

{i=j Alist ag (i,null) A n =0}

{list [] (i, j) = list &y (j,nul) An=#[] Aag =[] ® ap}

{3a B.list a (i, j) = list p (j,nul) An=#a Aay =a e f}

while j # null do
{3a . list & (i, j) = list f (jynull) An=#ax Ay =aef A j+null}
{abp' lista (i,j)«list (bef') (jnul) An=#aAag=ae(bef)}
{Babp k. lista (i,j)=j=bkxlist f (k,nul) An=#axAag=ce(bef)}
j:=j.next;
{Fabp j.lista(i,j)«j = b jxlistf (jnul) An=#aAay=ae(bef)}
{3a b . list (¢ @b) (i,j) = list f’ (jynul) An=#a Aag=(aeb)ef'}
n=n+1;
{a b p' list («eb) (i,j) = list p’ (jynul) An=#ax+1Aay=(xeb)ef}
{a b p. list (xeb) (i,j) *list f’ (jnull) An=#(xeb) Aay=(xeb)ef}
{3a’ B lista’ (i,j) = list B’ (jynul) An=#a" Aag =a’ @ '}

end while

{3a’ p'.list & (i, j) = list p’ (jynull) An=#a" Aag=a’ e f/ A j =null}

{3a’ B list &' (i,j) = list p’ (jynul) An=#a"Aagy=a’" o' Aj=nullApf =[]}

{3a’ . list &’ (i,null) * list [] (nul,null) An =#a’ Aay =a’}

{list oy (i,null) * emp A n = #ap}

{list ap (i,null) A n = #ap}
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B Proof outline for computing if ¢ is marked (or null)

{3y.graphy AN invy, y t p}

{graphy Ninvy, y t p}

if t = null then
{graphy Ninvy, y t p At = null}
tm:=true
{graphy Ninvy,y t p At = null A tm = true}
{graphy Ninvyyy t p A tm = (t = null)}

else
{graphy Ninvy, y t p At # null}
{3m.t = m,—, — x graphy\t Ninvy, y t p}
tmp:=t.m;
{Om.t => m,— -« graphy\t Ninvy, y t p A tmp = m}
tm:=(tmp # 0)
{Om.t > m,—, —xgraphy\t Ninvyoytp Atmp=mA tm = (tmp # 0)}
{Om.t > m,—, —xgraphy\t Ninvyoytp Atm=(m # 0)}
{graphy Ninvyyyt p Atm = (t.m # 0)}
{graph YAinvy,yt p Atm=(t € nodes }’/L,R,X)}

end if

{graph YAinvyytp Atm=(t =null V t € nodes Y/L,R,X)}

{graphy Ninvy,yt p A tm = (t € markedy y)}

{3y.graphy Ainvyy y t p A tm = (t € marked, y)}

C Proof for SWING
The pre- and postcondition for SWING derive from lines 18 and 20 of Fig. 10.
{3y.graphy ANinvy,y t p At € markedy y A yva1 p = L}
SWING (25)
{3y’. graphy’ Ninvy, y' t p}

The precondition says that the heap implements a well-formed graph y, that satisfies the invariant.
Additionally, t is marked or null and p is marked L. The postcondition asserts that the heap
represents a new graph y’ that satisfies the invariant for the updated values of ¢ and p.

1. {Jy.graphy Ninvyoyt p At € markedy y A yyal p = L}

2. {graphy Nt =ty A p = po

ANV yy ¥ to po Aty € markedy y Ay po = (L, [p1, pr])}
3. {graph (po = (L [p1, pr]) @ y\po) At =to A p = po}
4. {(po = Lpi.pr Nt =10 Ap = po) * graph y\po}

{poB LpLpr ANt =ty Ap=po}
tmp, :=p.r; tmpy:=p.l; p.r:=tmp,; p.l:=t; p.m:=R; t:=tmp,;
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{po= Rto,pr At =pr Ap =po}

{graph (po — (R, [to, p1]) ® y\po) At =pr A

A

Ainvyo y to po Aty € markedy y Ay po = (L, [p1,
10. {3y’.graphy’ Ainvyyy' t p}

h (Appendices)

{(po = Rto,pi At =p, Ap =po) * graph y\po}

P =po}

{graph (po — (R, [to, p1]) ® y\po) At =pr Ap =po

D}
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Line 9 implies line 10. As for the case of POP, this step involves reformulating it as an implica-

tion, where initial and final values of the graph, stack and nodes ¢ and p are made explicit.

Y =po = (L [pr,pr]) @ y\po A
inv yoy @ty po A
to € markedy y =

3"y =po > (R [to, p1]) ® y\po A
inv' yo v & pr po

(26)
(27)
(28)
(29)
(30)

SWING differs from the other two operations in that the stack remains unaltered. Furthermore,
because we know py # null, uniq (null ® &) and py = last (null e @) it follows that & = a’ e p, for
some sequence @’. The invariant (a) p, € nodesy y’ follows from (26) and (27) as we know that

pr € sinksy, closed y and nodesy y = nodesg y’.
(b) sinksy’ =
= sinks (po > (R, [to, p1]) ® y\po)
= sinks (po — (R, [to, p1])) U sinks (y\po)
= {to, p1} U sinks (y\po)
€ {to, pr. pr} U sinks (y\po)
C nodesy y

= nodesy y’

(c) nodesy' /| g =

= nodes (po — (R, [to, p1]) ® Y\po) /LR

= nodes (po — (R [to, p1])) /1R W nodes (y\po) /L r
= nodes (po — (R, [to, p1])) W nodes (y\po) /1 r
{po} W nodes (y\po) /L r

nodes (po = (L, [p1, pr])) W nodes (y\po) /1 R

= nodes (po = (L, [p1, pr]))/L,r W nodes (y\po) /1 r
= nodes (po = (L, [pr, pr]) ® yY\po) /LR

=a

(d) inseta y’ =
= inset o (po = (R, [to, p1]) ® y\po)
= inset a (po = (R, [to, p1])) @ inset & y\po

Def. of y’

Lem. 3.1 (6) (distrib.)
Def. of sinks (11)

Set inclusion
Assump. (27) & (28)
Def. of nodes

Def. of y’

Lem. 3.1 (1) (distrib.)
Def. of filter (10)
Def. of nodes

Def. of nodes

Def. of filter (10)
Lem. 3.1 (1) (distrib.)
Assump. (27)

Def. of y’
Lem. 3.1 (5) (distrib.)
Def. of inset (14)
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= po > [to, prev (null e @) po] e inset a y\po

= po > [to, pi] @ [y\pol

= |po = (R [to, pr])] ® [y \pol

=1po = (R [to, pi]) ® y\pol

=1yl

(e) restorea p, v’ =

= restore a py (po — (R, [to, p1]) ® y\po)

= restore a py (po — (R, [to, p1])) ® restore a p, y\po
= po > [to, next (a ® p,) po] ® restore & p, y\po
=po > [to, pr] ® restore & p, y\po

= po > [to, pr] ® restore a ty y\po

= restore a ty (po — (L, [p1, pr])) ® restore a to y\po
= restore at ty (po — (L, [p1, pr]) ® ¥\po)

= restore x to y

= |yol

(f) nodes ¥’ o =

= nodes (po — (R, [to, p1]) ® Y\po)/o

= nodes ((po — (R [to, p11)) /o ® (¥Y\po)/0)

= nodes (po — (R, [to, p1])) /o Y nodes (y\po)/o
= nodes e U nodes (y\po) /o

= nodes (po — (L, [p1, pr])) /o W nodes (y\po)/o
= nodes ((po — (L [p1.pr])) /0 ® (Y\po)/0)

= nodes (po — (L [p1, pr]) ® ¥\Po)/o

=nodes y/o

C U (reachy/goyr) Ureachy/o to

a’-po
= a/Li)O(reach vioovyr)
= u (reachy/o o yr) Ureachy/o pr
— ) (reachy’fo o 1) U reachy o pr
o
= (reachy'Jo o ¥}) U reachy [0 pr

= |J (reachy’/ooy) Ureachy' /o pr

a’-po

Assump. (27)

Def. of erasure (8)
Lem. 3.1 (4) (distrib.)
Def. of y’

Def. of y’

Lem. 3.1 (5) (distrib.)
Def. of restore (15)
Assump. (27)

Lem. 17

Def. of restore (15)
Lem. 3.1 (5) (distrib.)
Def. of y

Assump. (27)

Def. of y’

Lem. 3.1 (3) (distrib.)
Lem. 3.1 (1) (distrib.)
Def. of filter (10)
Def. of filter (10)
Lem. 3.1 (1) (distrib.)
Lem. 3.1 (3) (distrib.)
Def. of y

Assump. (27)

to & nodesy/o

Comm.&Assoc. of U
vlo=Y'lo
Yr=yrona

Y; po & nodesy’ /o
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D Proof for PUSH
The pre- and postcondition for PUSH derive from lines 23 and 25 of Fig. 10.
{3y.graphy Ainvy, y t p At & marked, y}
PUSH (31)
{3y’. graphy’ Ainvy, y' t p}
The precondition says that the heap implements a well-formed graph y, that satisfies the invariant

and ¢ is an unmarked node different from null. The postcondition asserts that the heap represents
anew graph y’ that satisfies the invariant for the updated values of t and p.

1. {3y.graphy Ainvy,y t p At & marked, y}

2. {graphy At =tg Ap =po

Ainvyo y to po Ay to = (O, [t t,])}
3. {graph (to — (O, [t.t;]) @ y\to) At =t Ap =po}
4. {(to 2 O, t1,t, ANt =1ty A p = pg) * graph y\to}
5. {to> O, t1,t, Nt =ty Ap =po}

tmp:=t.l; t1l:=p; t.m:=L; p:=t; t:=tmp,

6. {to & Lipo,tr Nt =t Ap =1p}
7. {(to = Lpo,tr Nt =1 Ap = to) * graph y\io}
8. {graph (to = (L [po, tr]) @ y\to)) Nt =11 Ap =to}
9. {graph (to = (L [po, tr]) e Y\to) At =t1 Ap =1t

Ainvyoy to po Ay to = (O, [t t])}
10. {3y’.graphy’ Ainvyyy' t p}

Line 9 implies line 10. Proving this last step corresponds to proving the following implication.

y=tor (O, [t t;]) e y\to A (32)
inv yoy aty pp = (33)
3)/' yl = t0 = (L: [p()a tr]) i }/\t() /\ (34)
iT’lVl }/0 )/, (a ° t()) t] to (35)

Proving invariant (a) requires showing that (32) and (33) imply uniq (nulle x e ty), ty = last (nulle
a e ty) and t; € nodesy y’. From y,, ty = O and nodes y/; g = a it follows uniq (null e « e t;). By 32
it follows t; € sinksy. Then closed y implies that t; € nodes, y. And finally nodes, y = nodesy y’ so
t; € nodesy y’.

(b) sinksy’ = Def. of y’

= sinks (ty — (L, [po, tr]) ® y\to) Lem. 3.1 (6) (distrib.)
= sinks (ty — (L, [po, tr])) U sinks (y\to) Def. of sinks (11)

= {po, t, } U sinks (y\to) Set inclusion

C {po, t1, tr} U sinks (y\to) Assump. (33)

C nodesy y Def. of nodes

nodesy y’
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(c) nodes y' /| r =

= nodes (to = (L, [po, tr]) ® y\to) /1.R

nodes ((to = (L, [po, t-])) /LR ® (¥Y\to)/L,R)
nodes (to — (L, [po, t-]) ® (y\to)/L,R)

nodes (ty > (1, [po, 1)) U nodes (y\to) /g
{to} U nodes (y\to)/1.r

= {to} U nodes (g > (0, [t1t,]) » Y\fo) /g
={to} U nodes y/ g

={to} YVa

= (e to)

(d) inset (a @ ty) y' =
= inset (a ® ty) (to — (L [po. t;]) ® y\to)
= inset (e @ ty) (to — (L [po,t])) ® inset (a ® ty) y\to
=1ty > [prev (null ® @ e ty) ty, t,] ® inset (cx ® ty) y\to
=1y — [po,t,] ® inset (a ® ty) y\to
=1ty > [po,t;] ® inset a y\to
= [to = (L [po, t-1)| ® [y \tol
= [to = (L [po, tr]) @ y\tol
=1yl
(e) restore (x @ ty) ;Y =
= restore (a ® ty) t; (to — (L, [po, tr]) ® y\to)
= restore (a ® ty) t; (to — (L, [po, t]))
o restore (a o ty) t; y\to
=1y > [next (ax ety e t;) ty, 1] ® restore (a ® ty) t; y\to
=1ty > [, 1] ® restore (a ® ty) t; y\to
to > [t1,8,] ® restore a ty y\to
restore o to (to — (O, [t1,t,]))

e restore a ty y\to
restore at ty (to — (O, [11,8]) ® y\to)

restore a ty y

Yol

(f) nodesy’ /o =

= nodes (to — (L, [po, tr]) @ y\to) /o

nodes ((to — (L, [po, tr])) /o ® (y\to)/0)
nodes (to — (L, [po, t:])) /o W nodes (y\to) /o
= nodes e U nodes (y\ty) /o

Marcos Grandury, Aleksandar Nanevski, and Alexander Gryzlov

Def. of y’

Lem. 3.1 (3) (distrib.)
Def. of filter (10)
Lem. 3.1 (1) (distrib.)
Def. of nodes

Def. of filter (10)
Def. of y

Assump. (33)

Set equality

Def. of y’

Lem. 3.1 (5) (distrib.)
Def. of inset (14)
Assump. (33)

Lem. 16

Def. of erasure (8)
Lem. 3.1 (4) (distrib.)
Def. of y’

Def. of y’
Lem. 3.1 (5) (distrib.)

Def. of restore (15)
Assump. (33)
Lem. 17

Def. of restore (15)

Lem. 3.1 (5) (distrib.)
Def. of y
Assump. (33)

Def. of y’

Lem. 3.1 (3) (distrib.)
Lem. 3.1 (1) (distrib.)
Def. of filter (10)
Def. of nodes
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= nodes (y\to)/o Set difference
= ({to} U nodes (y\to) /0)\to Def. of nodes
= (nodes (ty — (O, [t1,t,])) U nodes (y\to)/0) \to Def. of filter (10)
= (nodes (ty — (O, [t,tr])) /o Y nodes (y\to) /o) \to Lem. 3.1 (1) (distrib.)
= (nodes (to = (0, [t 1) » Y\to) /o) \to Def. of y
= (nodes y/o)\to Assump. (33)
C (U(reachy/o o yr) Ureachy/o to)\to Lem. 3.4 (2) & 3.4 (3)
= (U(reach (y/o)\to © yr) Ureachy/o to)\to Def. of reach (13)
= (U(reach (y/o)\to © yr) U{to} U U reach (y/o))\toSet difference
a {tlstr}

= U(reach (y/o)\to © yr) U {H }reach (v/o)\to (v/o)\to =Y'/o
=U(reachy’ /o) © yr) U { U }reach Y'lo Yr =Yy on (a e to)
= U (reachy/Jo o y}) U reachy'[o 1

(aety)

E Union-Find Data Structure

E.1 Non-spatial definitions

cyclesy ={x|x€ U reachyy}

YE€Yadj X
preacyclicy = cyclesy C loopsy
danglsy = (sinksy)\nodesy

The function cycles computes the set of nodes that constitute a cycle in the graph. More precisely,
it identifies nodes that are reachable from one of their adjacent nodes. This avoids the trivial case
where every node is reachable from itself. Loops are cycles of size one—that is, nodes that explicitly
include themselves in their adjacency list. Then a preacyclic graph is one where every cycle is of
size one. Loops are given a special status as they are cycles that do not break under decomposition.
dangls y selects the dangling nodes of a graph, those that are pointed at by a node in the graph but
are not themselves in the graph. Notice that null may be in this set.

LEmMMA E.1 (UNION-FIND ABSTRACTIONS).
(1) dangls (y, ® y2) = (dangls y1)\nodes y, U (dangls y2)\nodes y;
(2) loops y C cyclesy C nodes y
(3) danglsy N nodesy =0
LEMMA E.2 (SUMMIT CHARACTERIZATION). Lety be a graph and x € nodes y. Then, z € summity x

iff there exists a path from x toy iny such that z is a child of y, and either z ¢ nodes y (i.e., the edge
from y to z is dangling) or z is already in the path from x toy.

LemMA E.3 (SumMMmITS).
(1) summitsy = cyclesy U danglsy
(2) If summits y; = summits y, then summits (y; ® y2) = summits y;
(3) If x € loops y then summits y\x C summitsy

LEMMA E.4 (SUMMITS OF INVERTED FOREST). Lety = (y1 ®y2) be an an inverted forest (summitsy C
loops y) then
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(1) sinksy C nodesy (closedy)

(2) cyclesy C loopsy (preacyclicy)

(3) summits (y; ® y2) = (summits y1)\nodes y, U (summits y;)\nodes y;
(4) summity x = summity (y x)

LEmMMA E.5 (PREACYCLIC MUTATION). Lety be a unary graph such that preacyclicy, and x € nodesy
and y ¢ nodes y. The graph y’ obtained by modifying x’s successor to y, also satisfies preacyclicy’.

E.2

¥ ® Ny W

-
e

Proof outline for NEW

{emp}

p :=alloc null;

{p = null}

p.next:=p;

{p = p}

return p

{p = p Aresult = p}

{gmph1 (p = p) A summits (p — p) = loops (p +— p) = nodes (p — p) = {p} A result = p}
{3}/. graph, y A summitsy = loopsy = {p} A nodes y = {p} A result =p}

{set {result} result}

The first two commands are standard separation logic, the third command in line 6 corresponds to
a value returning function supported by Hoare Type Theory. The step from line 7 to line 8 lifts the
reasoning from the heap to the abstract graph and establishes that the singleton graph is indeed an
inverted tree with result as its representative. Finally the conjunct are folded into the set predicate.

E.3

Proof outline for FIND

1. {setSyAxeS}

2. {Ely. graph, y A summitsy = loopsy = {y} A nodesy =S Ax € S}
3 {gmph1 Y A summitsy = loopsy = {y} Anodesy =S Ax € S}
4 {graph,(x — y x ¢ y\x) Ax € S A summitsy = loops y = {y} A nodes y = S}
5. {xi=>yx>x<graphl y\x/\xES}

6 p:=x.next;

7 {xi=>yx*graphly\x/\xES/\p:yx}

8 {graph, (x > yxey\x) Ax e SAp=yx}

9 {graphly/\xGS/\p:yx}

10. while p # x do

11. {graphly/\xeS/\pzqutx}

12. X:=p;

13. {graphly/\xES/\xzp}

14. {graph, (x > y x o y\x) Ax € S Ax = p}
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15. {x =y x = graph, y\x Ax € S Ax = p}
16. p:=x.next;

17. {xl=>yx*graphly\x/\xeS/\pzyx}
18. {gmphl (Xanoy\x)AxeS/\pzyx}
19. {graphly/\xeS/\p:yx}

20. end while

21. {graph, y Ax € SAp =y x =x}

22. return x

23. {graph, y Ax € SAp =y x =x = result}

24. {graph1 Y A result = y A summitsy = loops y = {y} A nodes y = S}
25. {Hy. graph, y A summitsy = loopsy = {y} A nodesy =S A result = y}
26. {setSy A result =y}

The first five lines of the proof outline unfold the spatial predicates, first set, then graph, to
reveal the node corresponding to the argument x. The non-spatial conjuncts involving y and y
are framed early on, as these values remain unchanged throughout the execution and will later be
reintroduced without modification. The command at line 6 assigns to p the successor of x. In line
10, p is compared to x. A mismatch implies that the root node, which points to itself, has not yet
been found, and thus the loop must be entered. Within the loop, the first command advances x
to its parent node. Line 13 requires showing that the new value of x remains within S. This holds
because x is guaranteed to be in nodes y, given that closed y holds by lemma E.4 (1) and nodes y = S.
Next, p is updated to be the parent of the current x. By the end of the loop in line 19, its invariant
from line 9 is reestablished. When the loop terminates, the invariant together with the negation of
the loop guard leads to the conclusion in line 21: x is a node in S and points to itself in y. Line 22
sets the result of the program to be x, which by the non-spatial conjunct framed at the beginning
we know must be y, as it is established to be the only self-pointing node in y.

E.4 Proof outline for UNION

{set S1 x1 * set Sy x5}
{graph, y1 = graph, v,
A summits y; = loops y1 = {x1} A nodes y1 = S
A summits y; = loops y» = {x2} A nodes y, = S,}

1

2

3

4

5. {gmph1 (xy > x1 @ yl\xl)}
6 {x1 B xq graphl(yl\xl)}

7 x1.next :=Xxy;

8 {x1 B Xy graphl(yl\xl)}

9 return x,

10. {xl = xp * graph; (y1\x1) A result = xz}

11. {graph1 (x1 > x2 ® y1\x1) A result = xz}

12. {graph, (x1 — x2 ® y1\x1) A result = xy * graph, y»
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13. A summits y; = loops y; = {x1} A nodes y; = S;
14. A summits y, = loops y» = {x3} A nodes y, = S»}
15. {graph, (x1 — x2 ® y1\x1) * graph, ys A result = x;
16. A summits (x1 — x2 @ y1\x1) = {x2}

17. A loops (x1 > x2 @ y1\x1) =0

18. A nodes (x1 — x 0 y1\x1) =S

19. A summits y, = loops y2 = {x2} A nodes y, = S,}
20. {graph, (x1 — x2 @ y1\x1 ® y2) A result = x;

21. A summits (x1 > X3 ® y1\x1 @ y2) = {x3}

22. A loops (x1 > x5 @ y1\x1 @ ) = {x2}

23. A nodes (x; — x; @ y1\x; @ y2) =S; @ S5}

24. {set (S; ®S,) result A result € {x1,x2}}

Similar to the FIND proof, the initial lines of the proof outline (lines 1-6) unfold the spatial
predicates isolating the node corresponding to the argument x;. Line 2 unfolds the set predicate,
instantiates the existentially quantified graphs as y; and y, and frames out graph, y, as well as the
non-spatial facts about the initial disjoint graphs. Line 5 rewrites by the equality y; = x1 — x;0y1\x3
which follows from x; € loops y;. The command in line 7 makes x; point to x,. The second and
final command sets x; as the result of the program. After the final command, in line 11 reasoning
is lifted from the heap level and in line 12 the spatial conjuncts initially framed are reintroduced.
In line 15 the abstractions that constitute the specification are recomputed for the mutated graph
x1 > x2 ® y1\x1, exploiting their distributivity. Before applying the distributivity of summits,
preacyclicity is proved for the mutated graph by application of lemma E.5.

summits (x; — x2 @ y1\x;) =
= (summits (x; — x3))\nodes (y1\x1) Distrib. of summits
U (summits y1\x1)\nodes (x; — x3)
= {xz}\nodes (y1\x1) U (summitsy;\x1)\x;  Def. of summits and nodes

={x2} U (summits y1\x1)\x1 Xy € nodes y, and
nodes y1\x1 N nodes y, = 0

={x} Lem. E.3 (3) and Assump. in lines 12-14
loops (x1 ¥ x2 @ y1\x1) =

= loops (x1 — x2) U loops (y1\x1) Distrib. of loops

= loops (y1\x1) Def. of loops

=0 Assump. in lines 12-14
nodes (x1 — xz ® y1\x1) =

= nodes (x; — x2) U nodes (y1\x1) Distrib. of nodes

= {x} U nodes (y1\x1) Def. of nodes

= nodes (x; — x1) U nodes (y1\x1) Def. of nodes

= nodes (x; — x1 ® y1\x1) Distrib. of nodes

=5 Assump. in lines 12-14

The last step in the proof outline starting in line 20 is joining both subgraphs x; > x; e y1\x;
and y,. Both loops and nodes use plain distributivity. In contrast, for summits, instead of proving
that the joined graph is preacyclic in order to apply distributivity, we exploit the fact that both



Verifying Graph Algorithms in Separation Logic: A Case for an Algebraic Approach (Appendices)

subgraphs have the same summits and apply lemma E.3 (2) directly.
loops (x1 > x2 @ y1\x1 @ 1) =
= loops (x1 > x, ® y1\x1) U loops v, Distrib. of loops
={x,} Assump. in lines 12-14

nodes (x1 + xz ® y1\x1 @ y3) =
= nodes (x; — xz ® y1\x1) U nodes y,  Distrib. of nodes
=S5US, Assump. in lines 12-14

The proof concludes in line 24 by folding the desired spatial predicate.
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